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Abstract

Using the multipole method, the existence of a band-gap structure associated with wave
scattering over arrays of submerged horizontal circular cylinders in deep water with ice-
cover is studied. The linear analysis is presented with numerical results also obtained by
solving the infinite system of linear equations by standard techniques. The reflection and
transmission energies are obtained and depicted graphically against the wave number for
various values of flexural rigidity of the ice-cover to show the effect of the presence of ice-
cover on these energy quantities. Also, these are depicted graphically for various values
of depth of the submergence of the two cylinders and distance between the cylinders in
a number of figures. When the flexural rigidity is taken to be zero, the results coincide
with the reflection and transmission energies on the circular cylinder for the cases of water
with a free surface.
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1. Introduction

The water wave interaction problem with submerged bodies has long been of interest to
mathematicians and scientists and has been investigated for both single and multilayered
fluid as well as for various structural bodies. Starting with A. G. Davies [1], A. G.
Davies and Heathershaw [2], they worked on the problem of surface wave propagation over
sinusoidally varying topography. After that, C. C. Mei [3] investigated the problem of
resonant reflection of surface water waves by periodic sandbars. M. O’Leary [10] observed
the radiation and scattering of surface waves by a group of submerged horizontal circular
cylinders. In this work, he used Green’s function methods. C. C. Mei, T. Hara, M. Naciri
[4] solved the problem of Bragg scattering of water waves by parallel bars on the seabed.

Decomposition methods for wave scattering by topography with application of ripple
beds were investigated by P. G. Chamberlain, D. Porter [12]. L.G. Bennets, N.R.T. Biggs,
D. Porter [9] worked on the interaction of flexural gravity waves with periodic geometries.
They introduced an elastic plate on the free surface as an ”ice sheet.” X. Garnaud, and
C. C. Mei [13] worked on Bragg scattering and wave-power extraction by an array of
small buoys. In 2011, C.M. Linton [6] studied wave interaction with a periodic array of
horizontal circular cylinders submerged below the free surface in water of infinite depth.
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The problem was solved in both the cases of infinite and finite arrays using the multipole
method. The water wave problems related to fluid/structure/ice interaction are highly
important for the polar region as well as other cold areas where the water surface may be
covered by ice. A better understanding of the physics of the problem is greatly beneficial
to environmental protection, engineering operation and safe navigation. The present
work focuses on the interaction between an incoming wave within an array of submerged
horizontal cylindrical breakwaters in the fluid covered by an ice sheet.

The ice cover is modeled as a thin ice sheet, of which still a smaller part is immersed
in water and is composed of materials having elastic properties (cf. for example, Das
and Mandal [8], Thakur and Das[11] and others). Das and Mandal [7] investigated the
hydroelastic wave scattering by a submerged circular cylinder with an ice-covered surface
for oblique and normal incident waves, respectively, by the approach of multipole expan-
sion. Thus, the hydroelastic waves over arrays of horizontal circular cylinders can be
considered in the polar region using multipole expansion. The transmission and reflection
wave energy are obtained and depicted graphically against the wave number for various
values of flexural rigidity of the ice cover to show the effect of the presence of ice cover.
When the flexural rigidity and surface density of the ice cover are equal to zero, then the
ice cover problem becomes a free-surface problem. So, the graphical results of reflected
and transmitted energies coincide with the case of the water with free surface (cf. C.M.
Linton [6], Fig. 1 and Fig. 4).

2. Mathematical Formulation

A rectangular co-ordinate system is chosen where the z-axis is vertically upward and
z = 0 is the position of the undisturbed ice-cover. A periodic array of horizontal circular
cylinders of radius a submerged below the ice-cover in water of infinite depth are consid-
ered. Here x = jd and z = —f are the positions of cylinder centers, where the integer
j € 7Z represent the infinite number of cylinder in the array or 5 =0,1,..., M — 1, when
the number of cylinders is m, d being the period of the cylinders.

Polar co-ordinates centred at x = jd, z = —f are (r;,6;) with 6;, measured from the
downward vertical so that

x—jd=rjsinf; and —z— f=rjcosb;.

Under the condition of linearized water-wave theory, the velocity potential function is
given by

R{o(x,y)e ™'},
where ¢ = v/—1 and w being the angular frequency and the potential function ¢(z,y)
satisfies the Laplace equation in the fluid region, i.e.

V26 =0 in the fluid region. (1)
The ice cover boundary condition is given by
ot 0]
<D%+(1—EK))$—K¢—O, on z=0, (2)
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ice cover

Figure 1: Schematic diagram of an array of cylinders submerged below the ice-cover

where K = “’72, g being the acceleration due to gravity. The flexural rigidity D is given

_ _ Br§
by D = 12(1-92)pg’
where € is the small depth of submerged portion of ice-cover, E is Young’s modulus,
is Poisson’s ratio, hg is the very small thickness of ice, and p is the density of water.

The body boundary and infinite depth conditions are given by respectively
99

a—Tj:O on 7;=a, j=0,1,...,M -1, (3)

and
V=0 as z— —o0. (4)

3. Method Of Solution

The ingredients for treating an array of submerged circular cylinders through multipole
expansions can be found in O’leary [10] and Linton and Mclver [5]. The symmetric
multipoles (¢7) and anti-symmetric multipoles (¢/4) whecich are singular at r; = 0 are
given by (cf. Linton and Mclver [5]) as

. cosnb; - [ I ,
0=y CUC ™ a0 cos i — ) (5)
j tJo
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and
. sinnf;  (=1)"tt [ 1 e ) .
v = n3+§n_)1), | A1 sin e — ja)d (6)
- JO

T

where A(u) is a function of u to be found such that the integrals exist in some sense.
The functions ¢/ and 7 are singular solutions of the Laplace equation and satisfy the
ice-cover condition (2) and are of out going nature at infinity. Then A(u) has the form

D’ +(1—eK)u+ K
Db+ (1—eK)u— K
Then from (5) and (6), we obtained

A(p) =

_ cosnb; N (1) [ D+ (1—eK)u+ K

i n—1Jy Db+ (1—-eK)p—K

p" et D cos p(x — jd) dp, n>1

(7)
Dsinp(x — jd)dp. n>1
(8)
Here the integrals are contour integrals indented below the pole = A, which ensures

that integrals behave like outgoing waves as |x| — oo, where A is the only real positive
root of the dispersion equation

wj_sinnej (-t D+ (1 —eK)p+ K 1 (e
nT T T -1, DSt (Q-eK)u—-K"

Tj

D4+ (1 —eK)u—K=0. (9)
The power series expansion can be obtained from (7) and (8) as

_ cos n«9

ZM]’“ Tt cos mby, — ZNJI“ i’ sin my, (10)
, 9
Pl = sin.n ZN]’“ T cosm0k+ZM7k r sin moy, (11)
m=1
where
4 —1)mtm Db+ (1 —eK)pu+ K o :
Mjk — ( m+n—1_-2uf —id)d 12
and

n+m o] 5
ik _ (_1) * Dp +(1_6K)N+K mn—1_—2uf : —id)d 13
" ml(n = 1)1, D,u5+(l—eK),u—K/L c sin (@ = jd) dp. (13)

For computational purposes we note that the integrals in equations (12) and (13) can
be expressed as the sum of a Cauchy principal-value integral and a contribution from the
residue at the pole. The equations (12) and (13) reduce to

Jjk (_1)n+m OODIME) + (1 — EK):U’ + K m+4n—1
"ml(n =11 o Db+ (1—eK)p— K
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. (_1)n+m D>\5+(1_6K))\+K m4n—1_—2\f .
+mm!(n— 1 503 + (1= cK) A e cos Az — jd), (14)

and
. 1)t Dp 4+ (1 —eK)pu+ K 1 —ouf :
NIk — ( m+n—1_—2uf —id)d
™ ml(n =11/ D,u5—|—(1—eK),u—KM e sinple = jd) dp
(=)™ DN+ (1 —eK)A+ K o . ,
AL sin A& — jd). 15
i — 1)1 DM + (1= eK) e sinAlw = jd) (15)
Re-expanding the singular terms about x = kd, z = —f, the equations (10) and (11)
become
Jo— ME 4+ Ik ) r™ cosmb), — NIE 4 SIE Y pm sin méy,, 16
n mn mn) 'k mn mn/) 'k
m=0 m=1
and . .
J = NIk — GIE Y 1™ o3 mb), + Mk — CIE Y p™sin mby,, 17
1/}71 mn mn) 'k mn mn k
m=0 m=1
where
ik — (ntm—1) cos (—(n — m)ﬂ) (18)
™ ml(n = D = k)d™™ 2 ’
Sk — (ntm-—1) sin (—(” - m)”) . (19)
" ml(n = DG — k)" 2
In the case an array of M identical submerged circular cylinders, the potential function
is given by
¢ = (binc + (bscu (20>
where the incident wave potential is given by
_ )\Tk —
Pine = €M Z ek, (21)
The potential functions ¢,. are given by
M—-1 oo
> a" (Algl + Bi) . (22)
7=0 n=1

where A7 and B! are unknown complex constants to be determined.
Therefore, using equations (21) and (22), (20) becomes

_ iXkd —Af ()" —iny, . no(Ad 4 7 o)y
¢ = e Z e Za A(b —i—B@D) (23)

n!
n=0 7=0 n=1

Applying the body boundary condition (3) in equation (23) and using the orthogo-
nal properties of the trigonometric functions, we obtains two infinite systems of linear
equations for the unknowns A7 and B, as given by
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M—

SO @A) (MEE O3k B (NI, - 53 )} = e (—:1_6:)m (24)

H

n=1 j=0

and

S

-1

—I— Z qmtn {A% (Ng’bkn + ngn) Y (Mr]nkn _ C’,{fn)} = —Z‘eMkde_”ﬁ))\l—?w, (25)

I\
o

n=1 j

withm >1,k=0,1,2,---, M —1 in each case. This can be truncated easily by restricting
m and n to range between 1 and N, which yields a 2M N x 2M N system of equations.
For convenience, we take
Chn = Sun = 0. (26)
Now, as © — 400, we have
¢ ~ ei/\x—l—)\z
5 -1 o
+ilx ,\(sz){D)‘ (1—€K) )“"K} n—1_Fi\jd
+me"" e 5DN 5 (1= cK) ZZ n—l )\ TN AL F BY) . (27)

]: n=1

The far-field form of ¢ can be written as

. —iAT+Az _
¢N{¢1HC+R6 , T — —00 (28)

TeretAz, T — 400
where R and T denote the reflection and transmission coefficients respectively, and the

unknown complex constants are to be determined. Using equations (27) and (28), we
obtain the reflection and transmission coefficients as follows

G iDN + (1 —eK)A+ K} a)t\ntetNd :
R=me M DN T (1 cF) ZZ ) (A3 +Bi),  (29)
and
—1 o nyn—1_,i\jd
B DN —i—(l—eK))\—l—K} (—a)"A\" e i ;
T=1+me DN {1 cR) > =) (iA} — Bl).  (30)

4. Numerical Result

The curves for the reflection and transmission coefficients, |R| and |T'|, respectively are
shown in Figs. 2-7 for deep water with an ice-cover surface.

Figures 2 and 3 show |R| and |T'|, respectively, plotted against Ka for different values
of fi, (a% = 0,0.01,0.5,1) and £ = 0.01. Also, g and g are taken as 1.5 and 4 for the
figures 2 and 3 respectively. It is observed that as Ka increases, |R| (Figure 2) attains
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Figure 3: Transmitted energy |T| against Ka due to a wave of wavenumber A

a maximum value and then decreases as Ka further increases. Also, from the figure, it
is observed that the reflection coefficient decreases with increase of a_D4' It may be noted
that for a—D4 =0 and £ = 0 in Figure 2, the curve exactly coincides with the curve for the
free surface water (cf. C.M. Linton [6], Fig. 1). Due to the presence of ice-cover, the
reflection coefficient gets reduced.

In Figure 3, it is observed that the transmission coefficient increases with an increase
of a% for any value of Ka. Also, it may be noted that for (124 =0, £ =0, the transmission
coefficient exactly coincides with the curve for the case of free surface water (cf. C.M.
Linton [6], Fig. 4).

Figures 4 and 5 show the reflection and transmission coefficients respectively for dif-
ferent values of g, i.e., the distance between the cylinders: g = 2.5,3,3.5,4,4.5, and the
submerged depth 5 of both the cylinders is taken as 1.5, while a—l?l and £ are taken as 0.5
and 0.01 respectively. When the distance between the cylinders is increased, the reflection
coefficient |R| decreases for any value of Ka. Also, we observed that from Figure 5, the
transmission coefficient |T'| follows the same phenomenon due to the distance between the
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Figure 5: Transmitted energy |T| against Ka due to a wave of wavenumber A

cylinders, which is quite obvious.

Figures 6 and 7 show the reflection and transmission coefficients respectively for differ-
ent values of the submergence of the cylinders i.e., 5 =1.3,1.5,1.7,1.9, 2 and the distance
between the cylinders g is taken as 4, while (124 and € are taken as 0.5 and 0.01 respectively.
Here, |R| increases with the increase of the submergence of the cylinders for any value of
Ka, but |T| decreases with the increase of g for any Ka.

It is also observed that the reflection and transmission coefficients are oscillatory in
nature. This may be attributed due to interactions of the incident wave trains between

the boundaries of the circular cylinder and the ice-cover surface.

4. Conclusion

The problem of wave energy transfer across an array of horizontal circular cylinder
submerged in water beneath the free surface is extended here when the free surface is
replaced by a thin ic-cover modelled as a thin elastic plate. Numerical results for the

Received: August 06, 2025 679



International Journal of Applied Mathematics
Volume 39 No. 1s 2026,
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Figure 7: Transmitted energy |T| against Ka due to a wave of wavenumber A

reflection and transmission coefficients are obtained and depicted graphically against the
wave number for various values of flexural rigidity of the ice-cover to show the effect of
the presence of ice-cover on these energy quantities. Using the multipole method has
been shown to be an extremely powerful method for solving this problem. Also, these are
depicted graphically for various values of depth of the submergence of the two cylinders
and distance between the cylinders in a number of figures. When the flexural rigidity is
taken to be zero ( by making D/a* = 0, €/a = 0, the results coincide with the reflection
and transmission energies on the circular cylinder for the cases of water with a free surface.
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