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Abstract 

In this paper, we compute various finite sums that alternate according to 




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)1(  involving the 

generalized binary numbers for 5,3=k  and even k of the form m2  with 1m . 
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1. Introduction 

Define the second order linear sequences }{ nU  and }{ nV  for  by 
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When 1=p , then nn FU =  (nth Fibonacci number) and nn LV =  (nth Lucas number). Also 

when 2=p , then nn PU =  (nth Pell number) and nn QV =  (nth Pell-Lucas number). 

 

The Binet formulas of the sequences }{ nU  and }{ nV  are  
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Many author computed sums and alternating sums involving generalized Fibonacci and 

Lucas numbers as well as their certain products. For example, Melham [3] computed various 

finite non-alternating sums, alternating sums and sums that alternate according to 

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 for 

certain generalized Fibonacci and Lucas sequences. In his result, the sums that alternate 
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according to 
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 are interesting because this sign function was firstly used in such sums. 

Here we recall two examples for the readers: 
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The authors [2] presented generalized results on non-alternating sums, alternating sums and 

sums that alternate according to 
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 by considering the results of [3]. 

In this paper, by considering early used sign function 
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 for the generalized Fibonacci sequence }{ nU  

and Lucas sequence }{ nV . As special cases of our result, we note that the following 

examples: 

,)1(
222

34

0

3

nn

n

k

k

k
LFL

+

+

=










=−  ,)1(
222

34

0

3

nn

n

k

k

k
FFF

+

+

=










=−  1222

34

0

3
)1( ++

+

=










−=− nn

n

k

k

k QPQ . 

2. Sums of the generalized Fibonacci and Lucas numbers 

 

We are interested to evaluate  
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in closed form where r and n are integers, and nX  either nU  or nV .  

For later use, we will note a simple trick that since the sign function 
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Now we will give our first result: 

 

Theorem 1. For any integer r, 
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where [ ] is the Iverson’s notation defined as in [1]. 

Proof. Consider 
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which, by 1−= , equals 

 

r

r

r

rrnnr

r

r

rrn

r

nr

V

UUUU

V

UUU

4

3)4()1(

2

)1(
2

1)1(

)1(

−

−+++−
−

+−−

+−+− ++
 

 













−

−+−
−

−+

−

++−
−

−

+−

=
++

++

,
2

2

,
2

2
2

4

3)4()1(

4

3)4()1(

oddisrif
V

UUUU

V

UUU

evenisrif
V

UUUU

V

UUU

r

rrnrrn

r

rnrrn

r

rrnrrn

r

rnrrn

 

as claimed. 

For example, when nn FU =  and nn LV = , we get for 2,1=r  and 3  
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Theorem 2. For any integer r, 
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where [ ] is the Iverson’s notation defined as in [1]. 
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which, by 1−= , equals 
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which, by the case of r, equals 
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as claimed. 

 

For example, when nn FU =  and  nn LV = , we get for 2,1=r  and 3 
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respectively.  

 

Let a, b and p be assumed to be arbitrary nonzero complex numbers with 
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We note that one can derive formula for any sums including certain products of terms of the 

sequence }{ nW  with the same sign function by using the trick and the above prove method. 

We also give the following result without proof: 
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For example we get  
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Our experiments show us that there is no nice expressions for the sums that alternate 

according to 









−
k

n

)1( involving the generalized Fibonacci and Lucas numbers for odd .5k    
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the Fibonacci and Lucas numbers where the summation index k  of the form m2  with 1m : 
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For example,   
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