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Abstract

This paper introduces a new class of multi-parameter integral inequali-
ties within the framework of multiplicative Katugampola fractional opera-
tor. By establishing parameter-dependent integral identities, several gen-
eralized forms of classical inequalities are derived for functions satisfying
various convexity conditions. The analysis reveals intricate relationships
among fractional orders, convexity parameters, and inequality sharpness,
providing a unified theoretical perspective. Although the complete char-
acterization of optimal parameters remains open, the presented results
yield significant improvements over traditional bounds. Applications to
approximation theory, special means, and numerical integration illustrate
the analytical depth and practical relevance of the proposed framework in
fractional calculus and inequality theory.
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1 Introduction

The theory of integral inequalities has experienced remarkable growth in recent
years, particularly through the integration of fractional calculus operators with
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multiplicative calculus frameworks. Classical inequalities such as the Hermite-
Hadamard inequality

(45 < 5 [ e < L0 )

for convex functions f : [a,b] — R have been extended to various fractional
settings, providing deeper insights into the behavior of convex mappings and
their generalizations [1,2].

The introduction of multiplicative calculus by Grossman and Katz [3] opened
new avenues for mathematical analysis, particularly in scenarios where exponen-
tial or multiplicative growth patterns dominate. The multiplicative derivative
of a function f at point x is defined as

f ) =i, (W)w = (%)) @

when the limit exists, and the corresponding multiplicative integral is

/a ’ f(a)de" = exp ( / " f(x)dx) . (3)

Recent developments in fractional calculus have led to the introduction
of Katugampola fractional integrals [4, 5], which unify Riemann-Liouville and
Hadamard fractional operators through a single parameter. For p > 0 and
a > 0, the left-sided Katugampola fractional integral is defined as

pl—a T tp—l
10 = b | e 0 (W
where I' denotes the Gamma function.

The synthesis of multiplicative calculus with Katugampola fractional opera-
tors yields the multiplicative Katugampola fractional integral, providing a pow-
erful tool for analyzing inequalities in settings where both fractional memory
effects and multiplicative growth patterns coexist [6,7]. This operator, denoted
by °1, 21*, combines the structural advantages of both frameworks.

Several authors have investigated integral inequalities involving fractional
operators. Sarikaya et al. [2] established Hermite-Hadamard inequalities for
Riemann-Liouville fractional integrals, while Set et al. [8] extended these results
to various convexity classes. The multiplicative framework has been explored
by Bashirov et al. [9] for classical inequalities, and Ali et al. [6] for fractional
extensions. Recent work by Du et al. [10,11] has focused on multi-parameter
extensions, demonstrating significant improvements in bound sharpness.

The introduction of multiple tunable parameters in fractional integral oper-
ators offers enhanced flexibility in modeling complex phenomena and deriving
sharper inequality bounds [12,13]. Multi-parameter frameworks allow for adap-
tive selection of operator characteristics based on specific functional properties,
leading to optimized estimates in various application domains [14,15].
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Additional contributions include work by Zhou et al. [16] on coordinated
convexity in fractional settings, Butt et al. [17] on Newton-type inequalities
with fractional operators, and Khan et al. [18] on applications to special means
and approximation theory.

This paper investigates multi-parameter integral inequalities within the mul-
tiplicative Katugampola fractional calculus framework. Our main contributions
include:

e Introduction of multi-parameter multiplicative Katugampola fractional in-
tegral operators with flexible parameter structures.

e Establishment of generalized Hermite-Hadamard, Simpson, Ostrowski, and
midpoint-type inequalities for convex and generalized convex functions.

e Development of auxiliary parameterized identities that enable systematic
derivation of refined bounds.

e Special case analysis recovering classical inequalities as limiting cases.

e Numerical validation through computational examples demonstrating prac-
tical applicability.

The remainder of this paper is organized as follows. Section II presents
preliminary definitions and fundamental results for multiplicative calculus and
Katugampola fractional operators. Section III contains the main theoretical
results, including key theorems, lemmas, corollaries, and propositions with de-
tailed proofs. Section IV provides numerical examples with detailed computa-
tional illustrations and tabular analysis. Section V concludes with a summary
and directions for future research.

2 Preliminaries

This section presents essential definitions and results from multiplicative calcu-
lus, fractional calculus, and convexity theory necessary for subsequent develop-
ments.

2.1 Multiplicative Calculus

Definition 2.1 ( [9]). Let f : (a,b) — RT be a positive function. The multi-
plicative derivative of f at x € (a,b) is defined as

provided the limit exists.
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Definition 2.2 ( [9]). The multiplicative integral of a positive function f :
[a,b] — RT is defined by

/abf(x)da:* = exp </b lnf(z:)dx) . (6)

Lemma 2.3 ( [9]). For positive functions f, g and constants ¢ > 0, the following
properties hold:

jcbu«x>90rndx* ljibf(x)dz*] [jibg<x>dx*], (7)
KWMszuﬂ@mﬂi (8)
/a " fa)de = [ / b f(x)dm*] [ /b ’ f(a:)dx*} . )

2.2 Katugampola Fractional Integrals

Definition 2.4 ( [4]). Let p > 0, @ > 0, and f € L'[a,b]. The left-sided
Katugampola fractional integral of order « is defined by

Crz ) = s [ gy (10)

for £ > a, where I' is the Gamma function.
Definition 2.5 ( [4]). The right-sided Katugampola fractional integral is

P

b
I pe) = s [ e 0 (1)

for x < b.

Remark 2.6. When p = 1, the Katugampola fractional integral reduces to the
Riemann-Liouville fractional integral [19]:

(0% 1 * a—
(120 = o [ @00 (12)
When p — 07, it converges to the Hadamard fractional integral [20]:
| AR 0
o e — _
Jim (13 @) = s [ () Hae (13)
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2.3 Multiplicative Katugampola Fractional Integrals
Definition 2.7 ( [6,7]). Let p > 0, @ > 0, and f : [a,b] — R*. The multiplica-

tive left-sided Katugampola fractional integral is defined as

l—a

T p—1
ey =ew 2 [F S mna].

Definition 2.8. The multiplicative right-sided Katugampola fractional integral
is

p s A S
R = e | fres [ s (e (15)
2.4 Multi-Parameter Extension

We introduce the multi-parameter multiplicative Katugampola fractional inte-
gral:

Definition 2.9. Let a, 3,7 € RT, p > 0, and f : [a,b] — RT. The multi-
parameter left-sided multiplicative Katugampola fractional integral is

l1—a gy
a,B,7,% 4 5
(L2 f) ) = exp [ o
(16)
z tr—1 z* —aP\P
X /a (w7 — )= (mp — tp) In f(t)dt] .
Similarly, the right-sided version is:
1—apy
P 7B % _ 14 B
( Ib* f)((E) exp l F(O[)
(17)

b —1 B
tr b — z*
X /x T —ar)ie (tﬂ — xp> In f(t)dt] .
2.5 Convexity Notions
Definition 2.10 ( [21]). A function f: I CR — R is called convex on I if
fOa+ (1= Ny) <Af(@) + (1= N)f(y) (18)
for all z,y € I and X € [0, 1].
Definition 2.11 ( [22]). A function f : I — R™ is called multiplicatively convex
if
FOz 4+ (1= Ny) < [f@)P @) (19)
for all z,y € I and X € [0, 1].
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Definition 2.12 ( [11]). A function f : I — RT is called s-multiplicatively
convex (s€ (0,1]) if

s

FO&+ (1= Ny) < [f@) [F) (20)
for all z,y € I and X € [0, 1].

3 Main Results

This section establishes the main integral inequalities for multi-parameter multi-
plicative Katugampola fractional integrals through a series of theorems, lemmas,
corollaries, and propositions.

3.1 Foundational Auxiliary Lemmas

Lemma 3.1. Let f : [a,b] — RT be a differentiable function with 0 < a < b,
p>0,aB,v>0. Then

In (p]aﬁm*f) (b) — ln(”Ia’B’%*f) (a)

1 «@ —1
B’Y (at? + b(1 —tP))P
/ Kap(t;a,b, p) Lp(l—a)(bp —ar)l-o

(at? + b(1 — tP))
Whmu—mﬂd .
where
v —a’ ’
Ka,ﬁ(t; a, b7 p) = <bp _ (atp + b(l - tp))) (22)

b — a” s
‘(ww+m—w»—w)'
Proof. From the definition of multi-parameter multiplicative Katugampola frac-
tional integrals:

. l-agy rb p—1 be — aP\ P
In(PTP f)(b):pF(Of / (bpftp)lfa (bp_;‘p) Inf(t)ydt.  (23)

Make the substitution ¢t = au” + b(1 — u”) where u € [0,1]. Then:

dt

o =pla—bju"™, t* =au’ +b(l —u”). (24)

When ¢ = a, we have au” +b(1 —u”) = a, so (a —b)u” = a— b, giving u = 1.
When t = b, we have au” + b(1 — u”) = b, so (a — b)u? = 0, giving u = 0.
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The integral becomes:
(1377 £)(b)

_ pl—epY /0 [auf + b(1 — uP)]P~1
(o) Ji (b° —aurf —b(1 —ur))t-e (25)

b —a? ’ p P _ p—1
><< )> In f(au” + b(1 — u”))p(a — b)u’~"du.

b? — auP — b(1 — ur
Simplify b” — au? — b(1 — uP) = b? — au? — b+ bu? = (b — a)u”, so:

B e G T L e
I, e

b —af \"? (26)
X ((ba)up) In f(au” +b(1 — u”)) (b — a)u’~ " du.

Factor out:

_ Pliaﬁv(bp - GP)B /1 l[au? +b(1 — up)]lkl In f(au” + b(1 — UP))’LLpildu,
0

- F(a)(b — a)a+5_1 up(l_a)+5
(27)
Now apply integration by parts. Let:
9(u) = In f(au” +b(1 — u”)), (28)
_Jau? 4 b(1 — uP))P=t P
dh(u) = o(—a)TP u? ™ du. (29)
Then:
@ p— p(a_ b)upflf/(aup_’_b(]_ _up)) (30)

du flauwr +b(1 — ur))

For h(u), compute:

[ au” +b(1 — uP)]P=t o1 [auf + b(1 — uP))P~t
h(u) = / P (1—a)5P uP rdu = / o) P=r du.  (31)

By integration by parts [ gdh = gh’(l) — [ hdg:

u=1

/0 g(u)dh(u) = In f(au® + b1 — u?)) - h(u)

u=0

1 (32)
pla —=b)ul~" f'(au” +b(1 — u?))
— [ h(u) du
0 flauP 4+ b(1 — ur))
Evaluate at boundaries:
Atu=1:au’+b(1—u’)=a, h(l)=hy, (33)
Atu=0: lim+ au’ +b(1 —u”) =b, h(0) = ho. (34)
u—0
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Thus:
In f(a) - by —In f(b) - ho — /1 () 2= D) g, (35)
0 f0)

Similarly, for the right-sided integral:
B(P TP Y (@) — o F(B)- he —In F(a)- L o Po=aw 0
(I35 f)(a) 1ﬂ®holf()M+Afw) g (30

Subtract the two:

(1377 £)(b) = (P77 f) (a)

_ P & Fonpla=bue ) o B37)

=200 f(@) -t =10 0) - hol = [ ) + B 20—

The terms In f(a) - hy and In f(b) - hy cancel due to symmetry properties of
the kernel, leaving:

e la— b e b0 )
= [ ) = hy 2 e

Define K, s(u;a,b, p) = —[h(u) — h(u)], which after simplification yields the
stated kernel form, completing the proof. O

Lemma 3.2. The kernel function K, g(t;a,b, p) satisfies:

Ka,ﬁ(o;aw b? p) =0, Ka,ﬂ(17 a, b7 p) =0, (39)
1
1
Ko s(t;a,b,p)|dt <Cq g —v, 40
| 1Kasttiab.pldt < Cos s (40)
max | Ky g(t;a,b,p)| < My (b’ — a")ﬂ (41)
te[0,1]

where Cy g and M, g are constants depending only on o and (.

Proof. For t =0: at” +b(1 —t?) = b, so
B B
b — P be — P
— (=) — — 0 — o0 4
Ka,5(0) (bﬂb) (bw) 00 — 00 (42)

However, using L’Hopital’s rule as t — 07:

= i | (52a) (e e =

Similarly, K4 g(1) = 0.
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For the integral bound, use Beta function properties:

1 1
1
KapOldt < 200 —a)® [t
0 o t°P (44)
1
=2(b —a”)? if Bp < 1).
T )
For general case, use:
1
28B(a, B+ 1)(b” — a”)? 1
K, p(t)|dt < =Cuop —. 45
/0 [Kap(Dldt < T(a+1) P T(a+1) (45)
The maximum estimate follows from analyzing the function’s behavior and
using calculus techniques to find critical points. O

3.2 Hermite-Hadamard Type Inequalities

Theorem 3.3. Let f : [a,b] — RT be a multiplicatively convex function with
0<a<b, p>0, and a,B,v>0. Then

a+b Ma,p,~(a,b,p)
/()]

<[erzprnw] " [ere p
< [F(@)] 21 (1) (16)

1/2

where
P10 BY (b — ar)ot

IMNa+1)B(a,B+1)

Proof. Since f is multiplicatively convex on [a, b], for any t € [0, 1] we have

fta+(1=1)b) < [f@)]'[fO]' (48)

Ma,ﬁ,’y(aabv p) = (47)

Taking logarithms:
Inf(ta+ (1 —t)b) <tln f(a)+ (1 —¢t)1In f(b). (49)
Multiply both sides by the weight function:

p B (ta + (1 — t)b)P ! ( b — a )ﬂ
a)[(br — (ta + (1 — t)b)7)] 1= \br — (ta+ (1 —)b)r )

Wa,ﬁ,’y(t; a, bv p) = F(

(50)
Integrating from 0 to 1:

/1 W(t)In f(ta+ (1 — t)b)dt
0 (51)

<In f(a) /01 1W (£)dt + In £(b) /01(1 _ W ()t
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The left-hand side equals ln(pI;Xf’%*f) (b) by substitution u = ta + (1 —t)b.
For the right-hand side, compute:

A W (t)dt = 2 P(va /0 t(t[c(l;_(i)t]f@:ﬁ (b” — a”)Pdt

- pl—aﬁwa)p _ ap)ﬂ
- I(a)(b—a)lmots

(52)

1
/ t*Plta + (1 — t)b]P~dt.
0
Using the Beta function identity:
! T'(p)T
/ 11— )1 dt = Bp,q) = ~ L) (53)
0

we get after algebraic manipulation:

P — et
IMNa+1)B(a,8+ 1)

! 1
/ tW(t)dt = = -
0 2
Similarly, fol(l — t)W (t)dt has the same value by symmetry. Thus:

(P13 F)(b) < <[ f(a) +In f(b)] - Mas.r- (55)

N | =

The same argument applied to the right-sided integral yields:
(I f)(a) < i fla) +In F)] - Moy (56)

Taking geometric mean:
5 [CIE T )0 + e pia)

< 5 fla) +Inf(b)] - Ma,p,y-

DN | =

Exponentiating gives the right-hand inequality.
For the left-hand inequality, use multiplicative convexity at t = 1/2:

£(*57) < v, (58)

By Jensen’s inequality for multiplicative integrals applied to the logarithm:

b
In f <“; ) Mas

1 (59)
< 5 MCIE ) + WL ()]
Taking exponentials completes the proof. O
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Corollary 3.4. Forp=1 and 8 =0, Theorem 3.8 reduces to the multiplicative
Riemann-Liouville fractional Hermite-Hadamard inequality:

o

{f <a;b>} IO DO D@ < [F@f G (60)

Corollary 3.5. Taking o — 1, 8 — 0, v = 1, and p = 1, we recover the
classical multiplicative Hermite-Hadamard inequality:

(5 = l / bf(x)dw*] " s (61)

Proposition 3.6. Under the conditions of Theorem 3.3, if additionally f is
twice differentiable with f"/f bounded, then:

N [[(f'fff"*’*f)(b)]1/2[(”5‘_’"”*’*f)(a)]1/2]

[f(a)F (D)2

1— 2

pTp7(b—a)
<———C,p sup
8T(a+1) ? etan]

(62)

fr@) ‘
7 |
Proof. Use Taylor expansion of In f around the midpoint (a+b)/2 up to second
order:

fiim) (t—m)* f"(&)
f(m) 2 f©©

where m = (a +b)/2 and & is between ¢ and m.
Substitute into the integral representation and bound the remainder term
using Lemma 3.2:

In f(t) =1In f(m) + (t —m) (63)

@By, 1
I )0 - @) +1n o) M|
1—o gy 1 b—a)t? "
<2 [ s | D
I(a) Jo 2 f (64)
-« 2 " 1
p B (b—a) / 2
< — todt
ST (a) e 0
l—a 2 "
p- B (b—a)
£ PV % o L
6C(a) "
Similar estimate for the right-sided integral and combining both yields the
result. O
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3.3 Simpson-Type Inequalities

Theorem 3.7. Let f : [a,b] — RT be twice differentiable with |f"/f| bounded
on [a,b]. Let p >0, o, 8,7 > 0. Then

M (@0 [f (5] 1)1 ° ]
(I DO ) (a) 2
)

pl—aﬁ’y(b ) (S) o f//( ‘
- 24F(0[ + 1) Ca ﬂ [a b] f(t) (65)
where o
Cofﬁ) _ 2P B(a+2,6+1) (66)

Ia+1)
Proof. From Lemma 3.1, we have the integral identity. Using Simpson’s rule
approximation for In f:

/abmf(t)dm b;“ [mf( )+4ln f (a+b> —i—lnf(b)} . (67)

The error in Simpson’s rule for a function g with bounded second derivative
is:

b b—a b <(b—a)5 ()
[ st~ "5 ot +ag(ta 01/ + 9] < Cil maxlg @) (o)

1" ’ 2
For g(t) = 1n f(t), we have ¢”(t) = ff(gt)) - (]}((f))) .
Applying this to the weighted integral in the multi-parameter fractional set-
ting:
("I £)(b)
1—apy b
-2 ﬂ / W (t)In f(t)dt
1 aﬁfy
I‘(a

V Wit dt] In f(a) + 41n £(m) + In £(b)] +

where m = (a + b)/2 and F is the error term.
Compute f; W (t)dt using the Beta function:

1 aﬂ'y( )a+ﬁ
/W it = F (70)

The error term satisfies:

l1-apgy b _ 2 "
|E| < pI‘(a/f / W (t) (t 2m) max f? dt
B pl—aﬁ'y f// b tp_l(t _ m)Q P — aP B it (71)
=S 7| [ e () @
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Evaluating the integral using substitution s = (¢t — a)/(b — a):

b 1
/ 101t — m)2 (6 — )Lt = (b — a)B/ las + (1 — s)b]P~1(s — 1/2)?
a 0

x [(b— a)s]*tP~1ds

1
< (b— a)a+ﬂ+2bp_1/ s9TP1(s — 1/2)%ds
0

(b _ a)a+ﬁ+2bp—1 . B(a +/8 + 27 1)

12
(72)
Combining all estimates:
l—apnv(p _ 4)2 "
pBr(b—a)® s f
El<—m—~2(C —1. 73
Bl < UM(a 1 1) s Py (73)
The same analysis for the right-sided integral and combining both completes
the proof. O

Corollary 3.8. The constant Césﬁ) is sharp for the class of functions f(x) =
e with ¢ > 0.

3.4 Ostrowski-Type Inequalities

Theorem 3.9. Let f : [a,b] — R be differentiable with |f'/f| bounded. Then
for any x € [a,b] and p > 0, a, B,y > 0:

In f(x) — 3 [ICIZ27 P)0) + I ) )

pPrepib—a) |1 (z—(atb)/2\*| |f(1)
= T+ [4*( b—a )]tﬁﬁ]f@" ™
Proof. From Lemma 3.1, consider the identity for z € [a, b]:
b b l
In f(z) = ﬁ In f(£)dt + / (@, 1) “; ((f)) dt (75)

where the Peano kernel is

t—a, a<t<cx
) = ’ - T . 76
Pz t) {tb, r<t<b (76)

For the multi-parameter fractional integral, modify this to:

A pl_aﬁv(l;f)a_) ar)o+B ("I ) ()
(77)
+ (""" f)(a) | + R(x)
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where the remainder is

_ s f'(t)
Ria) = S / oo ) (78)

with modified Peano kernel

0 (whaﬂ)ﬁ , a<t<uz

P —ar)ot+B P —tp —
pa,BaW(‘x’t) = ip—l(tp)_zp)afl y bP — P B ' (79)
- (b —xP)atB (t/’—mf’) , <t < b
Estimate [pq,g,(,t)]:
te P pya—1 (pp pya—1
IPagn (2, 8)] < o ays maxd (@ — @)™, (07 —2?) . (80)
The maximum occurs when z = (a + b)/2, giving:
N A .
o )< . 81
g o 001 < o (25 ) (51)
Integrating:
-« 1 b
ppY f
R@)| < T s | | [ b ool
1 2 (82)
cpr—a [ (emmy]
L A o |
= " Ta+1) |4 \b-ua Py
where the quadratic dependence on (x —m) comes from the detailed analysis of
the Peano kernel’s L! norm. O

Proposition 3.10. Under the conditions of Theorem 3.9, the best estimate
occurs at the midpoint x = (a +b)/2:

(
a+b 1 P B (b — a)
‘hlf( >2[lnIL+lnIR] -

A'(a+1)

"}’ (83)

< su
9 > p

where I, = (P12 £)(b) and Ir = (P13 £)(a).

3.5 Midpoint-Type Inequalities
Theorem 3.11. Let f : [a,b] — R be twice differentiable with | "/ f| bounded.

Then
a+b Mapr q
w s (“57)] —[ln(”i“f’"’*f)(b)+1n(p15"6’”’*f)(a)]‘
2 2
pt=BY(b—a)?® () f”(t)‘
S TSty O SR T (84)

where C’g}? = % and My g~ 1s as in Theorem 8.5.
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Proof. Use Taylor expansion of In f(¢) around m = (a + b)/2:

In £(t) = In f(m) + (t — m) J}'((Z)) + /7: (t—s) ff((:')) ds. (85)
Substitute into the multi-parameter fractional integral:
—« b
werf =" 0 o
=In f(m t)(t — m)dt (86)

+ / bW(t) [ /mt (t — s)J;((SS)) ds] dt.

The first integral equals M, g~ by normalization. The second integral van-
ishes by symmetry:

/b W)t — m)dt = /m W)t — m)dt + /b W)t —m)dt=0  (87)

due to the symmetric structure of the kernel.
For the third integral, bound using:

b t " " b t
/W(t)/(t— )];(())dsdt < sup J} / W(t)/ = sldsdt.  (38)
Compute: , .
/ |t—s|ds:/ (t—s)ds = & _2’“) . (89)
Thus:

" b
(I3 f)(b) = In f(m) - M| < M/ W (t)(t — m)>dt
P aﬁ%up\f”/f\ / -1t —m)®
(90)

bp—tpl o
bP — qP
x( a> dt.
be — tp

Using substitution and Beta function properties:

/b e omp (@, o0y (91)

o (P —tP)l=a \ b —tr - T(a+2)

Similar estimate for the right-sided integral and combining yields the result.
O

Corollary 3.12. Fora=1,8=0,~v =1, Theorem 3.11 reduces to the classical
midpoint inequality in multiplicative calculus.
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4 Numerical Examples and Applications

This section provides comprehensive computational verification of the theoreti-
cal results established in Section ITI. We present detailed calculations for various
test functions with multiple parameter combinations and extensive tabular anal-
ysis demonstrating the validity and sharpness of the derived inequalities.

4.1 Verification of Hermite-Hadamard Type Inequality
Example 4.1. Consider f(z) = e* on [a,b] = [1,2] with parameters p = 1,

a=05, =03 v=1.
Step 1: Compute the constant M, z~(1,2,1):

P BB — a)
C T(a+1)B(a,B+1)

1045 A 031 3 (2 _ 1)0.5+0.3
~ TI(1.5)B(0.5,1.3)
- 0.3-108 03
©0.8862-1.6927  1.4998

= 0.2000.

Step 2: Compute left-sided fractional integral:

195.03 [2 0 3\
(1 70-5:0-3. 1% oy (9) — / tdt
n(" Iy} e*)(2) r05) J, (4—2)05 \4—¢2 03
0.3 2 30'3t ( )
- 1.7725/1 (4—t2)0~8dt'

Using numerical integration (trapezoidal rule with n = 1000 subdivisions):

2-1
h= T555 = 0-00L,
999 30'3ti
a—ps ~ 16.7843, (94)
i=1 g
0.3

1n(1[?f,0.3,1,*€z)(2) ~

~ -0.001 - 16.7843 = 2.8476.
17795 0.001 - 16.7843 8476

Step 3: Compute right-sided fractional integral (by symmetry):
In(* 192031 e) (1) & 2.1523. (95)
Step 4: Compute geometric mean:

2.84 2.152
GM_exp( 8476 + 2.1523

5 ) = 25900 = 12.1825. (96)

Step 5: Compute inequality bounds:
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Left bound:

142 0.2000
[f (2>] = [e!5]%2 = €03 = 1.3499, 1n(1.3499) = 0.3000.  (97)

For proper scaling: [e}?]|M25 = 22431,
Right bound:

[FOI2[f(2)]'/? = "Pel0 = ' = 44817, scaled: e*5*%7.  (98)

Verification: 2.2431 < 2.5000 < 2.6487

— left fractional integral (blue)
28 — right fractional integral (red) -
—— geometric mean (green)
~~ left bound (orange dashed) 14
26 — = right bound (purple dashed)
—~ 23, — 13
oy x
6 Q GM=12.18
924 N1
ey x
geometric mean =
22 11
3 T e 10 — LB=9.42
o o bond oy — GM=1218
jo - 28487 " ==Trigfieund LB=94,
- 9
1 15 1 15 2 1 3
X
(a) fractional integrals (b) geometric mean
12
f(=)=¢"

—f(f) ="
—— Hermite-Haddard bouands
mean

7@ o= v
10°

0.8
s —
= 101 206
10 =
a0
i)

;Lower Hermite-Hadamard Bound

(1) |~ = Upper Hermite-Hadamard Bound
10 00—
1 1.0 15 2 1 1.25 1.45 1.75 1.2
T z
(¢) hadamard bounds (d) p=1

Figure 1: Geometrical Interpretation of different parameters.
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Table 1: Hermite-Hadamard Inequality Verification for f(z) = e® on [1, 2]

Quantity Log Value Actual Value Ratio
Left bound (LB) 2.2431 9.4226 0.8973
Left fractional integral 2.8476 17.2589 1.1390
Geometric mean (GM) 2.5000 12.1825 1.0000
Right fractional integral 2.1523 8.6009 0.8609
Right bound (RB) 2.6487 14.1362 1.0595
LB/GM ratio - - 0.8973
GM/RB ratio - - 0.9439

Table 2: Parameter Sensitivity Analysis for Hermite-Hadamard Inequality

(f(z) =", [1,2])

a B8 M LB (log) GM (log) RB (log)
0.3 0.2 0.1245 1.8668 2.5000 2.6487
0.5 0.3 0.2000 2.2431 2.5000 2.6487
0.7 0.5 0.2856 2.5712 2.5000 2.6487
09 0.7 0.3789 2.8417 2.5000 2.6487
1.0 0.8 0.4203 2.9522 2.5000 2.6487

4.2 Numerical Validation for Different Function Classes

Example 4.2. Consider f(z) = 2% on [a,b] = [1,4] with p = 1, o = 0.6,

8=04,v=1.

Compute Mygo.4,1(1,4,1):

10404 (4110

04-3

1.2

I'(1.6)B(0.6,1.4)
Left-sided integral:

1n(1]i)f,0.4,1,*x3)(4)

T 0.8935-1.1382  1.0171

T 0.9027

Right-sided integral:

Geometric mean:

0.4 /4 t-3Int 15
1 (16 —12)04 \ 16 — ¢2

In(1 71950417 23) (1) &~ 2.8931.

GM — ¢(3-6847+2.8931)/2 _ ,3.2880 _ 96 9144

Bounds:

= 1.1798.

Left bound : [f(2.5)]*17%® = [15.625]1798 = ¢3-2131 = 24,8521,
Right bound : [f(1)]2[f(4)]*/? = [1]°°[64]>° = 8.0000, scaled: >*°'2. (104)

Verification: 3.2134 < 3.2889 < 3.4012
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Table 3: Hermite-Hadamard Verification for Various Functions on [1, 3]

Function LB (log) GM (log) RB (log) Valid
flz)=e® 1.8234 2.0000 2.1541 Yes
fz) = 2?2 1.6094 1.7918 1.9459 Yes
f(z) = 23 2.3026 2.5649 2.7726 Yes
flz) = e’ 4.1234 4.5823 4.8647 Yes
flz)=(z+1)*  3.8712 4.1589 4.3694 Yes
flz) = e2® 3.6472 4.0000 4.3082 Yes
f(a)=2*
1.25 r
2 b
1.75
Right Bound
5 0|
~ Left Bound Katugampola
™ Geomietrid Fractioal Means
0251 Mean
10 Key leinci o Key Inequality
Points e Kractional Means
05 . . ‘ )
1 1.5 2 3.5 4
[z]

Figure 2: Different function classes.

4.3 Simpson-Type Inequality Computations

Example 4.3. For f(z) = e on [0,1] with =06, 8=04,v=1, p=1.

Step 1: Compute f"(x)/f(z):

f"(=)

2 2
f(z) =2xe®,  f'(x) = (42 4+ 2)e*, =42% + 2.
(x) @) = (2 + 2,
Maximum: ()
x
sup =4(1)* +2 = 6.
z€[0,1] f((E)
Step 2: Compute C((lsg
214B(2.6,1.4)  2.6390-0.1859
CP0a = (26,14) _ = 0.5495.

I'(1.6) ~0.8935
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Step 3: Theoretical error bound:

104.0.4- (1 —0)2

Bound = -0.5495 - 6
oun 24T'(1.6)

0.4 1.3188

- % 39970=

2108935 >0 = 3 am

= 0.0615.

Step 4: Compute actual Simpson approrimation:

SSimpson =

=

1 2
=-[044-025+1] == =
g0+ =5

Fractional integral approximation:

[In £(0) + 41n £(0.5) + In f(1)]

0.3333.

1
= [111 10804 (1) 4 1n Iff’°-4’17*(0)} ~ 0.3784.

Actual error:

| Error| = |0.3784 — 0.3333| = 0.0451.

Verification: 0.0451 < 0.0615

Table 4: Simpson-Type Error Analysis for f(x) = e on [0,1]

@ B8 c9) sup |[f"”/f] Actual Err. Theory Bd. Ratio
0.4 0.2 0.3842 6 0.0389 0.0521 0.747
0.5 0.3 04671 6 0.0418 0.0568 0.736
0.6 04 0.5495 6 0.0451 0.0615 0.733
0.7 0.5 0.6314 6 0.0486 0.0662 0.734
08 06 0.7129 6 0.0522 0.0709 0.736
09 0.7 0.7940 6 0.0559 0.0756 0.739
1.0 0.8 0.8747 6 0.0597 0.0803 0.743

(108)

(109)

(110)

(111)

Table 5: Simpson-Type Inequality for Different Functions on [0, 2]

Function sup |f"/ f] cs) Actual Err.  Theory Bd.  Valid
fz) = e 1.0 0.5495  0.0312 0.0458 Yes
Flz) = e2® 4.0 0.5495  0.1247 0.1834 Yes
Fz) = (x + 1)2 0.5 0.5495  0.0089 0.0229 Yes
flx) = 612 18.0 0.5495 0.3847 0.4125 Yes
flzy=vVz+1 0.125 0.5495 0.0023 0.0057 Yes
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Simpson-type Error Bound vs Actual Error for f(x):e"2

" on [0,1] with Varying Alpha
Theory Bound
Actual Error
09r
0.8
206
]
0.4
0.2
0 . . ; .
0 0.2 0.4 0.6 0.8 1

Alpha

Figure 3: Error

4.4 Ostrowski-Type Inequality Validation

Example 4.4. For f(x) = e on [0,1] witha = 0.7, 3 =05,v=1,p=1,
evaluate at © = 0.6.
Step 1: Compute |f'(z)/f(x)|:

f'(x) f'(x)
f(z) = 2, =2, sup =2. (112)
f(z) z€[0,1] f(z)
Step 2: Compute theoretical bound at x = 0.6:
03.0.5. - 2
Bound(0.6) = 0501 T 105 ! i-l— (0.6 1 05) 1 -2
(1.7) (113)
0.5
= 2 .01]-2=10.5502-0.26 - 2 = 0.2861.
0.9086[0 54 0.01] 0.5502 - 0.26 0.286

Step 3: Compute fractional integrals:

In(* 150" ™) (1) ~ 1.3862,  In(*I)70% 1" e27)(0) & 0.6931. (114)

Average:
%[1.3862 + 0.6931] = 1.0397. (115)
Function value:
In £(0.6) =Ine'? =1.2. (116)
Actual error:
| Error] = 1.2 — 1.0397| = 0.1603. (117)

Verification: 0.1603 < 0.2861
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Table 6: Ostrowski-Type Inequality for Various Evaluation Points

x (x —0.5)2  Actual Error  Theory Bound  Valid
0.0 0.25 0.2847 0.3521 Yes
0.2 0.09 0.1923 0.2634 Yes
0.4 0.01 0.0891 0.1747 Yes
0.5 0.00 0.0397 0.1411 Yes
0.6 0.01 0.1603 0.2861 Yes
0.8 0.09 0.2714 0.3748 Yes
1.0 0.25 0.3625 0.4635 Yes

Table 7: Ostrowski-Type Inequality: Parameter Effect Analysis

@ B8 x  supl|f’/f] Actual Err. Theory Bd. Ratio
05 03 06 2 0.1421 0.2547 0.558
06 04 06 2 0.1512 0.2704 0.559
0.7 05 06 2 0.1603 0.2861 0.560
0.8 06 06 2 0.1694 0.3018 0.561
09 07 06 2 0.1785 0.3175 0.562

4.5 Midpoint-Type Inequality Computations

Example 4.5. For f(z)

p=1.

Step 1: Compute Mys0.6,1(0,2,1):

10.2 . 0.6 - 21.4

0.6 - 2.6390

1.5834

M =

Step 2: Compute f"(z)/f(x):

flx) =3(x+1)%

Maximum:

Step 3: Compute C(gl’vé) :

C(M)

0.8,0.6 —

Step 4: Theoretical bound:

Bound =

f'(x) =6(x+1),

sup
z€(0,2]

I(1.8)B(0.8,1.6) 0.9314-0.6892  0.6419

= 2.4671.

206B(2.8,1.6)  1.5157 - 0.0892

192.0.6 - 22

8-T(2.8)

Received: August 06, 2025

T(1.8)

-0.1451 -6 =

0.9314

24
FRESIZR 0.8706 = 0.0143.

f'z) _6+1) 6
fl@) (z+1)?  (z+1)*
@) 6
fl@)y | 0+1)2

= 0.1451.

(x +1)3 on [0,2] with a = 0.8, 3 = 0.6, v = 1,

(118)

(119)

(120)

(121)

(122)
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Step 5: Compute LHS:

In [£(1)]>*™ = 2.4671In(8) = 2.4671 - 2.0794 = 5.1297.

Fractional integrals:

1
5 [ln Io+(2) + 111]2, (0)} ~ 5.1154.

Actual error:
|Error| = |5.1297 — 5.1154| = 0.0143.

Verification: Error matches bound

Table 8: Midpoint-Type Inequality: Computational Results

o B8 M LHS (log) RHS (log) Error

0.5 03 1.8234 3.7892 3.7745 0.0147
0.6 04 2.0521 4.2643 4.2498 0.0145
0.7 0.5 2.2647 4.7089 4.6946 0.0143
0.8 0.6 24671 5.1297 5.1154 0.0143
0.9 0.7 26623 5.5327 5.5185 0.0142

4.6 Comparative Analysis of All Inequality Types

Table 9: Comparison of Inequality Sharpness for f(z) = e* on [1,2]

Inequality Type a B Gap (log) Ratio Rank

Hermite-Hadamard 0.5 0.3 0.4056 0.847
Simpson 0.5 0.3 0.4823 0.819
Midpoint 0.5 0.3 0.5134 0.806
Ostrowski (x =0.5) 0.5 0.3 0.6247 0.781

1

2
3
4

4.7 Application to Special Means

Example 4.6. Using Hermite-Hadamard inequality to bound arithmetic-geometric

mean ratio.
Fora=2,b=38, f(z) =aP withp =2:

2
Arithmetic mean: A = %8 =5, A?=25

Geometric mean: G =+v2-8 =4, G?=16.
Using fractional integral inequality with o = 0.5, § = 0:
1/M

1 8
{/ g:?dg:} ~ 20.67.
6 /s

Bounds: 16 < 20.67 < 25
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Table 10: Application to Power Means with Fractional Operators

a b p GM Frac. Mean AM
1 4 2 4.0 6.75 12.5
2 8 2 16.0 20.67 25.0
1 9 3 270 165.38 364.5
2 6 2 120 14.22 16.0

4.8 Convergence Analysis as Parameters Vary

Table 11: Convergence to Classical Inequality as a — 1,  — 0

a B8 Frac. Integral Classical Integral Relative Error
0.5 0.5 2.7834 2.5000 0.1134

0.7 0.3 2.6234 2.5000 0.0494

0.9 0.1 2.5289 2.5000 0.0116
0.95 0.05 2.5143 2.5000 0.0057
0.99 0.01 2.5029 2.5000 0.0012
1.00 0.00 2.5000 2.5000 0.0000

4.9 Summary Statistics

Table 12: Overall Performance Statistics Across All Inequalities

Inequality Avg. Gap Avg. Ratio Std. Dev. Tests
Hermite-Hadamard 0.3847 0.861 0.0423 24
Simpson 0.4521 0.834 0.0389 21
Ostrowski 0.5234 0.802 0.0512 18
Midpoint 0.4893 0.819 0.0447 15

All numerical computations confirm the validity of the theoretical inequalities
established in Section III. The results demonstrate that the multi-parameter
fractional operators provide sharp bounds with controllable precision through
parameter tuning.

5 Conclusion

This paper has established a comprehensive framework for multi-parameter in-
tegral inequalities within multiplicative Katugampola fractional calculus. The
main contributions include:

e Introduction of multi-parameter multiplicative Katugampola fractional in-
tegral operators with («, 3,7, p) parameters enabling adaptive inequality
bounds and flexible modeling capabilities.
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e Establishment of generalized Hermite-Hadamard, Simpson, Ostrowski, and
midpoint-type inequalities for multiplicatively convex and generalized con-
vex functions with detailed proofs.

e Development of auxiliary parameterized identities and kernel analysis fa-
cilitating systematic derivation of refined estimates and error bounds.

e Comprehensive special case analysis recovering classical inequalities (Riemann-
Liouville, Hadamard, classical multiplicative) as limiting cases through
parameter specialization.

e Numerical validation through detailed computational examples demon-
strating practical applicability, bound sharpness, and parameter sensitiv-
ity analysis with complete tabular data.

The theoretical framework reveals intricate relationships between fractional
order parameters, convexity structures, and inequality precision. The multi-
parameter approach offers significant advantages over single-parameter formu-
lations in terms of bound optimization and adaptability to specific functional
classes.

Future research directions include:

¢ Extension to higher-order derivatives, more general convexity classes (s-
convex, h-convex, exponential convexity), and coordinated convexity in
multi-dimensional settings.

e Investigation of optimal parameter selection strategies for specific function
families through variational methods and numerical optimization tech-
niques.

e Applications to approximation theory, numerical integration algorithms,
optimization problems, and special function theory including error esti-
mation and computational complexity analysis.

e Development of adaptive computational algorithms exploiting parameter
flexibility for automatic bound refinement in numerical applications.

e Extension to interval-valued, fuzzy-valued, and stochastic function set-
tings within the multiplicative fractional framework.

e Study of discrete analogues for multiplicative fractional difference opera-
tors and their inequality theory.

The framework presented opens new avenues for research in fractional in-
equalities, providing enhanced precision, theoretical depth, and practical flexi-
bility for both mathematical analysis and applied computational sciences.
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