International Journal of Applied Mathematics

Volume 39 No. 1s, 2026
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

SOME NEW FINIiTE SUMS INVOLVING GENERALIZED BiNARY LINEAR
RECURRENCES

Didem Ersanh Bahtiyar and Emrah Kil¢
didemersanli@etu.edu.tr and ekilic@etu.edu.tr
TOBB University of Economics and Technology Mathematics Department
06560 Ankara Turkey
Abstract

(”\
In this paper, we compute various finite sums that alternate according to (—1)“J involving the

generalized binary numbers for £ =3,5 and even k of the form 2" with m >1.
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1. Introduction

Define the second order linear sequences {U,} and {V,} for by

u,=pU,,+U,,, U;=0,U =],

Vi=pV, .tV  Vi=2V=p.

n—1

When p =1, then U, = F, (nth Fibonacci number) and V, = L, (nth Lucas number). Also
when p =2, then U, = P, (nth Pell number) and V, = O, (nth Pell-Lucas number).

The Binet formulas of the sequences {U,} and {V,} are

Un:a =/ and V, =a"+p"
a-p

where o, f=(pE+p> +4)/2.

Many author computed sums and alternating sums involving generalized Fibonacci and
Lucas numbers as well as their certain products. For example, Melham [3] computed various

H

certain generalized Fibonacci and Lucas sequences. In his result, the sums that alternate

finite non-alternating sums, alternating sums and sums that alternate according to (—1)* for
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)

Here we recall two examples for the readers:

according to (—1)" are interesting because this sign function was firstly used in such sums.

f( 1)[%]F _—F L, and 42( 1)(”] L

4j+4774j+3 4/+4 4j43°
n=0

The authors [2] presented generalized results on non-alternating sums, alternating sums and

sums that alternate according to (- 1)[2) by considering the results of [3].

In this paper, by considering early used sign function (—1)(2] , we will derive new sums that

alternate according to both (—1)[3) and (—1)[5] for the generalized Fibonacci sequence {U,}
and Lucas sequence {/,}. As special cases of our result, we note that the following

examples:

A“iilz( 1)[] 2n+2 Zn’ AfF( 1)(] 2n+2 2n9 iQk( 1)[j P2n+2Q2n+l'

2. Sums of the generalized Fibonacci and Lucas numbers

We are interested to evaluate
k
Z Xkr (_ 1)[3j
k=0
in closed form where » and »n are integers, and X, either U, or V.

)

For later use, we will note a simple trick that since the sign function (-1)
function f of k that

, we have for any

(n=3)/4

S e’ - > S()=2 3 [k +3).

Now we will give our first result:

Theorem 1. For any integer r,

r(n+4)
b

iU (_1)[1;] — Urn - (_l)r(Ur(nJrl) _UI) _ 2 Urn + U}r + (_l)rUr _U
e 2[riseven]—(-1)'V. 2-V,

where [ ] is the Iverson’s notation defined as in [1].

Proof. Consider
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(n-3)/4

2U’”(_1)(J zUkr 2ZU(4k+3)r

(n-3)/4

_ 1 ( < (akr _ﬁkr)_z(ﬂ—ZS)“/4a),(4k+3) ) Zﬂr(4k+3)j
A= =0 =0

_ r(n+l) _ r(n+l) 3r r(n+4) 3r r(n+4)
_ 1 (lza™ 12 e —« B ﬂ4
Al 1—a  1-p 1—a™ 1- g

_ 1 (_ A +ﬂ"(n+l) +al’(!’l+])ﬁr —arﬁ"(””) e —,Br)
a-p (I—aJ1-p)

2 (_ ar(ﬂ+4) +ﬁr(n+4) +ar(n+4)ﬁ4r _a4r r(n+4) +a3r _ﬂ3r _a3rﬂ4r +a4rﬂ3r)

Ot—ﬂ (1_a4rx1_184r)

which, by af = -1, equals

r r

(-1 —V, +1 2-V,

-U (e T (-1’ U, +U, ) -U ey T U, +U, + -D'U,

vu,-U,. +U Uu,-U +U,, +U

r(n+l) T 2 rn r(n+4) r lf 7 lS even’
~ 2-V 2-V,
Urn + Ur(n+1) - Ur Urn Ur(rl+4) + U - Ur . .
-2 if risodd,
V. 2=V,
as claimed.

For example, when U, = F, and V, =L, , we get for » =1,2 and 3

4n+3

ZF(J]Fm+aH vy = Fons —=1)=F, ,F,,

2
1-2(F
J

‘an (_1)(3 5F;rz+6 +L8n+5 and Aka(_l){;{J 25Flzn+9 + 8L12n+8 B

15 20

4n+3
When U, =P, and V, =Q,, we get for r =1, ZP( 1)[ j P P ..
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Theorem 2. For any integer r,

i ka (_1)(3J =

V.= (—l)’(Vr(M) +V, - 2) _ 2(V +V,, - (_l)rVr - Vr<n+4))

rn

2[riseven]—(=1)'V, 2-V,

2

where [ ] is the Iverson’s notation defined as in [1].

Proof. Consider

(n=3)/4

n k n
ZVkr (_1)[3] = sz; -2 ZV(4k+3)r
k=0 k=0 =0

n (n=3)/4 (n-3)/4
— (akr + ﬂkr)_ 2a3r Z a4rk _ 2ﬂ3r Zﬂ4rk
k=0 k=0 k=0
_ 1_ ar(n+l) N l_ﬂr(n-H) _2 a3" _ ar(""‘“) B 2 ﬂ3r _ﬂr(n+4)
l_ar l_ﬂr 1_a4r 1_ﬂ4r

which, by aff=—1, equals

__(ar(nJrl)+ﬁr(n+1))+(aﬁ)r(arn+ﬂrn)_<ar+ﬁr)+2

- (ap) —(a’ +ﬂ’)+1

_2_(ar(n+4) +ﬂr(n+4))+(aﬁ)4’”(arn +ﬁrn)+a3r +ﬂ3r —(aﬁ)y(a’ +ﬁr)
(aB)” —(a‘” +,B4’)+1

T L A A e A e A A

r(n+4) rn

=D =V, +1 2-V,

2

which, by the case of r, equals

VitV =V, +2 2—V, +V., +V, =V

iV (_1)[1;) — 2_Vr 2_V4r
kr
k=0 I/;f(n+l)+lylv;rz+l//f_2_2_l/;’(n+4);_I/r;/—‘rV;r—l_I/r lfrlsodd,

r 4r

if ris even,

as claimed.

For example, when U, = F, and V, =L, , we get for » =1,2 and 3
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4n+3 (’3‘) 2

ZLk (_1) = L4n+4 + L4n+3 -1- g (L4n+7 B L4n+3 B 5) = FZn+2L2n >

k=0

= I A . ‘) _-9L,,—8L, +20
1\ = 81n+6 8n+5 L (=) = 12049 12148

;sz( ) 3 and kZ; (=) 20 ,

respectively.

Let @, b and p be assumed to be arbitrary nonzero complex numbers with
p(p> +2)(p* +4)#0. Define second order linear recursion {W,} by W =pW +W,

with W, =a, W, =bfor all integers n. Since A=p’>+4#0, the roots @ and S of

x* = px—1=0 are distinct.

The Binet formula of {W,} is

W Aa" —Bp"
" —a—ﬁ

where A=b—aff and B=b—-aa«.

2

For a=0,b=1, clearly W, =U,, and for a=2,b=p, clearly W, =V,. By considering
above results, we have the following general result including above results without proof:
Theorem 3.

VVrn - Wr - (_l)r (VVr(nJrl) + (B - A)Ail/z) VV;n + W;r - Wr - er(n+4)

2[riseven]—(=1)"V. 2-V,

Sl -

We note that one can derive formula for any sums including certain products of terms of the
sequence {/¥,} with the same sign function by using the trick and the above prove method.

We also give the following result without proof:
Theorem 4.

) U, -C)U,,.,-U)
;Ukr( b= 2[riseven]—(=1)'V.

_ 2 Urn + Ur(n72) - Ur(n+6) - Ur(n+8) + (_1)’ (Ur + U}r) + USr + U7r

2-,

and
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o ) VG W ) 21
; LD = 2[riseven]—(=1)'V.

V+Vv. . =V .- +(=D)"V +V)+V, +V

—)_m r(n-2) r(n+6) ( +8)

2=V,

Theorem 5.

W W~ () V., +(B- AA™)
;VK"(_D B 2[ris even]—(-1)'V.

W +W _W _W _Wl'_W3r+W;r+VV7r

_ 2 rn r(n-2) r(n+6) r(n+8)

2-7,

8n+7 8n+7

k
For example we get Z:Fk(—l)[Sj :—%F L, ., and ZL( 1)[ ] :—éF F,

4n+4""4n+2 3 4n+4~ 4n+2°
k=0

Our experiments show us that there is no nice expressions for the sums that alternate

1)

involving the generalized Fibonacci and Lucas numbers for odd & > 5.
2

the Fibonacci and Lucas numbers where the summation index k& of the form 2" with m > 1:

according to (-1)

Finally we give a general result about the sums that alternate according to (1)’ involving

24 (1)1 [ ’f"] 5F .
Theorem 6. For m > 1, z F. (-7 =- ; F=F, Fo
k=0 zm—]
For example,
8n+7 16n+15 k 15
ZF( 1)( J Fiboss Z Ef(_l)(gJ = _7F;n+8F;I1+9’
k=0
320431 64n+63 k
4935
Z F( 1)[16] = 16n+16 16n+17’ Z F( )[32j = 2207F;2i1+32F;2n+339
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