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Abstract. 

This research study focuses on the notions of nano fuzzy continuous, which play an important 

role in understanding the topological and algebraic aspects of fuzzy spaces. The Nano fuzzy 𝐽-

open set is the new type of open set which was utilizing Nano fuzzy semi-interior and closure 

operators. In this study, we define and examine the Nano fuzzy 𝐽 continuous of the Nano fuzzy 

𝐽 open set, as well as the essential features and interactions between them. 
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1. Introduction: 

Zadeh (1965) created fuzzy set theory[1], which gives a paradigm for dealing with imprecise 

and uncertain information. In 1968 Chang introduced Fuzzy topology[2] as an extension of 

classical topology that incorporates the concept of fuzzy sets. Later, Lellis Thivagar and 

Richard (2013) proposed Nano topology[3], which expanded classical topology by introducing 

granular computing concepts, allowing for more detailed investigation of micro-level 

topological systems. The study of Nano fuzzy open sets is a new subject in mathematics that 

combines the ideas of fuzzy set theory with Nano topology to deal with ambiguity and 

vagueness in a variety of applications like decision-making, medical diagnostics, and artificial 

intelligence. 

An important paradigm for applying fuzzy and classical topological ideas to situations 

including uncertainty, ambiguity, and granular structures is Nano fuzzy topology[4]. This 

approach allows for a more comprehensive understanding of continuity, openness, and closure 

in situations where information is ambiguous or poorly defined by fusing the concepts of Nano 

topology with fuzzy set theory. Weaker notions of open sets in Nano fuzzy topological spaces, 

including Nano fuzzy Z-open, semi-open, pre-open, b-open and β-open sets, have been 

investigated[5-8].  Deeper understanding of the structural behaviour of mappings and their 

related topological features has resulted from the introduction and study of different 

generalised forms of continuity in a variety of fuzzy and Nano topological environments in 

recent years.[9,10] 
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. Nano fuzzy 𝐽 open sets [11, 12] and their characterizations have already been studied. Inspired 

by these developments, the present work introduces and examines the concept of Nano fuzzy 

𝐽 continuous functions. After defining Nano fuzzy 𝐽 continuity, we investigate its fundamental 

properties and related characteristics. In order to show the parallels, differences, and 

hierarchical connections within the larger continuity framework, the interconnections between 

Nano fuzzy 𝐽 continuity and other well-known kinds of continuity are investigated. 

Additionally, illustrative examples are given to show how the suggested notions behave and 

are applicable in both theoretical and practical contexts. 

2. Preliminaries: 

Definition 2.1.[4] Let 𝑆 be a non-empty set and 𝑅 be an equivalence relation on  . Let 𝐾 be a 

𝐹𝑌𝑠 in 𝑆 with the membership function 𝜇𝐹 . The fuzzy nano lower (upper) approximations and 

fuzzy nano boundary of 𝐾 in the approximation (𝑆, 𝑅) denoted by 𝐹𝑧𝑁̲̲ ̲̲ ̲(𝐾), 𝐹𝑍𝑁(𝐾) and 

𝐵𝐹𝑍𝑁(𝐾) are respectively defined as follows: 

(i) 𝐹𝑧𝑁̲̲ ̲̲ ̲(𝐾) = {𝑙, 𝜇𝑅(𝐴)(𝑙) / 𝑦 ∈ [𝑙]𝑅 , 𝑙 ∈ 𝑆} , 

(ii) 𝐹𝑍𝑁(𝐾) = {𝑙, 𝜇𝑅(𝐴)(𝑙) / 𝑦 ∈ [𝑙]𝑅 , 𝑙 ∈ 𝑆} , 

(iii) 𝐵𝐹𝑍𝑁(𝐾) = 𝐹𝑍𝑁(𝐾) − 𝐹𝑧𝑁̲̲ ̲̲ ̲(𝐾) , 

where 𝜇𝑅(𝐴)(𝑙) = ⋀ 𝜇𝐴(𝑦)𝑦∈[𝑙]𝑅
 and  𝜇𝑅(𝐴)(𝑙) = ⋁ 𝜇𝐴(𝑦)𝑦∈[𝑙]𝑅

.  

The collection 𝜏𝑅( 𝐾 ) = {0𝐹 , 1𝐹 , 𝐹𝑧𝑁̲̲ ̲̲ ̲(𝐾), 𝐹𝑍𝑁(𝐾), 𝐵𝐹𝑍𝑁(𝐾)} forms a topology called as 

Nano fuzzy topology and (𝑆, 𝜏𝑅( 𝐾 )) as Nano Fuzzy Topological space (simply, 𝑁𝐹𝑌𝑇𝑠). 

The elements of 𝜏𝑅(𝐾) are called  Nano fuzzy open (simply, 𝑁𝐹𝑌𝑜𝑠) sets. Elements of 

𝜏𝑅𝑐(𝐾)  are called Nano fuzzy closed (simply, 𝑁𝐹𝑌𝑐𝑠) sets. 

Definition 2.2.[4] Let (𝑆, 𝜏𝑅(𝐾))be a 𝑁𝐹𝑌𝑇𝑠. Let 𝛾 be a 𝐹𝑌 subs of 𝑆. Then  

i) Nano fuzzy interior of 𝛾 (simply 𝑁𝐹𝑌𝑖𝑛𝑡(𝛾)) is described as 𝑁𝐹𝑌𝑖𝑛𝑡(𝛾) =

⋁{ 𝛽 ∶  𝛽 ≤ 𝛾 & 𝛽 𝑖𝑠 𝑎 𝑁𝐹𝑌  𝑜𝑠} 

ii) Nano fuzzy closure of 𝛾 (simply 𝑁𝐹𝑌𝑐𝑙(𝛾)) is described as 𝑁𝐹𝑌𝑐𝑙(𝛾) =

⋀{ 𝛽 ∶ 𝛾 ≤ 𝛽 & 𝛽 𝑖𝑠 𝑎 𝑁𝐹𝑌  𝑐𝑠} 

Definition 2.3.[10] Let 𝑆1, 𝑆2 be a non-empty set and 𝑅 be an equivalence relation on 𝑆1, 𝑆2. 

Let 𝐾1, 𝐾2 be a 𝐹𝑌𝑠’s in 𝑆1, 𝑆2 respectively with the membership function 𝜇𝐹. Then the mapping 

𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is said to be 

i) Nano fuzzy continuous (simply, 𝑁𝐹𝑌𝐶𝑡𝑠) if for each 𝑁𝐹𝑌𝑜𝑠 𝐴 of 𝑆2, the set 𝜎−1(𝐴) is 

𝑁𝐹𝑌𝑜𝑠 of 𝑆1. 

ii) Nano fuzzy 𝜷 continuous (simply, 𝑁𝐹𝑌𝛽 − 𝐶𝑡𝑠) if for each 𝑁𝐹𝑌𝑜𝑠 𝐴 of 𝑆2, the set 

𝜎−1(𝐴) is 𝑁𝐹𝑌𝛽 − 𝑜𝑠 of 𝑆1. 

iii) Nano fuzzy semi continuous (simply, 𝑁𝐹𝑌𝑆𝐶𝑡𝑠) if for each 𝑁𝐹𝑌𝑜𝑠 𝐴 of 𝑆2, the set 

𝜎−1(𝐴) is 𝑁𝐹𝑌𝑆𝑜𝑠 of 𝑆1. 

iv) Nano fuzzy 𝜶 continuous (simply, 𝑁𝐹𝑌𝛼 − 𝐶𝑡𝑠) if for each 𝑁𝐹𝑌𝑜𝑠 𝐴 of 𝑆2, the set 

𝜎−1(𝐴) is 𝑁𝐹𝑌𝛼 − 𝑜𝑠 of 𝑆1. 
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v) Nano fuzzy pre continuous (simply, 𝑁𝐹𝑌𝑃𝐶𝑡𝑠) if for each 𝑁𝐹𝑌𝑜𝑠 𝐴 of 𝑆2, the set 

𝜎−1(𝐴) is 𝑁𝐹𝑌𝑃𝑜𝑠 of 𝑆1. 

vi) Nano fuzzy regular continuous (simply, 𝑁𝐹𝑌𝑅𝐶𝑡𝑠) if for each 𝑁𝐹𝑌𝑜𝑠 𝐴 of 𝑆2, the set 

𝜎−1(𝐴) is 𝑁𝐹𝑌𝑅𝑜𝑠 of 𝑆1. 

Definition 2.4.[12] Let (𝑆, 𝜏𝑅(𝐾)) be a 𝑁𝐹𝑌𝑇𝑠. Let 𝛾 be a 𝐹𝑌subs of S. Then 𝛾 is defined as 

i) 𝑵𝑭𝒀 J open set (simply, 𝑵𝑭𝒀𝑱𝒐𝒔) if  𝛾 ≤ 𝑁𝐹𝑌𝑠𝑐𝑙(𝑁𝐹𝑌𝑠𝑖𝑛𝑡(𝛾)) . 

ii) 𝑵𝑭𝒀 J closed set (simply, 𝑵𝑭𝒀 𝑱𝒄𝒔) if  𝑁𝐹𝑌𝑠𝑖𝑛𝑡(𝑁𝐹𝑌𝑠𝑐𝑙(𝛾)) ≤ 𝛾 . 

The 𝑵𝑭𝒀 𝑱 interior of 𝛾 (simply, 𝑭𝒀𝑱𝒊𝒏𝒕(𝜸) ), is described as a union of all 𝑁𝐹𝑌 𝐽𝑜𝑠’s 

contained in 𝛾. The 𝑵𝑭𝒀 𝑱 closure of 𝛾  (simply,  𝑵𝑭𝒀𝑱𝒄𝒍(𝜸) ), is described as a intersection 

of all 𝑁𝐹𝑌 𝐽𝑐𝑠’s contain 𝛾. 

3. NANO FUZZY 𝑱 CONTINUOUS  

 In this section, we define the nano fuzzy 𝐽 open set and nano fuzzy 𝐽 continuous 

functions, establish their relationships with other types of continuity, and present illustrative 

examples. 

Definition 3.1. A mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is said to be Nano fuzzy 

𝐽 −continuous (simply, 𝑁𝐹𝑌𝐽𝐶𝑡𝑠) if for each 𝑁𝐹𝑌 𝑜𝑠 𝐴 of 𝑆2, the set 𝜎−1(𝐴) is 𝑁𝐹𝑌 𝐽𝑜𝑠 of 𝑆1. 

Lemma 3.2. Let  𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) be a mapping. Then the following statements 

are hold. 

i) If 𝑇1 and 𝑇2 are 𝐹𝑌𝑠𝑢𝑏𝑠’s of 𝑆1 such that 𝑇1 ≤ 𝑇2, then 𝜎(𝑇1) ≤ 𝜎(𝑇2). 

ii) If 𝑇1 and 𝑇2 are 𝐹𝑌𝑠𝑢𝑏𝑠’s of 𝑆1 such that 𝑇1 ≤ 𝑇2, then 𝜎−1(𝑇1) ≤ 𝜎−1(𝑇2). 

Lemma 3.3. Let  𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) be a mapping. If 𝑇1 is a 𝐹𝑌𝑠𝑢𝑏𝑠’s of 𝑆1 and 

𝑇2 is a 𝐹𝑌𝑠𝑢𝑏𝑠’s of 𝑆2. Then the following statements are hold. 

i) 𝜎(𝜎−1(𝑇2)) ≤ 𝑇2 

ii) 𝜎(𝜎−1(𝑇2)) = 𝑇2 iff 𝜎 is surjective. 

iii) 𝜎−1(𝜎(𝑇1)) ≥ 𝑇1 

iv) 𝜎−1(𝜎(𝑇1)) = 𝑇1 whenever 𝜎 is injective. 

Theorem 3.4. Let  𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) be a mapping. Then, every 

i) 𝑁𝐹𝑌𝐶𝑡𝑠 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

ii) 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 is 𝑁𝐹𝑌𝑆𝐶𝑡𝑠. 

iii) 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 is 𝑁𝐹𝑌𝛽 − 𝐶𝑡𝑠. 

iv) 𝑁𝐹𝑌𝛼 − 𝐶𝑡𝑠 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 

v) 𝑁𝐹𝑌𝑃𝐶𝑡𝑠 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

vi) 𝑁𝐹𝑌𝑅𝐶𝑡𝑠 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

Proof: 
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i) Let 𝜎 be a 𝑁𝐹𝑌𝐶𝑡𝑠 and T is a 𝑁𝐹𝑌 𝑜𝑠  in 𝑆2. Then 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝑜𝑠  in 𝑆1. Since every 

𝑁𝐹𝑌 𝑜𝑠 is 𝑁𝐹𝑌 𝐽𝑜𝑠, 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Therefore 𝜎 is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

ii) Let 𝜎 be a 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 and T is a 𝑁𝐹𝑌 𝑜𝑠  in 𝑆2. Then 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝐽𝑜𝑠  in 𝑆1. Since 

every 𝑁𝐹𝑌 𝐽𝑜𝑠  is 𝑁𝐹𝑌 𝑆𝑜𝑠, 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝑆𝑜𝑠 in 𝑆1. Therefore 𝜎 is  𝑁𝐹𝑌𝑆𝐶𝑡𝑠. 

iii) Let 𝜎 be a 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 and T is a 𝑁𝐹𝑌 𝑜𝑠  in 𝑆2. Then 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝐽𝑜𝑠  in 𝑆1. Since 

every 𝑁𝐹𝑌 𝐽𝑜𝑠  is 𝑁𝐹𝑌 𝛽 − 𝑜𝑠, 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝛽 − 𝑜𝑠 in 𝑆1. Therefore 𝜎 is  𝑁𝐹𝑌𝛽 − 𝐶𝑡𝑠. 

iv) Let 𝜎 be a 𝑁𝐹𝑌𝛼 − 𝐶𝑡𝑠 and T is a 𝑁𝐹𝑌 𝑜𝑠  in 𝑆2. Then 𝜎−1(𝑇) is 𝑁𝐹𝑌𝛼 − 𝑜𝑠  in 𝑆1. 

Since every 𝑁𝐹𝑌 𝛼 − 𝑜𝑠  is 𝑁𝐹𝑌 𝐽𝑜𝑠, 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Therefore 𝜎 is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

v) Let 𝜎 be a 𝑁𝐹𝑌𝑃𝐶𝑡𝑠 and T is a 𝑁𝐹𝑌 𝑜𝑠  in 𝑆2. Then 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝑃𝑜𝑠  in 𝑆1. Since 

every 𝑁𝐹𝑌 𝑃𝑜𝑠  is 𝑁𝐹𝑌 𝐽𝑜𝑠, 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Therefore 𝜎 is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

vi) Let 𝜎 be a 𝑁𝐹𝑌𝑅𝐶𝑡𝑠 and T is a 𝑁𝐹𝑌  𝑜𝑠  in 𝑆2. Then 𝜎−1(𝑇) is 𝑁𝐹𝑌 𝑅𝑜𝑠  in 𝑆1. Since 

every 𝑁𝐹𝑌 𝑅𝑜𝑠  is 𝑁𝐹𝑌 𝐽𝑜𝑠, 𝜎−1(𝑇) is 𝑁𝐹𝑌  𝐽𝑜𝑠 in 𝑆1. Therefore 𝜎 is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

Remark 3.5. The converse of above theorem need not be true as shown in the following 

Examples.  

Example 3.6.  Let 𝑆1 = {𝑡, 𝑢, 𝑣, 𝑤} and 𝑆2 = {𝑝, 𝑞, 𝑟, 𝑠} be the universe set and 𝑆1/𝑅 =

{{𝑡, 𝑣}, 𝑢, 𝑤} & 𝑆2/𝑅 = {{𝑝, 𝑞}, {𝑟, 𝑠}} be the equivalence relations. 

Let 𝐾1 = {𝑡0.45, 𝑢0.41, 𝑣0.25 , 𝑤0.43} be a 𝐹𝑦subs of 𝑆1. Then  

 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾1) = {𝑡0.25, 𝑢0.41, 𝑣0.25 , 𝑤0.43} , 𝑁𝐹𝑧(𝐾1) = {𝑡0.45, 𝑢0.41, 𝑣0.45 , 𝑤0.43} ,  

𝑁𝐹𝑍𝐵(𝐾1) = {𝑡0.2, 𝑢0, 𝑣0.2 , 𝑤0}. 

Thus 𝜏𝑅(𝐾1) = {0𝐹 , 1𝐹 , 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾1), 𝑁𝐹𝑍(𝐾1), 𝑁𝐹𝑍𝐵(𝐾1)} and  

𝑁𝐹𝑌 𝐽𝑜𝑠 = {0𝐹 , 1𝐹 , 𝑁𝐹𝑍(𝐾1), 𝑁𝐹𝑍

𝒄
(𝐾1), {𝑡0.25−0.45, 𝑢0.41, 𝑣0.25−0.45 , 𝑤0.43}, 

{𝑡0.2−0.45, 𝑢0−0.41, 𝑣0.2−0.25 , 𝑤0−0.43}}. 

Let 𝐾2 = {𝑝0.2, 𝑞0.4, 𝑟0.2, 𝑠0.4} be a 𝐹𝑦subs of 𝑆2. Then 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾2) = {𝑝0.2, 𝑞0.2, 𝑟0.2, 𝑠0.2} , 

𝑁𝐹𝑧(𝐾2) = {𝑝0.4, 𝑞0.4, 𝑟0.4, 𝑠0.4} , 𝑁𝐹𝑍𝐵(𝐾2) = {𝑝0.2, 𝑞0.2, 𝑟0.2, 𝑠0.2}. 

Thus 𝜏𝑅(𝐾2) = {0𝐹 , 1𝐹 , 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾2), 𝑁𝐹𝑍(𝐾2), 𝑁𝐹𝑍𝐵(𝐾2)}.  

Now we define the mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) be an identity mapping. Thus the 

inverse image of every 𝑁𝐹𝑌𝑜𝑠 in 𝑆2 is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Therefore 𝜎 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

 Here 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 but not 𝑁𝐹𝑌𝐶𝑡𝑠 and 𝑁𝐹𝑌𝑅𝐶𝑡𝑠. Since 𝑇 =

{𝑝0.4, 𝑞0.4, 𝑟0.4,𝑠0.4} is 𝑁𝐹𝑌𝑜𝑠 in 𝑆2 but 𝜎−1(𝑇) is not 𝑁𝐹𝑌 𝑜𝑠 and 𝑁𝐹𝑌 𝑅𝑜𝑠 in 𝑆1. 

Example 3.7.  Let 𝑆1 = {𝑡, 𝑢, 𝑣, 𝑤} and 𝑆2 = {𝑝, 𝑞, 𝑟, 𝑠} be the universe set and 𝑆1/𝑅 =

{{𝑡, 𝑣}, {𝑢, 𝑤}} & 𝑆2/𝑅 = {{𝑝, 𝑟}, {𝑞, 𝑠}} be the equivalence relations. 

Let 𝐾1 = {𝑡0.41, 𝑢0.32, 𝑣0.63 , 𝑤0.54} be a 𝐹𝑦subs of 𝑆1. Then  

𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾1) = {𝑡0.41, 𝑢0.32, 𝑣0.41 , 𝑤0.32} , 𝑁𝐹𝑧(𝐾1) = {𝑡0.63, 𝑢0.54, 𝑣0.63 , 𝑤0.54} , 
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 𝑁𝐹𝑍𝐵(𝐾1) = {𝑡0.22, 𝑢0.22, 𝑣0.22 , 𝑤0.22}. 

Thus 𝜏𝑅(𝐾1) = {0𝐹 , 1𝐹 , 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾1), 𝑁𝐹𝑍(𝐾1), 𝑁𝐹𝑍𝐵(𝐾1)} and  

𝑁𝐹𝑌 𝐽𝑜𝑠 = {0𝐹 , 1𝐹 , 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾1), 𝑁𝐹𝑍(𝐾1), 𝑁𝐹𝑍𝐵(𝐾1), 𝑁𝐹𝑧̲̲ ̲̲ ̲
𝑐(𝐾1), 𝑁𝐹𝑍

𝒄
(𝐾1), 𝑁𝐹𝑍𝐵𝑐(𝐾1)}. 

Let 𝐾2 = {𝑝0.37, 𝑞0.46, 𝑟0.59, 𝑠0.68} be a 𝐹𝑦subs of 𝑆2. Then 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾2) = {𝑝0.37, 𝑞0.46, 𝑟0.37, 𝑠0.46} 

, 𝑁𝐹𝑧(𝐾2) = {𝑝0.59, 𝑞0.68, 𝑟0.59, 𝑠0.68} , 𝑁𝐹𝑍𝐵(𝐾2) = {𝑝0.22, 𝑞0.22, 𝑟0.22, 𝑠0.22}. 

Thus 𝜏𝑅(𝐾2) = {0𝐹 , 1𝐹 , 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾2), 𝑁𝐹𝑍(𝐾2), 𝑁𝐹𝑍𝐵(𝐾2)}. 

Now we define the mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) be an identity mapping. Thus the 

inverse image of every 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2 is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Therefore 𝜎 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

 Here 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 but not 𝑁𝐹𝑌𝑃𝐶𝑡𝑠 and 𝑁𝐹𝑌𝛼 − 𝐶𝑡𝑠. Since 

𝑇 = {𝑝0.59, 𝑞0.68, 𝑟0.59,𝑠0.68} is 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2 but 𝜎−1(𝑇) is not 𝑁𝐹𝑌 𝑃𝑜𝑠 and 𝑁𝐹𝑌 𝛼 − 𝑜𝑠 in 𝑆1. 

Example 3.8. Let 𝑆1 = {𝑡, 𝑢, 𝑣} and 𝑆2 = {𝑞, 𝑟, 𝑠} be the universe set and 𝑆1/𝑅 = {{𝑡, 𝑢}, 𝑣} & 

𝑆2/𝑅 = {{𝑞, 𝑟}, 𝑠} be the equivalence relations. 

Let 𝐾1 = {𝑡0.61, 𝑢0.36, 𝑣0.7} be a 𝐹𝑦subs of 𝑆1. Then  

𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾1) = {𝑡0.36, 𝑢0.36, 𝑣0.7} , 𝑁𝐹𝑧(𝐾1) = {𝑡0.61, 𝑢0.61, 𝑣0.7} , 𝑁𝐹𝑍𝐵(𝐾1) = {𝑡0.25, 𝑢0.25, 𝑣0}. 

Thus 𝜏𝑅(𝐾1) = {0𝐹 , 1𝐹 , 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾1), 𝑁𝐹𝑍(𝐾1), 𝑁𝐹𝑍𝐵(𝐾1)} and  

𝑁𝐹𝑌 𝐽𝑜𝑠 =

{0𝐹 , 1𝐹 , 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾1), 𝑁𝐹𝑍(𝐾1), 𝑁𝐹𝑍𝐵(𝐾1), 𝑁𝐹𝑍

𝒄
(𝐾1), 𝑁𝐹𝑍𝐵𝑐(𝐾1), {𝑡0.36−0.61, 𝑢0.36−0.61, 𝑣0.7}}. 

𝑁𝐹𝑌𝑆𝑜𝑠 = 𝑁𝐹𝑌𝛽 − 𝑜𝑠 =

{0𝐹 , 1𝐹 , 𝑁𝐹𝑍

𝒄
(𝐾1), 𝑁𝐹𝑍𝐵𝑐(𝐾1), {𝑡0.36−0.75, 𝑢0.36−0.75, 𝑣0.7−1}, {𝑡0.25−0.39, 𝑢0.25−0.39, 𝑣0−0.3}} . 

Let 𝐾2 = {𝑞0.4, 𝑟0.7, 𝑠0.8} be a 𝐹𝑦subs of 𝑆2. Then 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾2) = {𝑞0.4, 𝑟0.4, 𝑠0.8} , 𝑁𝐹𝑧(𝐾2) =

{𝑞0.7, 𝑟0.7, 𝑠0.8} , 𝑁𝐹𝑍𝐵(𝐾2) = {𝑞0.3, 𝑟0.3, 𝑠0}. 

Thus 𝜏𝑅(𝐾2) = {0𝐹 , 1𝐹 , 𝑁𝐹𝑧̲̲ ̲̲ ̲(𝐾2), 𝑁𝐹𝑍(𝐾2), 𝑁𝐹𝑍𝐵(𝐾2)}. 

Now we define the mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) be an identity mapping. Thus the 

inverse image of every 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2 𝑁𝐹𝑌 𝑆𝑜𝑠 and 𝑁𝐹𝑌 𝛽 − 𝑜𝑠 in 𝑆1. Therefore 𝜎 is 𝑁𝐹𝑌𝑆𝐶𝑡𝑠 

and 𝑁𝐹𝑌𝛽 − 𝐶𝑡𝑠 but not 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. Since 𝑇 = {𝑞0.7, 𝑟0.7, 𝑠0.8} is 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2 but 𝜎−1(𝑇) is not 

𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. 

4. CHARACTERIZATIONS AND PROPERTIES OF NANO FUZZY J CONTINUOUS 

In this section, we present the characterizations and fundamental properties of Nano fuzzy 

𝐽 continuous functions, derive key results based on these characterizations, and discuss their 

theoretical significance within the framework of nano fuzzy topology. 
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Theorem 4.1. A mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 iff the inverse image of 

every 𝑁𝐹𝑌 𝑐𝑠 in 𝑆2 is 𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1. 

Proof. Let 𝜎 be 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 and 𝐽0 be 𝑁𝐹𝑌 𝑐𝑠 in 𝑆2. Then 𝑆2 − 𝐽0 is 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2. Since  𝜎 is  

𝑁𝐹𝑌𝐽𝐶𝑡𝑠, 𝜎−1(𝑆2 − 𝐽0) is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. i.e. 𝑆1 − 𝜎−1(𝐽0) is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Therfore 𝜎−1(𝐽0) 

is 𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1. 

 Conversely, let the inverse image of every 𝑁𝐹𝑌 𝑐𝑠 be 𝑁𝐹𝑌 𝐽𝑐𝑠. Let 𝛽 be 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2. 

Then 𝑆2 − 𝛽 be 𝑁𝐹𝑌 𝑐𝑠 in 𝑆2. That implies 𝜎−1(𝑆2 − 𝛽) be 𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1. i.e. 𝑆1 − 𝜎−1(𝛽) is 

𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1. Therefore 𝜎−1(𝛽) is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Thus the inverse image of every 𝑁𝐹𝑌 𝑜𝑠 in 

𝑆2 is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Hence 𝜎 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 on 𝑆1. 

Theorem 4.2. A mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 iff 𝜎(𝑁𝐹𝑌𝐽𝐶𝑙(𝐽0)) ≤

𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0)) for every 𝐹𝑌 𝑠𝑢𝑏𝑠 𝐽0 of 𝑆1. 

Proof. Let 𝜎 be  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 and 𝐽0 be 𝑁𝐹𝑌 𝑠𝑢𝑏𝑠 in 𝑆1. Then 𝜎(𝐽0) ≤ 𝑆2. Since 𝜎 be 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 

and 𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0)) is 𝑁𝐹𝑌 𝑐𝑠 in 𝑆2, 𝜎−1 (𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0))) is 𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1. Since 𝜎(𝐽0) ≤

𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0)), 𝜎−1(𝜎(𝐽0)) ≤ 𝜎−1 (𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0))), then 𝐽0 ≤ 𝜎−1 (𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0))) ⇒

 𝑁𝐹𝑌𝐽𝐶𝑙(𝐽0) ≤ 𝑁𝐹𝑌𝐽𝐶𝑙 (𝜎−1 (𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0)))) = 𝜎−1 (𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0))). Thus 𝑁𝐹𝑌𝐽𝐶𝑙(𝐽0) ≤

𝜎−1 (𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0))). Therefore 𝜎(𝑁𝐹𝑌𝐽𝐶𝑙(𝐽0)) ≤ 𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0)) for every 𝐹𝑌 𝑠𝑢𝑏𝑠 𝐽0 of 𝑆1. 

 Conversely, let 𝜎(𝑁𝐹𝑌𝐽𝐶𝑙(𝐽0)) ≤ 𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽0)) for every 𝐹𝑌 𝑠𝑢𝑏𝑠 𝐽0 of 𝑆1. If 𝑀0 is 

𝑁𝐹𝑌 𝑐𝑠 in 𝑆2 and since 𝜎−1(𝑀0) ≤ 𝑆1 , 𝜎 (𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝑀0))) ≤ 𝑁𝐹𝑌𝑐𝑙 (𝜎(𝜎−1(𝑀0))) =

𝑁𝐹𝑌𝑐𝑙(𝑀0) = 𝑀0. That is 𝜎 (𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝑀0))) ≤ 𝑀0. Thus 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝑀0)) ≤

𝜎−1(𝑀0). But 𝜎−1(𝑀0) ≤  𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝑀0)). Therefore 𝜎−1(𝑀0) is 𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1, for every 

𝑁𝐹𝑌 𝑐𝑠 𝑀0 in 𝑆2. Thus 𝜎 is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

Remark 4.3. A mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 then 𝜎(𝑁𝐹𝑌𝐽𝐶𝑙(𝐽))  is 

not necessarily equal to 𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽)) where 𝐽 ∈ 𝑆1. 

Example 4.4. In example 3.1.6 , 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. Let 𝐽 =

{𝑡0.45, 𝑢0.41, 𝑣0.45 , 𝑤0.43} ∈ 𝑆1. Then 𝜎(𝑁𝐹𝑌𝐽𝐶𝑙(𝐽)) = 𝜎(𝐽) = 𝐽. But 𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽)) =

𝑁𝐹𝑌𝐶𝑙(𝐽) = {𝑡0.55, 𝑢0.59, 𝑣0.55 , 𝑤0.57}. Thus 𝜎(𝑁𝐹𝑌𝐽𝐶𝑙(𝐽)) ≠ 𝑁𝐹𝑌𝐶𝑙(𝜎(𝐽)). 

Theorem 4.5. A mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 iff 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽0)) ≤

𝜎−1(𝑁𝐹𝑌𝐶𝑙(𝐽0)) for every 𝐹𝑌 𝑠𝑢𝑏𝑠 𝐽0 of 𝑆2. 

Proof. Let 𝜎 be  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 and 𝐽0 be 𝑁𝐹𝑌 𝑠𝑢𝑏𝑠 in 𝑆2. 𝑁𝐹𝑌𝑐𝑙(𝐽0) is 𝑁𝐹𝑌  𝑐𝑠 in 𝑆2. Thus, 

𝜎−1(𝑁𝐹𝑌𝑐𝑙(𝐽0)) is 𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1. Therefore 𝑁𝐹𝑌𝐽𝑐𝑙 (𝜎−1(𝑁𝐹𝑌𝑐𝑙(𝐽0))) = 𝜎−1(𝑁𝐹𝑌𝑐𝑙(𝐽0)). 

Since 𝐽0 ≤  𝑁𝐹𝑌𝑐𝑙(𝐽0), 𝜎−1(𝐽0) ≤ 𝜎−1(𝑁𝐹𝑌𝑐𝑙(𝐽0)). Therefore 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽0)) ≤
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𝑁𝐹𝑌𝐽𝑐𝑙 (𝜎−1(𝑁𝐹𝑌𝑐𝑙(𝐽0))) = 𝜎−1(𝑁𝐹𝑌𝑐𝑙(𝐽0)). That is 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽0)) ≤

𝜎−1(𝑁𝐹𝑌𝐶𝑙(𝐽0)). 

Conversely, let 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽0)) ≤ 𝜎−1(𝑁𝐹𝑌𝐶𝑙(𝐽0)) for every 𝐹𝑌 𝑠𝑢𝑏𝑠 𝐽0 of 𝑆2. If 𝐽0 is 

𝑁𝐹𝑌 𝑐𝑠 in 𝑆2, then 𝑁𝐹𝑌𝐶𝑙(𝐽0) = 𝐽0. By assumption, 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽0)) ≤ 𝜎−1(𝑁𝐹𝑌𝐶𝑙(𝐽0)) =

𝜎−1(𝐽0). Thus 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽0)) ≤ 𝜎−1(𝐽0). But 𝜎−1(𝐽0) ≤  𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽0)). Therfore 

𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽0)) = 𝜎−1(𝐽0). Hence 𝜎−1(𝐽0) is a 𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1, for every 𝑁𝐹𝑌 𝑐𝑠 𝐽0 in 𝑆2. 

Therfore 𝜎 is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 on 𝑆1. 

Remark 4.6. A mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 then 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽)) is 

not necessarily equal to 𝜎−1(𝑁𝐹𝑌𝐶𝑙(𝐽)) where 𝐽 ∈ 𝑆2. 

Example 4.7. In example 3.6., 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. Let 𝐽 =

{𝑡0.45, 𝑢0.41, 𝑣0.45 , 𝑤0.43} ∈ 𝑆1. Then 𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽))  = 𝑁𝐹𝑌𝐽𝐶𝑙(𝐽) = 𝐽. But 

𝜎−1(𝑁𝐹𝑌𝐶𝑙(𝐽)) = 𝜎−1({𝑡0.55, 𝑢0.59, 𝑣0.55 , 𝑤0.57}) = {𝑡0.55, 𝑢0.59, 𝑣0.55 , 𝑤0.57}. Thus 

𝑁𝐹𝑌𝐽𝐶𝑙(𝜎−1(𝐽)) ≠ 𝜎−1(𝑁𝐹𝑌𝐶𝑙(𝐽)). 

Theorem 4.8. A mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 iff 𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) ≤

𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)) for every 𝐹𝑌 𝑠𝑢𝑏𝑠 𝐽0 of 𝑆2. 

Proof. Let 𝜎 be  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 and 𝐽0 be 𝑁𝐹𝑌 𝑠𝑢𝑏𝑠 in 𝑆2. 𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0) is 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2 and hence 

𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) is 𝑁𝐹𝑌  𝐽𝑜𝑠 in 𝑆1. Therefore 𝑁𝐹𝑌𝐽𝑖𝑛𝑡 (𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0))) =

𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)). So,  𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0) ≤ 𝐽0 ⟹ 𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) ≤ 𝜎−1(𝐽0). Then, 

𝑁𝐹𝑌𝐽𝑖𝑛𝑡 (𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0))) ≤  𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)). That is 𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) ≤

𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)). 

 Conversely, let 𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) ≤ 𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)) for every 𝐹𝑌 𝑠𝑢𝑏𝑠 𝐽0 of 𝑆2. If 

𝐽0 is 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2, then 𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0) = 𝐽0. Based on our assumption, 𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) ≤

𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)). Thus 𝜎−1(𝐽0) ≤  𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)). But 𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)) ≤ 𝜎−1(𝐽0). 

Therefore 𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)) = 𝜎−1(𝐽0). That is 𝜎−1(𝐽0) is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1, for every 𝑁𝐹𝑌 𝑜𝑠 

𝐽0 in 𝑆2. Therfore 𝜎 is  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 on 𝑆1. 

Remark 4.9. A mapping 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 then 𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) is 

not necessarily equal to 𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)) where 𝐽 ∈ 𝑆2. 

Example 4.10. In example 3.6., 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. Let 𝐽 =

{𝑝0.6, 𝑞0.6, 𝑟0.6,𝑠0.6} ∈ 𝑆2. Then 𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) = 𝜎−1({𝑝0.4, 𝑞0.4, 𝑟0.4, 𝑠0.4}) =

{𝑝0.4, 𝑞0.4, 𝑟0.4, 𝑠0.4}. But  𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0))  =  𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝐽0)  = 𝐽0. Thus 𝜎−1(𝑁𝐹𝑌𝑖𝑛𝑡(𝐽0)) ≠

𝑁𝐹𝑌𝐽𝑖𝑛𝑡(𝜎−1(𝐽0)) . 
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Definition 4.11. A 𝐹𝑦 𝑠𝑢𝑏𝑠  𝐽 in a 𝑁𝐹𝑌𝑇𝑠 (𝑆, 𝜏𝑅(𝐾)) is called a Nano fuzzy 𝑱 q-

neighbourhood (simply, 𝑁𝐹𝑌𝐽𝑞 − 𝑛𝑏ℎ𝑑) of a fuzzy point 𝑙𝑟 if there exists a 𝑁𝐹𝑌 𝐽𝑜𝑠 𝑇 with 

𝑙𝑟~𝑇 ≤ 𝐽. 

 Preposition 4.12. Let (𝑆1, 𝜏𝑅(𝐾1)) , (𝑆2, 𝜏𝑅(𝐾2)) be a 𝑁𝐹𝑌𝑇𝑠’s and 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) →

(𝑆2, 𝜏𝑅(𝐾2)) be a mapping. Then the following assertions are equivalent. 

(i)𝜎 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

(ii)For each fuzzy point 𝑙𝑟 ∈ 𝑆1 and every 𝑁𝐹𝑌𝐽𝑞 − 𝑛𝑏ℎ𝑑 𝐽1 of 𝜎(𝑙𝑟), there exists a 𝑁𝐹𝑌  𝐽𝑜𝑠 𝐽2 in 

𝑆1 ∋ 𝑙𝑟 ∈ 𝐽2 ≤ 𝜎−1(𝐽1). 

(iii)For each fuzzy point 𝑙𝑟 ∈ 𝑆1 and every 𝑁𝐹𝑌𝐽𝑞 − 𝑛𝑏ℎ𝑑 𝐽1 of 𝜎(𝑙𝑟), there exists a 𝑁𝐹𝑌  𝐽𝑜𝑠 𝐽2 in 

𝑆1 ∋ 𝑙𝑟 ∈ 𝜎(𝐽2) ≤ 𝐽1. 

Proof. 

(i)⇒(ii) let 𝑙𝑟 be a fuzzy point in 𝑆1 and let 𝐽1 be a 𝑁𝐹𝑌𝐽𝑞 − 𝑛𝑏ℎ𝑑  of 𝜎(𝑙𝑟). Then there exists 

a 𝑁𝐹𝑌 𝐽𝑜𝑠 𝐽2 in 𝑆2 ∋ 𝜎(𝑙𝑟) ∈ 𝐽2 ≤ 𝐽1. Since 𝜎 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠, we know that 𝜎−1(𝐽2) is a 𝑁𝐹𝑌  𝐽𝑜𝑠  

in 𝑆1 and 𝑙𝑟 ∈ 𝜎−1(𝜎(𝑙𝑟)) ≤ 𝜎−1(𝐽2) ≤ 𝜎−1(𝐽1). Consequently (ii) is valid. 

(ii)⇒(iii) let 𝑙𝑟 be a fuzzy point in 𝑆1 and let 𝐽1 be a 𝑁𝐹𝑌𝐽𝑞 − 𝑛𝑏ℎ𝑑  of 𝜎(𝑙𝑟). The condition 

(ii) implies that there exists a 𝑁𝐹𝑌 𝐽𝑜𝑠 𝐽2 in 𝑆1 ∋ 𝑙𝑟 ∈ 𝐽2 ≤ 𝜎−1(𝐽1) so that 𝑙𝑟 ∈ 𝐽2 and 𝜎(𝐽2) ≤

𝜎(𝜎−1(𝐽1)) ≤ 𝐽1. Hence (iii) is true. 

(iii)⇒(i) let 𝐽2 be a 𝑁𝐹𝑌 𝑜𝑠  in 𝑆2 and let 𝑙𝑟 ∈ 𝜎−1(𝐽2). Since 𝐽2 is a 𝑁𝐹𝑌  𝑜𝑠, 𝜎(𝑙𝑟) ∈ 𝐽2 and so 

𝐽2 is a 𝑁𝐹𝑌𝐽𝑞 − 𝑛𝑏ℎ𝑑 of 𝜎(𝑙𝑟). It follows from (iii) that there exists a 𝑁𝐹𝑌 𝐽𝑜𝑠 𝐽1 in 𝑆1 ∋ 𝑙𝑟 ∈

𝐽1 and 𝜎(𝐽1) ≤ 𝐽2 so that 𝑙𝑟 ∈ 𝐽1 ≤ 𝜎−1(𝜎(𝐽1)) ≤ 𝜎−1(𝐽2). Applying definition 20 induces that 

𝜎−1(𝐽2) is 𝑁𝐹𝑌 𝐽𝑜𝑠  in 𝑆1. Therefore, 𝜎 is a  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 mapping. 

Theorem 4.13. Let 𝜎1: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) , 𝜎2: (𝑆2, 𝜏𝑅(𝐾2)) → (𝑆3, 𝜏𝑅(𝐾3)) be any 

two mappings. If 𝜎1 is a 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 and 𝜎2 is a 𝑁𝐹𝑌𝐶𝑡𝑠 mappings, then 𝜎2 ∘ 𝜎1 is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

Proof let 𝐽 be any 𝑁𝐹𝑌 𝑐𝑠 in 𝑆3. As 𝜎2 is a 𝑁𝐹𝑌𝐶𝑡𝑠, 𝜎2
−1(𝐽) is 𝑁𝐹𝑌  𝑐𝑠 in 𝑆2. Since 𝜎1 is 

𝑁𝐹𝑌𝐽𝐶𝑡𝑠, implies 𝜎1
−1(𝜎2

−1(𝐽)) = (𝜎2 ∘ 𝜎1)−1(𝐽) is a 𝑁𝐹𝑌 𝐽𝑐𝑠 in 𝑆1. Therefore 𝜎2 ∘ 𝜎1 is 

𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 

Remark 4.14. The composition of  𝑁𝐹𝑌𝐽𝐶𝑡𝑠 need not be 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 as seen from the below 

example. 

Example 4.15. In example 3.6., 𝜎: (𝑆1, 𝜏𝑅(𝐾1)) → (𝑆2, 𝜏𝑅(𝐾2)) is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠.  

Now let 𝑆3 = {𝑙, 𝑚, 𝑛, 𝑥} be the universe set and 𝑆3/𝑅 = {{𝑙, 𝑛}, {𝑚, 𝑥}} be the equivalence 

relations. 

Let 𝐾3 = {𝑙0.6, 𝑚0.4, 𝑛0.4, 𝑥0.6} be a 𝐹𝑦subs of 𝑆3. Then 𝜏𝑅(𝐾3) =

{0𝐹 , 1𝐹 , {𝑙0.4, 𝑚0.4, 𝑛0.4, 𝑥0.4}, {𝑙0.6, 𝑚0.6, 𝑛0.6, 𝑥0.6}, {𝑙0.2, 𝑚0.2, 𝑛0.2, 𝑥0.2}}. 

Now we define the mapping 𝜎′: (𝑆2, 𝜏𝑅(𝐾2)) → (𝑆3, 𝜏𝑅(𝐾3)) be an identity mapping. Thus the 

inverse image of every 𝑁𝐹𝑌 𝑜𝑠 in 𝑆2 is 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. Therefore 𝜎′ is 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. 
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Here 𝜎 and 𝜎′ are 𝑁𝐹𝑌𝐽𝐶𝑡𝑠 but 𝜎′ ∘ 𝜎 is not 𝑁𝐹𝑌𝐽𝐶𝑡𝑠. since, 𝐽 = {𝑙0.6, 𝑚0.6, 𝑛0.6, 𝑥0.6} is 

𝑁𝐹𝑌 𝑜𝑠 in 𝑆3 but  (𝜎′ ∘ 𝜎)−1(𝐽) is not 𝑁𝐹𝑌 𝐽𝑜𝑠 in 𝑆1. 

5. CONCLUSION 

The notion of Nano fuzzy 𝐽 continuous functions was presented in this research along with an 

analysis of their fundamental characteristics. Illustrative examples were used to establish the 

links between Nano fuzzy 𝐽 continuity and other types of continuity. The findings support the 

theoretical advancement of Nano fuzzy topology and serve as a foundation for additional 

expansions and applications in decision-making and generalised topological contexts. 
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