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Abstract

This paper introduces a few new outcomes of deformable fractional calculus of multivariable
functions for a recently proposed deformable derivative. It proposes a deformable form of
Euler’s Theorem on homogeneous functions. As an application, the proposed results are
applied to homogeneous functions.
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1. Introduction

The theory of fractional calculus is a well-known topic among researchers. This theory is an
extension of ordinary calculus, which deals with the differentiation and integration of fractional
order. Also, the calculus of multivariable is essential to solving many problems in mathematics,
science, and engineering. The concept of partial differentiation is used to find the derivative of
the functions with more than one variable [5, 6].

Fractional calculus includes famous definitions like the Riemann-Liouville operator,
Grunwald-Letnikov operator, Caputo operator, Riesz fractional operator, and many more [7].
In the majority, the integral forms of the fractional derivatives define the fractional derivative.
R. Khalil, in 2014, presented a conformable fractional derivative based on the limit approach.
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However, this definition does not deal with non-positive numbers [4]. Thus, to overcome these
shortcomings, a deformable derivative is introduced in [2, 9].

The remaining article will proceed in the following manner. Section 2 will discuss basic
concepts and preliminaries of deformable fractional calculus. Section 3 will present the
deformable partial derivative (DPD) with some important outcomes on homogeneous
functions. Section 4 will introduce the deformable form of Euler’s Theorem and its extension
to higher-order derivatives.

2. Preliminaries

Definition 2.1. For a given real-valued function ¢ in (a,b), the deformable derivative of
fractional order a is
(1+6(1 —a)t(0 +da) — t(0)

lim -

(1) 5—0 )

for all 0 < a < 1. If the above limit exists, the symbol D’[#(#)] denotes the deformable
derivative of ¢ and is said to be a-differentiable at the point 8 € (a,b).

Remark 2.2. 1f ¢t is differentiable at 6 € (a,b), then
(2) D*(0) = (1 — a) 1) + aDt(0).

The above definition is evident for o = 0, 1, i.e., D°[#(0)] = #(0) (function itself) and D[#(0)] =
£(6) (first ordinary derivative).

For simplicity, 0 < a < 1 is taken in the remaining part of the article.

Theorem 2.3. For some a € [0,1], if t is a-differentiable at 6y € (a,b) , then t is continuous at
6o € (a,b).

Theorem 2.4. Let t) and t> are a-differentiable in (a,b). Then, for 6 € (a,b)
(a) D* (kit1 + kat2)(0) = aD?t1(0) + bD*t2(0), for all ki,k2 € R

(b) Dal - Do2t1(6) = Do2 - Dalt1(6).

(c) DX(k) = (1 — a)k, for all constant functions t(6) = k.

(d) DU(t1 - ©)(O) = (D)) - t(0) + at1(6) - Dt2(O).

Particularly, we have

(1) D*(0) = (1 — )8 + Oar*—1, x ER.
(2) D*€°%) = (1 — a)e’ + aé.
(3) D%(sin 0) = (1 — a) sin ? + o cos 6.

(4)D“(ln¢9)=(]—a)ln0+%,9>0.
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Theorem 2.5 ([1]). (Chain Rule) Let t1 and t, are two o-differentiable functions at 6 € (a,b)
and t(0) = t1 (t2(0)). Then t(0) is a-differentiable at 6 € (a,b) such that

€) D*(0) = (1 = a)(t1 (2(0))) + aD(t1 (22(0)))-

Remark 2.6. The sequential deformable derivative of T of order n, for « € [0,1] and n € Z" is
defined as

) WD) = D*D°.....D*H(O)(n — times).

Also, if for some a, ¢ is continuously differentiable n-times at 8 € (a,b), the sequential
deformable derivative of order #n is continuous at 6 € (a,b).

3. Deformable partial derivative

This section introduces a real-valued multi-variable function’s DPD. Also, some basic
outcomes of homogeneous functions have been included.

Definition 3.1. For a given n-variate real-valued function #(6), where 8 = (01, 6-,..,0,) € R", ith
DPD of ¢ of fractional order a is

lim (14 6(1 — a))t(by,..,0; + da, .., 0,) — t(61,02,....0,)
(3) 5—0 )

for all 0 < a < 1. If the above limit exists, the symbol?i:t(?) denotes the DPD such that
Dt0) =1 — a)t(0) + aDait(6).

Remark 3.2. Let (0) be a n-variate real-valued function, on an open set S with (61, 6,..,0,) € S.
The function ¢ is said to be D*™(S,R) for m € Z*, if all DPDs of order < m exist and continuous
on S.

Definition 3.3 ([3]). For a given n-variate real-valued function # @) defined on a set S such that
(t61,t0,..,t0,) € S whenever ¢ > 0 and (61,6,..,6,) € S. If

4) H(A01,00,..,A0,) = 1°£(01,0,..,0,), VY (01,0,,..,6,) € S and 4 > 0, then ¢ is a homogeneous
function (HF) of degree s.

Lemma 3.4. An n-variate real-valued function t(0) on a set S is HF of degree s iff

(0.6, ..6,) :Gfo<62 i 9”) if 6, >0

(5) 9_19_19_1

Theorem 3.5. Let t1 and t2 be two n-variate real-valued functions on a set S with (161,46s,..,6,)
€S, 1> 0and (61,0,..,0,) € S. If t1 and t, are HF's of degree s, then t1+ t» and At are also HFs
of degree s on set S.

Proof. We have

(t1 + 0)(A01,102,..,40,) = t1(A61,A0s,..,20n) + 12(A01,405,..,A0,)
2°0(601,60s,..,0,) + 1°12(61,65,..,0,)
25 (t1(61,05,..,0,) + 12(01,65,..,6,))
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= (1 + h2)(61,65,..,0,)

and

(kt)(.01,05,..,20,) = ki(201,0x,..,40,)
= k2°161,6,..,0n)
= X (kt(61,65,..,0,))
= X(kt)(01,65,..,6n).

This completes the proof.

Theorem 3.6. Let t1 and t> be two n-variate real-valued functions on a set S with (161, 10s,..,A6,)
€S, 4> 0and (61,0,..,60,) €S. If ti and t> are HFs of degree s1 and s>, respectively, then t1 - t>
and t\/ty are HFs of degree s1+ s> and s1— s2, respectively, such that t2(61, 60a,..,0,) = U for all
(01,0,..,0,) € S.

Proof- We have
(t1 - 2)(A01,402,..,20,) = 11(A601,A0,..,40,) - 12(401,465,..,2.6,)
= £0(01,05,..,01) - 2212(01,05,..,0,)
= B2 (11(01,0s,..,00) - 12(01,01,..,00)) = As1+s2(t1 - £2)(01,62,..,0n)

and

t 1 (A1, Aa, .., AO,,
(m) (A1, A8z, -, M) = tQEAf)I./\ezﬁ.../\e”ﬁ
N1ty (6. 0. .. Br)
/\Szfg(g]_,gg...._ﬂn)
(01,09, ...0,)
11(91.92....9,,_)

) t
A\S1782 (f_l) (9193 ---9?1)
L2 .

81 —82

This completes the proof.
Theorem 3.7.

Let t1 be a n-variate real-valued functions on a set S with (601,0.,..,0,) € S and (1.61,46,,..,46,) €
S such that .. > 0. Also, t2 is an n-variate real-valued function on a set Si such that 1.0 € S
whenever 1> 0 and 0 € Sz. If t1i(S1) € S2and that t1, t» are HFs of degree s1and s2, respectively,
then ty° t1is a HF of degree s s ».

Proof. We have
(t2° 1)(A01,400,..,A0,) = 0 (11(A01,As,..,A0,))
= 6 (2 hi(01,0s,..,00)) = (122 (1(61,05,..,6,))
= 22(te 11)(61,05,..,00).
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4. Deformable Euler’s theorem

This section proposed Euler’s theorem in this section by using DPDs on HFs. Also above
theorem is extended for higher order derivatives on HFs [8]. Further, as an application above
results are applied to an HF.

Theorem 4.1. (Deformable Euler’s theorem) Let ¢ be an n-variate real-valued HF of degree
s on an open set S and t € D*(S,R), then

Z 0;Dg.t = ((] —a) Z 0; + (\-s) t
(©)

Proof- Since ¢ is a HF of degree s, then using (5), we get

f(()'[()g ey 0,,) = 0;0 (9—2 ﬁ &)
(7) b1 01

On taking o= Yi, for all i = 2,3,....,n, then (7) becomes

t(gl: 92_._ . Hn) = Hf@(yg Y3y ey yn)
(8) 3

Since 4 is a-differentiable, on computing the DPD of (8) using chain rule with respect to 1 and
then on multiplying by 8, we get

01D h = (1= )05 (g2, Y, o yn) + 5076(y2, Y, oo yn) — 05y 0:D 0
© i—2

Now, on computing the DPD of (8) using chain rule with respect to 8; and then on multiplying
by 6;fori=2,3,..,n, we get

(10) 0. D5 h = (1 — )8,070(y2. Y3, ... yn) + a0, D5 &
On adding (9) and (n — 1) equations in (10), we get

i

n
D 0Dt = (1—)0i(y2,ys, . yn) Y Oi + s076(y2, Y3, s Un)
i=1

i=1
((1 —a) Z 0; + as

= ((] — ) i: 0; + (r.s-) t.
i=1

This completes the proof.

07(y2, 3. oos Yn)

3 3
Y 6:Dgt= ({1—0-}2&4—4&) t

i=1 i=1
3 3 3 2 3
ZZ 0:0;,2 D*g,0,t = [(1 - a-)z(z m) +8a(l — a) (Z 9«;) + 12&2]7:
i=1 j=1 i=1 i=1
3 3 ) 3 3 2 3
3> 60:60,0:2 D%, 9,0, h = {(1 —a)® (Z 91-) +120(1 —a)? (Z Hi) +3602(1—a) (Z Hi) +24a-3}r

1j=1k=1 i=1 i=1 i=1

b

3
i=

Example 4.2. For a given HF?(01.62,03) = 6 + 0303 of degree 4 and 1 € D™ on R, for all m €
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Z", we have and so on.

5. Conclusion

Some properties of homogeneous functions that involve their deformable partial derivatives
are proposed and proven in this article, specifically, the homogeneity of the deformable partial
derivatives of a homogeneous function. Moreover, a deformable version of Euler’s theorem is
also proposed. Furthermore, it is extended to higher-order partial derivatives. The findings of
this study indicate that the results obtained in the deformable derivative case are consistent
with those obtained in the ordinary case. Finally, this work applies to various areas of
mathematical finance, energy-related problems, work systems, and more.
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