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1 Introduction

Wiener originally proposed the concept of the fractional Fourier transform (FrFT)
in 1929 [1]. In 1980, Namias also explored the fractional Fourier transform [2] as
a means of determining the solutions to certain differential equations that some-
times arise in quantum physics. McBride and Kerr [3]] further refined his findings
by creating an operational calculus for the fractional Fourier transform. Fractional
Fourier transform has drawn increased attention in recent years due to its many
applications in the fields of image processing, signal analysis, and optics. This
transformation is crucial for resolving a number of issues in signal processing,
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optics, and quantum physics [2, 14} 15, 16} [7, 8, 9} 16l 10} 11} [12]]. A variety of math-
ematical analytic fields have examined the fractional Fourier transform, which is
a generalisation of the ordinary Fourier transform. These areas include wavelets
[13}[14], pseudo-differential operators [15], and generalised functions [16} 11} [17].
The well-known Fourier transform of a function ¢ € L;(R), represented by (Eb\, is
described as

o) =5 [ (0t

Y

so that its inverse is given by

0(8) = o [ ™Gy

provided the integrals exist.

We recall the one-dimensional fractional Fourier transform [15} 117, (18, [19} 17, {17,
20L 211, 22] 23| 24, 23] of a function ¢ € L;(R) with parametre «, denoted by
(Za0)(N) = 0o () is given in L (R) as follows:

(Zad)(m) = da(n) = [ KalZ.mO(§)dC n
where the kernel K (&, 1) is given by
i((24n?)cotar .
Cye S silnesea o Lpgnel
_L_—ifn =z
Ko(8,m) = var® ’ =2

o(&—m), o =2nm
6(6+mn), a=2n+1)rx,

Cy = /%% and studied some properties of this transform.

2
The corresponding inversion formula of (.#4¢)(n) is defined in the following
ways
0(0) = | KalE)(Fap)()dn @
[ — —i(¢%4n?)cotar

KOC(C?”) = 6a6f+ié‘ncsca

and Co = /1 = C_,.

HCHCC, K(X(ga 77) = K*G(Ca Tl)
It implies that the inverse of a FrFT with the parameter o is the FrFT with the

parameter —o.

Exploiting the tensor product of n copies of the one-dimensional fractional Fourier
transform each of order a,, p= 1, 2, 3,...,n [18], the fractional Fourier transform
has been extended to the higher-dimensional transform.

We assume that o = (a1, 00), x= (x,n),y= (»,§),
%(va) :‘%/051 (x’n)'%z(%C) :‘%/O!haz(xa%n’C)v where %1 (xvn) and Ji/OQ(%C)
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defined as above.

The two-dimensional fractional Fourier transform [26] |27, 28] is defined as
follows

[yaq)](nvg) = [9a17a1¢](777g) - /R/RKO‘(XvYW(X,y)dxdy
N /R/]RKO“(x’n)‘%/o‘Z(y?C)¢(x7y)dxdy
- //Kal,az(vanzC)‘P(x,y)dxdy, 3)
RJR

The corresponding inversion formula of (3|) is defined as follows

¢(x7y) :/R/RKal,az(%yvnaC)[ﬁahalﬁb](nvC)dndg' (4)

It is easy to observe that for oy = o = g, the two-dimensional fractional Fourier
transform %, ¢, becomes a classical two-dimensional Fourier transform.

Definition 1. A tempered distribution ¢ belongs to the Sobolev type spce 7° (R x
R), and s € R if its coupled fractional Fourier transform %o, o,¢ corresponding
10 a locally integrable function (Fq, 0,®)(§,1) over R x R such that

1

loll = ([ [0+ EPI1+ 0P (Fa )@ Panag ) <n. 9

This space is complete with respect to the norm |9 ||s.

Definition 2. The space (R x R) is the collection of all complex valued infinitely
differentiable functions ¢(&,n) € R x R for every choice of 1y, I, m;, my € Ny
which for

am 9™
iyt aymzﬁb(x,y)‘ <. (6)

Tk, (9)=sup
(x,y)eERxR

The dual of . (R x R) is denoted by . (R x R).
If @ is a locally integrable and polynomial growth function on R x R, then ¢ gen-
erates a distribution in ' (R x R) as follows:

(0. 0)= [ [ oE&mo(&.mdcn. o e ®RxR). )

The elements of .’ (R x R) are known as tempered distributions.

Theorem 1. Let Ko, o, (x,y,M,8) be the kernel of the two-dimensional fractional
Fourier transform. Then, for all ¢(x,y) € .7 (R x R), we have

(i) D)rc,yKal,Oﬂz (x,y, n, C) = {1(77 cscoq + CCSC al)}rKOtl ;00 (x7y7 n, C)

(ii) Jg Jr @(x,9)D} yKay oy (X, 3,1, §)dxdy = [ Jg Kay ey (X,:1, §)(DL,) @(x,y)dxdy,
(iii) Foy 0 {(D})) @ (x,9)} (0, §) ={i(ncscar + L esc )} (F oy 0, @ ( ,y))(n ),

forallr € N, where D, ,, = [a% + a% +i(xcotoy +ycotap)] and D, = [gx + 5
i(xcotoy +ycoton)].
Proof. See [26]. ]
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2 Symbol Classes

Leta(x,y,&, §) be a complex valued function defined for x,y, & #0,{ #0 € R. The
function a(x,y,&,§) € C*(R x Rx R—{0} x R—{0}) is said to be an element
of the class A if and only if a(x,y,1,&,68) = a(x,y,E,§) fort; > 0, 1, > 0, and
assume also that

lim :a(°°a°°a§7C)

(Il ly[) = (e0,00)

exists for & #0,{ #0 € R and a(eo,0,&, {) is a mapping C*-function.

Now we define d'(x,y,&,8) = a(x,y,&,8) — a(eo,0,&,§), and assume the esti-
mates

ok 9t om I"
(1+x2+y2)P ﬁgfylaéﬁaicna/(x?y)£7C) S(Cp,k,hm,n’ va Y, é#ov C#OER

)

here, p=1,2,3.......k, 1, m, n are natural numbers.

Theorem 2. (i) We get |a(e0,00,&,8) —a(eo,00,8,m)| < C((|§ — 8| +]C —
nD/(1E1+IE1+18]+nl)), V&, &, 8, n arbitray in R —{0}.

(ii) The estimates (1 +x>csc® oy +y*csc> )P | Foy a, (d) (x,5, &, §)| < M,
Vx,y, §E#0,{#£0€R, p=1,2,3,4,5.

(iii) (1+xcsc o +y esc® 00)P | F oy 0 (') (6,3, 8, §) = Foy 0y (@) (x,7,8, 1) <M (1€ —

S|+ 18 —nDUEI+IS[+18[+n)~!, V&, &, 8, neR—{0}, Vx,yeR, p=
1,2,... being

Forand) 5080 = [ [ Kaanlt00.3)a (1,08, v, ¥y, #0.0 #0€ R

are verified.

Proof. (1) Similar proof of Theorem 1 (a)[29].
(i1) We get the equality

(1 +x2csc2al +y2CSC2a2)p¢9ZOC1,OQ (a/)(xvyvéa C)

_ / / Koy a0 (t,0,2,5) (I — D\, )7l (t,u, &, {)dedu, ©)
RJR 7
o 9
x,3,E#0, #0€R, D) = —| 5=+ 5 —i(xcotay + ycotay)
v dx dy
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and therefore is verified the estimate
’ (1+x2esc?ay +y*esc® )P Foy ay (@) (x,9,E,€)

< CO,ICOQ/R/R(I—I—tzcsczal—i—uzcsczocz)q\(l—D;y)pa'(t,u,é,C)|

x (14 t2esct oy + ulesc? o) dtdu
1
< Cg CqC //
= or-al b R (14 12esc?ay + u*cesc? o)

for q sufficient large.
(iii) We get

~didu =M, (10)

(1 +x20SC2al —f—yZCSCZ(Xz)p‘ﬁal7a2(a,)(x,y,5, C) - yahfxz (a/)(x,y, 5,n)|
= //Kalaz(t,u,x,y)(l+t2csc2061 —l—uzcsczocz)q(I—D;y)p
RJR ’ ’

X [a’(z‘, w,E,8)—d (t,u,8,m) | (14+1*csc? oy + ucsc? o) ~dtdu.
Let us put now

bpg(t,u,&,8) = (1+1%csc® oy +ulescon) /(1 - D ) )d (t,u,E,8). (11)

‘We obtain then the estimate

(1 +x2esc’ay +yzcsc2a2)p‘¢%xl,a2 () (x,9,&,8) — Foy.0 (d)(x,y,6,m)

S ’COHCOQ‘//
RJR

(14 2csc® oy + uPesc® o) ~dtdu. (12)

byq(t,u,§,8)—bpq(t,u,8,m)

X

Consequently, it will be sufficient to show here that with a constant independent of
x,y € R we have, for x,y € R, &, {, §, n € R—{0}, the estimate

bp,q(fau,i‘,C)—bnq(huﬁm)‘ < Doy (1€ =8]+|C=nD (€| +[E+[8]+[n) "
(13)
It can be easily proved from (ii), (I2)and (T3). O

The term "pseudo-differential operators"[30, 131,32}, 33]] has a fairly broad defi-
nition and covers such topics as harmonic analysis, partial differential equation, ge-
ometry, mathematical physics, microlocal analysis, time-frequency analysis, imag-
ing, computations, and quantum mechanics. In mathematics, natural sciences,
medicine, scientific computing, and engineering, current trends and novel applica-
tions are highlighted. The emphasis is on contemporary developments in different
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branches of engineering, mathematical sciences, the natural sciences, medicine,
scientific computers.

In reality, Kohn-Nirenberg and Hormander [34] were the ones who first intro-
duced the pseudo-differential calculus, and later authors expanded on it, primarily
in a local context, to examine local regularity and local solvability of PDEs.

Pseudo-differential operators on R are standard or conventional generaliza-
tions of partial differential operators or ordinary differential operators and singular
integrals.

Many faculties, scientists, Ph.D students and researchers of other field devel-
oped the theory of pseudo-differential operators with the help of different types of
integral operators like Fourier transforms ( see [35) 29]), Hankel transform ( see
[36}, 137, 138]] ), Fourier Bessel Transform on R, (see [20, 21]]), Weinstein transform
('see [39]] ), Laguerre hypergroups (see [40]) and Jacobi differential operators (see
[41D).

3 Pseudo-Differential Operator A(x,y, D, ) related to F ¢, o,
Let a(x,y,&,8) =d' (x,y,&,8) +a(e0,,&, ) be a symbol, and, as previously,

Ty (@) (5,3, &, C) //Kalaztuxy) (tu, &, C)drdu, Vx,y,E 40, £0ER.

Let us deﬁne for any ¢ € .7?(R) and x,y € R, the pseudo-differential operator
A(x,y,D ) related to %, o, [42] is defined
as follows

(A D)0)09) = [ [ Koo 0.0.)Gon o lr.0did,— (14)

where the function G, o, (,u) is given by

Gdl,az(ta"‘):a(m’matau)aal,az(tau)+/R/Rﬁ/l\lal,az(t_€au_n7t>u)$a1,a2(£>n)dédn-
(15)

4 The pseudo-differential operator </ (x,y,D )

We consider a symbol a(x, y, &, {). We introduce an operator <7 (x,y, D, ,,) of /(R
R) in .’ (R x R) [42] by means of the formula

[ (53D )0103) = [ [ Konant.10:5,9) Ho a0, s,

where, for ¢ € .77, the function 7, o, (t,u) is defined by the relation

%17062(t7”) — a(oo7oo7t7u)$a17a2(t’u)+Calca2//el'(tll*llz)COIOCIJri(u)Q*AZZ)COtOQ
RJR
X gy 0 (= Myt — Ao, 1, 1) By 0y (A1, An)dArd s,
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Vo€ S andr#0, u#0cR.

5 Product and Commutators

Theorem3' I.fa(x7y7é7n)7 b(x7y7€7n) GA’ then c(x7y7€7n> :a(x7y7é7n)b(x7y7§7n)
eA.

Proof. Since a(x,y,&,1n), b(x,y,§,n) € C*(RxR xR —{0} x R—{0}), obvi-
ously we have ¢(x,y,&,1) € C*(Rx R xR— {0} x R—{0}). From the definition
of the symbol class A, Vt; > 0, t, > 0 we get

c('xay7t1§7t2n) :a('xvleg7t2n)b('x7y7t1<:7t2n) :a(x7y7§7n)b(x7y7é7n) :C('xhyﬂéan)

and that

lim a(x7y’§’n):a(oo7oo7§7n)7 lim b(x’y7§’n):b(oo’oo76’n)7

(6.)=(00,00) (x,y) = (0,0)

exist for §, 1 € R—{0}. Also,

lim C(xayaéan) = C(°°,°°,<§an) = a(”a“aéan)b(%“,éan)

(x,y) = (o0,00)

exists for &, 1 € R—{0}. Thus, if we put

(x,3.8,m) = c(x,3,&,1m) —c(e0,00,& M), (16)

we get

c,y,€n) = (d(xy.&n)+ale,=En)) (b (x,y,8,1)+b(e,,§,1))
= d'(x,y,&,mMb (x,y,§,1) +a(ee,0,&,m)b' (x,y,6,M)
+d'(x,5,8,1)b(e0,00,8, 1) + a(e0,00,&,1)b(e0,00,& 1)
= (&) +c(eo,0,8,m),

where

C/('x7y’§7n) = a/(xvyvévn)bl(x’y7§7n)+a(°°7°°7§7n)b/(xvy’§an)
—'—al(_x’y,é?n)b(OO?OO,é’n)'

Further, we show that ¢’(x,y,&,n) satisfies .
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Applying Leibniz’s theorem, we have

ot 9 o I
dxk 9yt dEm gnn
ok a9l am 9"

R /
P P TR ) (x,y,é,n)‘

)

(14x>+y%)?

= (1+x*4+y?)?

ok gl om on /
3E 357 98 g (e S (x 0, 8m)

ak 9! gm on /
33 957 98 g S (x &m)

() £ () EC)EC) ey

s1=0 sp=0 s3=0 54=0
ak—sl al—sz gMm—s3 QN4
axk*ﬂ aylfsz a§m7s3 annfm

as1 852 a“ as4 /
Iaxs1 dy2 dE% 8n54b (X,y,é,n)‘

LS A IN & (m\ & (n
- 1+x% +y%)P
312:0 <Sl> s2§0 <S2> S3;O <S3> S4§O <S4) ( Y )
ak—sl al—sz 9Mm—s3 s

Oxk—s1 aylfsz aémfss anns4a(m’m’§’n)‘

as1 asz 853 as4 .
dx$1 dy$2 dES3 81]8417 (x,y,é,n)‘

()5 () EC) EC) ey

s1=0 s7=0 53=0 s4=0
ak—sl al—sz 9m—s3  Jn—s4
axk*ﬂ aylfsz aémfn annfs4

asl asz 83‘3 aS4
X axsl aysz 8533 ans4b(°°7°°7€7n)‘

x ()L E )50

s1=0 sp=0

F(1+x2+y7)P

F(1+22+y7)P

IN

X

dnEom)

X

X

X

dn o)

X

IN

>{Cm&mﬂ+Cm&mﬁ+Cw&m4
< Mch,l,m,n-

Hence from (8]) and (16]), we obtain c(x,y,&,n) € A. O

Let A(x,y, D, ), B(x,y,D; ) and C(x,y,D;. ), defined as in ([14}), be the corre-
sponding to the symbols a(x,y,&, 1), b(x,y,&,n) and c(x,y, &, N ), respectively, in
A. Then we get
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A(xuy’D;c,y) = A(eo,00,D )+A (x,y,D )7
B(x,y,DﬁC’y) = B(co,00, )+B (x, vaxy)
Clx,»Dyy) = A(x,y,D ) (%, D)

(A(o0,00 D o) FA (XD ) (B(eo,00, Dy ) + B (x,,D, )
— A(on,0,D})B(50,00, D) + (A(e0,0, D, )B(x,3.D,))

»Hx,y 'y Hx,y 'y X,y

+A'(x,3, D5y )B(e0,00, D} ) +A'(x,y, D5 )B'(x,3, DL, ). (17)

Furthermore’ we denOte a(°°7°°7€?n)b(°°’°°’€7n) = }/(5771)? a,(x7y7§’n)b/(x?y7§7n) =

px,.8,m),
a(°°7°o7§7n)b,(x’y7§’n) :pl(x7y7§’n)7 anda,(x’y7§’n)b(oo?oo?é7n) :pz(x’y7§7n)'
Then

C(x)va;,y) :F(D;cy) +P(x7y7D;c,y) +Pl (xvy?ch,y)+P2(xay>D;c,y)‘ (18)
Lemma 1. We have
( ,y)¢ A(oo * D )B(oo)oo)D/lny)¢’
for ¢ € S(RxR).
Proof.
Far o DD )01 M) = Y(E,1)a1.0(E.M)
= a(e,%0,8,1m)b(20,%,&,1) 9. (§,11)

= a<°°)°°’§7n)‘ga1,az[B(°° © D/ )¢](<§771)
= ﬁahaz[(A(oo’oo’D;’y)B(oo o0 D, ))‘P](é,n)’

bl X y
hence, by coupled fractional Fourier’s inversion formula, holds in ./(R x R), we
achieve the result of Lemma[Il O

Lemma 2. We have

Pl (x>yaD;c,y)¢ = A(°°7W’D;,}’)Bl(x’y’D;ay)(P’
for ¢ € (R xR).
Proof. In fact, we get

JOQ az[Pl(x »D ) ](& 77) = pl(xJ’vgan)aOtuaz(évn)

= afe0,o0,&, )b (%,3,6,1) 9.0 (€, 1)

= a(e0,20,8,1)Fa,0[B(o0,0,D; ,)9](E, 1)

= Fa.mlA(e0,0,D, )B(eo,0, D, )9](5,7).
Hence, by inversion formula of coupled fractional Fourier transform, we get the
result of Lemma 2 0
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Lemma 3. We have
PZ(xvyaD;c,y)q) = B(Oovoovav,y)A/(xaya D§C7y)¢
for ¢ € S (RxR),
Proof. The proof is similar to the one of Lemma 2] O
Now, using (T7) and (I8), let us examine here the difference
A(X7y, Df\f,y)B(xJ]v D,/\t,y) - C(X,y, D;c,y)
- A(°°7°°7D§c7y)B(°°7°°7D§c,y) +A/(x7y7D§c7y)B(°°7°°7ch7y
+-A (o0, 00, Dﬁw)B’ (x, ¥, D;J,) +A'(x,y, D;’y)B’ (x,Y, D;c,y)
—A(OO,OO,D;J)B(OO,OO,D;J) _A(°°>°°>D;c,y)B/(x>yaD;c,y)
—B(OO,OO,D;’y)A/(x,y, Dgc,y) —P(x,y, Dggy)
= [A/(x,y,D;’y),B(OO,W,D;’y)] —I—A/(x,y,D;Vy)Bl(x,y,D;’y)]
_P(xayaD;c,y)a
where
[A"(x,, D), B(o0,00, D )] = A(x,y, D, )B(e0,00, D} ) — B(e0,00, D} | JA'(x,y, Dy ).

Here [ . , . | denotes the commutators between the two operators A’(x,y,D; ) and
B(o0,00,D; ). The term P(x,y, D, ,) represents the pseudo-differential operator as-
sociated with the symbol p(x,y, &, 1) = a'(x,y, &, )b/ (x,3,E,1).

Theorem 4. We obtain the relation
”[ /(xavajc,y)ﬁB(oov°°7Dfr7y)]¢HS < C(abaZ)H(PHsfl: Vo € y(R X R)v VseR

for a certain constant C (051 ,0p), where [ ., .| denotes the commutators between
the two operators A'(x,y, D, ,,) and B(eo, D y)-

Proof. In fact, we use the formula
90517052 [Al(x7y7 D,Ir,y)B(ooaoovD,/v,y)¢] (t7 u)
_ é(xléaz/ / ei(’ll_)Lz)Comﬁi(”’b_/b)wmzc/l\'m7a2(t—M,u—lz,t,u)
RJR
X Foy.ay [B(o0,0,D}, )0 ] (A1, A2)d A1 d 2y
_ Cafaz/ / ei(tﬂ,l—)LZ)cotot1+i(ulzflz)cota2;/a]7a2 (t = Avyst— Do t,u)
RJR
% b(00,00, A1, A2)Oayy o, (A1, A2)dArd s

Besides,

cgal,ocz [B(°° o0 D/ )A/(x y» D, )‘P]( )
= b(oo’oo’[ ”)efoq o [A/ X yv q)]
A?)

= b(°°7°°7t u Calcaz// tkl cotoy +i(udy —Az)cot oy

X;/Otl,az( - A‘lal’t_ A‘27t7l’t)¢0617052(a'17)’2)('11'1(1)’2
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and hence
Py [A'(x,3.D, ). Bleo,o0, D/, ) 0] (1, 0)
_ G, Eaz/R/Rei(z‘)\,l712)cota1+i(ulzflz)cota2(;/al7a2 (t— Ayt — Dot )
X [b(o0,00, A1, Aa) — b(00,00,,14)| Py oy (A1, A2 )dArd M.
From Theorem 2] (i), we get

|A—1t|+ A2 —u|
| A1)+ [Aa] 4 [t] + [u
o2 —1P)2 (14|20 —up)?

|b(°°7°°72‘172'2) —b(°°,0°7t,u)|

. (19)
(L [e[2)2 (1 +[uf?)
Hence, we are obliged to estimate the norm L?(R x R) of the expression
W) = (L+ IR+ uP)iCq Cay [ [ 0t Tajore
RJR

Xd gy gy (t— Ayt — A, 1,u) [b(00,00, Ay, Ay) — b(00, 00,1, u1)]
X Oy oy (A1, A2)d A1 d Az
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We get
|Us(t,u)]|
< CaCanl [ [+ U0+t~ e Pt 0)
X|b(oo, 00 /11,12) (°° oo, t u)\I%l,az(ll,?tz)ldlldlz.
L+t (1+ul?)?
— [Ca, // : = A=t
| o 062| 1+|ll 1+|7LQ|) |a061 062( 1,U 2 Z/t)|
X [b(00,00, A1, A2) — b(e2, 0, 1,0) |9 an (A1, A2) (14 [ [*)2 (1 4 [Aa]*) 2 d Dy d .
(L+e»)3 (14 [u*)? 2 2k
< 9lc // . —(1+t=A o) 2
< 2)|Cy,Ca, (P BH 1—|—|7L|)7( | 1|7esc”ay)
Lo (A =) (4 [ — )2
1t - JnPosc? ) et A A).
X( +|u 2| CcsC OC2) (1+|t|2)%(1+|u|2)% "Ptxl,az( 1 2)
x|(1+|zl|2)%(1+|zz|2)%dzldxz
(1+[2)7 (1+u?) T
1+|M T (14 |R2)T
<1+m MV%CGﬁ2CU+Mr4|ﬁU+Mmﬂfﬁ@%@@bbﬂ
(1+ M7 (1+|4P) T dAdas
< 9,c|ca,ca2|2‘s ll// Ll =) (L = 2P)

1

(14 [t — A1 Pesc? o) "2 (14 |u— Ao esc? o) "2 (1+ A — )2 (14| A — uf?)2
@mwMWHm¥%+w¥ﬂwb
—  9C[C T2 ll// L4 —aP)"
><(1+|t—7l,1|zcsc o)~ 2(1+|u—lzlzcsc ocz)_%|(}§aha2(/ll,7tz)|(l+]7Ll| )%
< (14|47 dAd2s
—  DC|CyCa2 ! /R /R e (F — Ayt — D) far.a (s Aa)dAad A (say)

= @lc|6a160t2 ’2“71' (gauaz * falﬂz)(ta ”)'

[s=1]+1 I|+1

S+ =)

If [ is large, go,.a, € L1 (R xR). Also, since aal,az €9 (RxR), fa,.a € Lo(RxR).
Then (a0, * foy,,) (¢, u) belongs to L, (R x R) and the inequality

|’g0517a2 *f(xl7a2||L2(R><R) < ||g06|,062||L1(]R><R)Hfa1,txzHLZ(RXR)-

It implies that

||g2/s| |L2(R><]R) < CO!1,O!2,17S| "P | ’S*Ia

where Cg,y.gy.15s = Z1C|Coy Cary ]2"**” > 0 is a constant.
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Therefore

<Cooisl@lls—1, Vo € S(RxR), VscR.

N

\|[A’(x,y,D;,y>,B<oo,oo,D;,y>]¢

O

Theorem 5. We have the relation
A (x,y,D5y)B'(x,3, D) = P(x,%, D ))|ls < Cyo.0 |91l V9 € G (RXR), ¥ real s.
Proof. Let us consider the operator P(x,y, D, ,) associated with p(x,y,n,§).

F a0 [P(x,. D) 9](1,u)

— Co,Ca / / it =2 cota +i(udo—a)* cot oy B (t — Attt — Ao t,10)
R JR

X Oy (A1, A2)dArd 2. (20)

But we have for p(x,y,&,1n) =d'(xy,§,m)b'(xy,&,n) that

(Loj\al,azp) (tl 12,1, l/t)
-~ - ; 2 . 2 o~
= CoaCe /R /R gilimi=p)cotantillar—pdeotangy (4 ypy s 1 u)

XB gy (1, o,y u)dp d . @1)
Now we compute (Fy, o, p)(t — A1, u— A2,1,1) = Pay o (t — A1, u— Ag,1,u) as fol-
lows:
Pay,o (t = Ayu—22,1,u) (22)
_ C(xlcaZ/ / uyr— /,tl)cotoc|+z(/.tzt IJz)COt(Xza o, Otz( A. Hl,”faa *[.Lz,l‘,u)
X0y o (W1, M2, 1, ) d i d 1. (23)

Applying in , we get

Fo,a[P(x,y, D) §](t,u)

— COCICOQ// i(tA — )COtOCl-H(ukz 2,2) COtO{2< lCOCZ// i(ur— “1 cotag

x Mt )l o (8 — Ay — Wit — Do — o,y U)D (L1, L2, 1 u)duldm)
X(Pal az(l],lz dl]dlz

— Coq Caz //// i[(A1 )t +112)]c0toc1ei[(lz+u2)u—(y%-i—ﬁ%)]cotaz

Xa 0517062( t—A — U u—A — 'u2’t7”)b/lxl,az(.ul,HZJ,M)dlhd[Jz
X Qa0 (A1, A2)d A1 d A5 .
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In the interior integral, we make; A; + Wy = 71, dA =d7; b+l = T, dAy =d7To;
it follows

gal,az [P(-xay7D§c,y)¢] (t7 Ll)

_ (Cal)z(caz)Z//<//ei[rlt—{(rl—;Ll)2+/.L12}}cotoc1+i[rlt—{(rl—u1)2+u,2}]cota2
RJR RJR

Xa/O!hOlZ (t — Tl,l/l - Tz,t,u)¢al7a2(fl - ,LLI)TZ _NZ)dTIdQ)
XB oy 5 (1, o, ) d 1 d .

And once more in the interior, we make; 7| — Uy = ¥, T — Uy = th; —dUu; =
d® and —dUy = d1¥. We have now

y{ll,az [P(x7y7D,/r,y)¢](t’u)
= (ém)Z(Eaz)z//ei[flt_i‘f‘.z—(fl—l‘f‘l)2]Cotal+i[T2t—15‘22—(Tz—192)2]°°w‘2
R JR

X C?al,az(t_ﬁ?u_fbt:“) (/I\{/RE/OQ,OQ(TI _191772_1927t7u)$al,a2(1917192)d191d192>
X d’L’]dTQ
_ (Eal)Z(Eaz)Z/ / / / ei[fltfl‘}lzf(f]7191)2]cota1+i[12t719227(127192)2]cot(xz

RJRJRJR

Xa/al,az (t —T,u— 127t7 M)Z/J\/al,az(fl - 1317 T — 1927t) ”)q/)\ahaz (191 ) ﬁz)dﬁldﬁzdﬁd’fl
Now we replace ¥ = A; and ¥, = A,. Then we get
yal7a2 [P(x’yaD,/r,y)(P](t)u)
— (Cy )2(Ea2)2/ / / / A=A —(11=A)? cotr +ileat—A3— (72— A2)?] cot et
RJRJRJR
Xa’al’az(t — T, U— TZ,t,u)b/al,(xz(Tl — ll,Tg — QLQ,Z‘,u)(])al’az(ll,Az)dﬂ/ldlzdﬂdfz.
On the other hand, we have
Faya0(A'(x,y,D5,)B (x,y,D,)) 9] (t,u)
_ 606160{2/ / ei(m']71'12)001061+i(u1:271:22)cot(x26’l\/a1 @ (l T u— Tg,l‘,u)
R JR '
X F oy B (x,5, D, ;)] (71, T2)dT1d T,
and besides

yal,az [B/(x7y7 va,y)q)] (Tl ) TZ)
= Ealéaz/é/R¥ei(‘L’]l]72,12)00t061+i(12),27222)6010625/a1yaz(,L.l _11,72 o 2’2’ T],TZ)

X oy oy (A1, A2)dArd A
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and hence we shall obtain

Farou(A'(x,y, D )B'(x,3, D ,))9](t,u)
_ Ealéaz /]R /R ei(ml7112)60':0(1+i(ur27122)cma26/l\,a17a2 (t T, u— Tt u)

y <Ca1Ca2 / / (T = A7) cota +i(taha—A3 )coran
R JR
Xl/;/al,az (Tl - A‘] , 12— AZ7 71, TZ)&(X} ,0 (A'l ) lZ)dl] dAZ) dTldT2~

O]

The absolute convergence of the fourth integrals here considered result from
estimates

c/z\’ahaz (t—T1,u—To,t,u) <M, (14 (t — 71)%cs?a+ (u—12)*csctan) P (24)

Vo0 (T1 — M, 2 — Ao, T1, ©2) < M, (14 (11 — M) 2esc?a+ (7 — Aa) 2esc?on) 77, (25)
where p =1, 2, 3, ...to co. Therefore, we can express the difference
Foy,a[(A'(x,3,Dyy)B'(x,y, D) = P(x,y, D)) 9] (¢, 1)
— (Cy)*(Ca,)? /R 4 g,al’az (t— 11— o, 1, 10) [ (T —AR)coran +i(12da—23)corar
Xg/ocl,az(Tl =M1, ) — pilat=A7—(n1—=h 2 cotan +ileat =13 —(t—A2)? cota
B oy, (T1 = M, T2 — lz,t,u)} P00 (A1, 42)dA1dArd T dTs.
Let us examine here the norm L (R x R) of the expression

Us(t,u)
Ca?Ca)? [ [ [ [P0+ ) ol = 1= 2200

: _ 132 : _ 12 -~ : _322_ _ 2
x |:el(’b'111 )Ll Yeotay +i(Ta Ay AZ )wmzb/al,az(fl _)(1’7:2 _A‘Z)Tlaq&) _el[Tll ll (71 kl) ]COtOCl

><ei[rztiﬁgf(fzflﬂz]Comzl;\/al,az (t1— A1, T2 — Ao, 1, u) (}\0!17052 (A1, A2)dMdArdT1d T,
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| % (t,u)
< CalCal [ [ [ [+ + 0 anle == 2st,0)
RJRJRJR
x [u?/al,az(cl — M= 0, T, T) | 1P gy (71— M, T2 — Aoyt
X 0oy oy (A1, A2)dAdAod Ty d Ty
< ]axl]2|6a2\22M§/R4(1+|t\2)%(1—I—]u\z)%(l—I—(t—'El)zcscza—i—(u—fz)zcscz(xz)_p

X (1 + (’L'] - )ZCSCZ(X + (Tz — kz)zcsczaz)ip(})\ahaz ()L] ,)Lz)dlldlzdl']dfz
= %(l,u) (SaY)‘

Firstly we want to show that
%L exr) < | ]| ®xR)-
For,
| Z5(t,u)
= [Cql*|Cq + |t 2 + |u 2 +(t—T1)%cscto+ (u—T)"csc o)
C12C222M§R41 2351 2y5(1 2.2 2.2 p

X (1 + (T] — ll)2csc2a + (TQ — kg)zcsc2a2)’1’¢7aha2 (l],lz)dlldlzdﬁdfz.

Let us denote now:

e%ﬂ(l,u,l'],fz,l],lz)
=1+ (r— Tl)zcscza + (u— 72)2csc2a2)_”(1 + (1 — M)lesCo+ (1) — /lz)zcscz(xg)_p,

XY(nuv’E]uTZ)
(L4 ]e2)2 (1 +[ul*)
(1+]0?)2 (14|

/ / (0,71, T2, M, A )dAad .
)z JRJR

We remark that it follows, V¢, u € R

s

| Z5(tu)| - < 2M§I5a1|2|5a2|2/R4(1+|t|2)5(1+IMIQ)%%(t,u,fl,fz,M,/lz)
Xaa]’az()Ll,lz)dlldkzdﬁdfz.
Therefore, we have only to prove the inequality

1
2

2
</Rz </R4(1 +1t2)3 (1 + ) (1, u, 71, T2, My M) | 0y (A ,lz)!dlldlzdrld’:z) dudt>
S vasval,OﬂH(PHxa v¢€y(RXR)

In order to do that we shall prove here a more general result, which is given in the
following Lemma 4.
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Lemma 4. Let%(t, u,T, 7, 2,1 s 12) > 0 be the function such that f]R fR%(l‘, u,T, 7, ).1 s )uz)d)tldlz <
oo for every t,u, Ty, Tp fixed in R.
Firstly we denote

(1+]eP)2 (1 + |uf?
(1+]m)3 (1 + 7]

%
ps(t,u, 71, m) = l);/R/R%)(hu,Tl,Tz,ll,lz)d)ndlz

and we suppose

/ / ps(t,bt,Tl,Tz)dldu <, / / ps(l‘,u,ﬁ,l’z)d’[ldl'z <%, Vt,u 1, mneR.
RJR RJR

Then, there is a constant Cy p, o, o, such that the inequality

1
2

2
</R2 <A ( +‘t’ ) ( +‘M’ )% (t uyrlaT27ll7A«Z)’(Pahaz(ll,)Lz)’dl]dlzd’ﬁd'té) dud[)
< GCosaallflls, VoS (RxR).

Proof of Lemma[]: We remark that in fact we have

//// +1t12)2 (14 [u?) 22 (1, u,T1, T2, A1, A2) | Pty .y (71, T2) [d My d Ard Ty d T
:/R/]Rps t,u,Tl,Tz 1+‘T1’ )%(l-i-‘fz‘ ) |$a1,a2(71772)’d71d72‘
Let us put

O(t1,%) = (1+ 0?2 (1+ %) 9a.0 (11, 7))

/ / ps(t7u7TlaTZ)ﬂ(ThTZ)dTldTZ
RJR

1
2
(/ / ps l u,T, dT]dT2> (/ / ps l‘ u ’Cl,Tz (Tl,Tz)d’E]dT2>
3
V$<//ps(t,u,ﬁ,fz (Tl,Tz)d’CldT2> .
RJR

Hence, we have

IN

IN

/R4(1+\l! V(L4 [u*) 22t 1,11, T2, M, A) |9 (71, T2) |[d A dAad Tid T2

< \/.,?(/ / Ps(tﬂ’taTl;TZ)ﬂZ(ThTZ)dTldTZ) §~ (26)
RJR
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||/ (L+[t2)2 (1 +|u?)2 21, u,rl,rz,xl,zz)\q?ahaz(rl,r2)|dxldzzdcldr2||Lz(Rz)

1
2
< vf</4p.g(t,u,1'1,12)192(1'1,1'2)d11d1:2> dtdu)
R

1
2
gf(//ps(t,u,fl,rz)ﬁz(rl,fz)dndfz)
RJR

=Z[9]ls-

We shall apply Lemma 4, taking Z(t,u, 1,72, A1, A2) = F€(t,u, 71, T2, A1, A2) and
ps(l‘,u,ll,kz) = %(l‘,u,ll,ﬂa). We see that fR fR%(l‘,u,T],Tz,ll,kz)dﬁdl’z <
oo, and it remains to prove the following Lemma 3]

Lemma 5. We have fR fR (l‘ u ll,kz)dl‘du <L, f]R fR (l‘ u ll,lg)dlld)tz

L.
In fact
D%(t,u,ll,lz)
(14¢]*) 1‘F|L‘| // 2 2.2, \—
= - + (t—1)%csc®a+ (u— 1) *csc’ap) P
(T+]A2)2(1+A2[)>

x(1+ (7 —ll) csc OH—(TQ—M) csc Ocz) PdTdT
g2'&'(1+\z_xl|2)@(1+|u—zz|2)§/ (14 (t — 71)%esc®0 + (u— 1) 2escPan) 7
RJR

X (1 + (’L'] - M )ZCSCZ(X + (Tz - kz)zcsczaz)ipd’[]dfz.

Now from [29], we have

A+l —MP)F < 1CA+l—aP) (1 +]o—MaP)>
(I+lu-1P)F < CU+lu—nP)S(1+n-hP)?
and hence
Li(t,u, A, Ay)

< z\f\c’c"// L= ) (4 m =P (1 fu— )Y (14 | — )

x (14 (t—1)%esc’a+ (u—1) esc’ o) P(1+ (11 — A1) esca+ (1 — A )2esc? op) PdT1d ).

We denote at this stage:
X(VI’VZ)

||

= / (1+|an)? ) (1 + s |? ) (1 + (@) csc®a+ () *escron) P (1+ |vi —ay|*) 2

2

X (14 |va — o ) (1+(V1 1)’ esct o+ (va — an)’esctop) Pdand @y, vi, vo €ER
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where p is large enough. We see that y(v;,v2) € Lo(R x R) as convolution of four
integrable functions. Hence, we have

X(l‘—ﬁ,l,u—lz)
= L0051+ 0 (14 (@) esc?o+ (@) esc?on) (14— — o) S

Is]

X(14|u—Aa— )2 (14 (1 — A — o)) %esc?a+ (u— Ay — o) *esc’ o) Pdojday
Isl Isl Isl Isl
- /Rz(l +He—nl)2 A+ a - aP) 2 (1+u— o) (14|12 - 2f) 2

x (14 (t—1)esc?a+ (u—1)esc o) (14 (11 — A1 )esc® o+ (1 — Ap)esc’on) PdTidTs

by substituting w; =t —17; and @ =1 — 1.
Hence we get

GZF(I’ILADAZ) S C;/IX(I _AI)M_AQ)

and obviously:

//x(r—ll,u—lz)dtdu<oo, //x(r—ll,u—lz)dlldlz<oo
RJR RJR

which proves the Lemma 5]
Hence, for Lemma 4] we have that

% ||, xRr) < Comn00l|®lls; ¢ € S (RXR)and Vs € R
and this proves Theorem 3]

Corollary 1. If A(x,y,D, ), B(x,y,D, ) are pseudo-differential operators, the
commutator [A(x,y, D, ,),B(x,y, D, )] is of order <0.

Proof. We have
A(x,3,D,,)B(x,y, D} ) —ab(x,y, D )
= [A(x,y,D;,y),B(x,y, D,/\c,y)] +A/(x,y,D;7),)Bl(x,y, D,/\c,y) —P(x,y, va,y)
is of order < 0 by Theorem [ and Theorem [5 O

Remark 1. Ler A(x,y, D;’y) be a pseudo-differential operator associated with the
symbol a(x,y,&,1n). We assume that A" € C ia an eigenvalue of A(x,y,D, ) such
that |la(x,y,E,m) —A'| >p >0, Vx,yeR, |§|=1and |n| = 1. Then, any
eigen-vector ¢y corresponding to eigen-value A" ia a C*—function. Therefore,
b(x,y,&,n) = (a(x,y,&,n) —A")""is also a symbol. If B(x,y,D, ) is associated

to it. We that B(x,y,D;,)(A(x,y,Dy,) —A'E) = E + U, where E is the identity
operator and U has order < 0. It follows that 6 = B(A — A'E)¢y = ¢o + U ¢. It
implies that §o = —U o, ¢o € Lo(R x R), it follows that Uy € 5 (R x R) and

¢o € (R xR).

Let us consider now that the operator I = (1+|D |?) 2, defined by F oy o,[750)(E,M) =

(1+ &2 esc® ap + N |*esc? (xz)aahaz, Vo € S (R xR).
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Theorem 6. Let A(x,y,D ) be a pseudo-differential operator associated with a
symbol a(x,y,&,n). Then we have

1[AGx,y, Dy y), Al < Coyanll9l5-3, V0 € (R XR).
Proof. We have

Fara [A(ac,y,D;,y)m] &)
= a(eo,00,&,M)(1+|&|Pesc? a1+!n\zcsc 00)? Py (E.1)
—i—CalCaz//aal (& — 1.1 —u,&0)(1+ |t Pesc®on + ul>esc an) 3
><¢)O,17o¢2(t,u)dtdu7
and also

For {%Au,y,m,ym] &)

= (14 gPescan + I esc )’ Py AL, )0 (E01)
= (1+|§I26562a1+|nlzcsczaz)%a(°° %0, &,1)9a1 .0 (1)
+CaCa | [ @& =10 =& (1+ € escan +nPese? on)?
X Qo o (¢, u)dtdu,
and hence it can be deduced that
Faoa (A3, DL,), F419) (&, n)
= Ca]Caz//aaloQ —t,n-u,§,n)

x [(1+[tesc® o + [ul*esc? 0n) 2 — (14 |E[*escon +[n|*esc? 0p) 2]
x¢al7a2(t,u)dtdu.

Here
%(&.n)
= //‘?al,az(g_fan_“7§7n)
X [(14Jt|2esc?on + [u*esc® @) — (14 |€[*esc?ar + |n|*esc? ap)? ]
xq)al,az(t,u)dtdu.
|%(&,m)]
<

MP/R/R(l+]§—t|2cscza1—i—\n—u!zcsczag)’p

x| (14 |t]2esc?oy + [ul? esc? ap) 2 — (14 |€Pesc® oy + | esc? o) 2 |
X | ey 0, (¢, 1) |dtdu. (27)
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Let us remark here the elementary inequality, for 0 < 8; < 1 and 0 < 6, < 1.

js—1]

(1 + [t +u+ 91(5 —t)cscocl +6:(n —u)escan|?) 2

< 2P WD) (1 160(E —f)esean?)

\V 1

X (14162(n —u)escon|*) 2

|s—1]

and therefore, as -, 0< 6; <1; 0< 6, < 1:

(1161 (6 —Descan) = < (1418 = Pescan) =
‘Y ! [s=1]

(1+162(n —u)escap)?) = < (140 —ulesc’ay) = .

Therefore

\V 1

(1 + It +u+ 91(5 —t)cscOCl + 6, (n —u)cscap|?) 2

P (U ) (14— tPesan) T
ls—1]

X (14| —ulPesc?ap) = .

By Taylor’s formula, we have

(1+ |tPescay + |ul* csc® o) 2 — (14 |EPescay + | P esc? o)

= <(t—<§)csca] + (u—1n)csc oy, grad(1+1*csc? oy +u’ csc 052)3>

where §) =14 0,(& —1)cscay; & = u+ 6,(N —u)escoy.
It implies that

|(1+ [t esc oy + |u)? esc? o) 2 — (14 |EPescay + [P esc? )2

= |(t — &)escoy + (u—n) csc op||grad (1 + 1% csc? o + u? csc? o)

Since we have
2

dtdu
It implies that

|grad (1 +1*csc? o +u* csc O‘Z)z G u= Cz‘
s(s—2)tucsc 0l csC Ocz(l—i-t esc? oy +u csczocz)

< s(s—2)(1+1>csc? ay + u? csc? 062)%

s—4
2

and hence

|(1+ [t esc o + |u)? esc? o) 2 — (14 |EPescay + P esc? ap) 2|

<|({t—&)escay + (u—m)cscop|s(s —2)(1+ |t +u+ 91(6 —t)cscOtl +92(n —u)escop|?) 2
SS(S—Z)(1+|I—§|ZCSCZO¢1+|u—n\2csca2) 1+t = (1+\u| )7

X (14|t = EPesc?ay + |u— n\zcscaz)%.

Received: August 14, 2025

t={1, MZCz"

(1+1%csc? oy +uP esc? )2 = s(s —2)tucsc? oy esc? o (1412 esc? oy + u” esc? o)

1618

s—4
2

\Y 1

(28)
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From and , we get
(&)
MP/R/R(1+]§—t|2csc2a1+|n—u|2cs02a2)_1’

xs(s—2)(1+ |t — E[PescPaq + Ju—n[Pescon) T (1+ |12 T (1+ [u]?)'T
X|¢0617052(t’”)’dtd”

= Mys(s-2) [ [ (1418~ tPescian [~ ufescd ) P HF (14 )T (14 )T

IN

><|$a17a2(t,u)]dtdu

= [ [ &=t =) fo )it (say)
RJR

= (hoy,00 * for,00) (8, 1)-

If p is large, he o, € Li(R x R). Also, then (he, .o, * foy.00)(§,M) belongs to
L, (R x R) and the inequality

ey a0 * for 00|, ®xR) < [Payo0l|L, (Rx®) | fon 0|11, (RxR):-

It implies that
1%L, (RxR) < Con o |[9]]5-3-

Hence
Ay, D y)s Al < Cay o ||9]]5-3, V¢ € S (RXR), s €R.

This completes the proof of Theorem [6] O
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