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ABSTRACT

The purpose of this paper is to introduce the concept of a 1)-compatible mapping of type (P) defined via a suitable control function 1. We establish
a common fixed-point theorem in a complete metric space by employing this new notion. The obtained result generalizes the theorem of Pathak
et al. [2], Sastry et al. [4], and further extends several related results available in the literature.
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1. INTRODUCTION

The notion of compatibility in metric spaces was developed as a generalization of commutativity in fixed-point theory. Classical fixed-point results
often rely on strong assumptions, such as continuity, completeness, compactness, or monotonicity, which may not always hold in applications.
Jungck [1] introduced the concept of compatible mappings, requiring continuity, non-decreasing, and the existence of a common fixed point of
the involved mappings. However, in many situations, a pair of mappings f and g may fail to satisfy Jungck’s compatibility condition, even when
a sequence converging to a common fixed point exists. Such pairs are known as non-compatible mappings, a notion introduced by Pant [3]. For
more works on the generalization of metric spaces, see [8-12, 14, 18-19, 22].

To overcome this limitation, Sastry et al. [4] studied the existence and uniqueness of fixed points for self-mappings on metric spaces by altering
the distance between points using a suitable control function, thereby converting certain non-compatible mappings into compatible ones. In a
related development, Khan, Swaleh, and Sessa [13] established fixed-point results for single self-mappings using altering distance functions. More
recently, Sastry [4] extended this approach to pairs of self-mappings.

Motivated by these developments, in this paper, we introduce a new variant of compatibility-namely, the y-compatible mapping of type (P)-
defined via an altering distance function y. Using this framework, we establish a common fixed-point theorem for four self-mappings in a complete
metric space. Our result generalizes the common fixed-point theorem of Pathak et al. [2], Sastry et al. [4], and extends several related results in
the literature.

2.PRELIMINARIES
Definition 2.1 [1] Two self-mappings G,H:(X,d) - (X,d) of a metric space (X,d) are said to be compatible if and only if

lim d(GH x,, HGx,) = 0 whenever {x,} is a sequence in X such that lim G x,, = lim H'x,, = t for some t in X.
n—oo n—-oo n—-o

Definition 2.2 [5] Two self-mappings G ,H: (X,d) - (X,d) of a metric space (X,d) are said to be compatible of type (P) if and only if
lim d(GGx,, HHx,) = 0 whenever {x,} is a sequence in X such that lim Gx,, = limH x, = t for some t in X.
n—oo n—oo n—-oo

Definition 2.3 [3] Two self-mappings G ,H: (X,d) — (X,d) of a metric space (X, d) are said to be non-compatible mappings if there exists a
sequence {x,} in X such that rlll—IEo Gx, = 711_1)’210 H x, =t forsometinX but Tlll_r>120 d( GH x,, HGx,) # 0 or not exist.

Definition 2.4 [5] Let a function 1: R — R™ is called an altering distance function if the following properties are satisfied.
() Y(t) =0ifandonlyift =0
(ii) ¥ is monotonically non-decreasing.

(iii) vy is continuous.

By ¥ we denote the set of all altering distance functions.

Definition 2.5 [4] Two self-mappings G, H:(X,d) —» (X,d) of a metric space (X,d) are said to be i —compatible if and only if

lim Y (d(GH x,, HG x,,)) = 0 whenever {x,,} is a sequence in X such that lim G x,, = lim Hx,, = t for some t in X.
n—-oo n—->oo n—->oo

Definition 2.6 Two self-mappings G and H of a metric space (X,d) are said to be Y —compatible mapping of type (P) if and only if
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lim Y (d(GGx,, HHx,)) = 0 whenever {x,} is a sequence in X such that lim G x,, = lim Hx,, = t for some t in X.
n—-oo n—oo

n—-oo

Example 2.1 Let X = R™ as usual, metric and the two self-mappings G and the £ of a metric space (X, d) are defined by G(x) = (1 — x) and
H (x) = 2x and the altering distance function defined by (t) = t? — t satisfying the [2.5] conditions.

Suppose that x,, = {% + %} be the sequence in X = R* then

1 1
limGgx, = lim(1l—x,) = lim(l——--):
n—oo n—oo

2
n—co 3 n 3

lim Hx, = lim (2x,) = lim 2 G + %) = é , thus
n—->oo n—-oo

n—-oo

. . 2
lim G x,, =r{1_r>rolo}[xn =3 € R*,

n—-oo
i — i 2 2\)) = LAY _
Now, lim Y (d(§6xy, HHx,)) = lim (d (6(2).5 (3))) =p(a(t2) =pm =0
Therefore, lim Y (d(GGx,, HHx,)) = 0 Hence, the two self-mappings G and H are i —compatible mapping of type (P).
n—-oo

Proposition 2.1 Suppose that G and H are non-continuous self-mappings of a metric space (X, d), then G and H are 1) —compatible mappings if
and only if they are 1y —compatible mappings of type (P).

Proof: - Let {x,,} be a sequence in X such that lim G x,, = lim Hx,, = z for some z in X. Since G, and H are non-continuous, then there may be
n—oo

n—-oo

lim GGx, = limGHx, # Gz and lim HG x,, = lim HHx,, # Hz so, by the definition of  we can write limyp(d(GGx,,Gz) =0 and
n—-oo n—-oo n—-oo n—oo

n—oo

Ai_r}glol/)( d(GH x,,Gz)) = 0 this implies that 111i_r)rgogg Xp, = 7{1_{1010 GHx, = Gz and in the similar argument %i_r;rgo}(g X, = 7{1_{{)10 HHx, = Hz
Since the mapping G and H, are Y —compatible, then we have rlll_r& Y(d(GHx,, HGx,)) =0
Now, lim (d(GGxn, HHxn)) < imp(d(§Gxn, GH xn)) + lim p(d(GHoxn, HH xn))
< lim Y (d(GGxn, GHxp)) + Iimp(d(GHxn, HGxp)) + lim P(d(HGxn, HH xn))
= limyp(d(G2,G2)) + lim (0) + lim p(d(¥z,32)) = 0
So, that is the 1) —compatible mapping of type (P).
Conversely: - suppose that G and H are 1 —compatible mapping of type (P). That is Tlll_rEo Y(d(GGx, HHx,)) =0

Now, Iim Y(d(GH Xy, HG,)) < lim p(d(GHn, GG%,)) + lim $(d(GGn, HGX1))
< limp(d(GH0x, §620)) + limp( d(GGxy, HH ) + him (d(HHxy, HGn))
= limy(d(Gz,G2)) + limp(0) + limp(d(Hz 3z)) - 0
So, limy(d(GHxn, HGx,)) = 0

Therefore, G and H are 1) —compatible mapping.
Proposition 2.2 Suppose G and K are ) —compatible mapping of type (P) and Gz = Kz for some z € X, then Gz = Kz = KGz = KKz.

Proof: -Since, G and X are Y —compatible mapping of type (P), then

1im Y (d(GGxn, KKxn)) = 0...(1)
Suppose that {x,} is a sequence in X defined by x, =z forn = 1,2 ... and Gz = Kz = z for some z € X. Then lim Gx, = limX x,, = Gz
n—->oo n—-oo

Since G and K are 1y —compatible mapping of type (P), then we have
lim 1 (d(GG2n, KHx)) =(d(GG2 KKz)) = 0
Therefore,(d(GGz, KKz)) = 0
GGz = KKz butwe have Gz = Kz
This implies that GGz = Kz = KGz = KKz.

Proposition 2.3 Suppose that G and X are the self-mappings of a metric space (X, d) and let G and K be 1) —compatible mappings of type (P)
such that lim Gx,, = lim Kx,, = z for some z € X. Then the following holds
n—->oo n—->oo

lim KK x,, = Gz if G is non-continuous at z.
n—-o0o
lim GGx,, = Kz if X is non-continuous at z.
n—-oo

GKz =%KGz and Gz = Kz if G and K are non-continuous at z.
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Proof: - (i) Suppose that G is non-continuous at z. Since we have lim Gx, = lim Kx,, = z for some z € X, then lim GGx,, = Gz by applying
n—oo n—oo

n—-oo

the property of Y. Also, since G and K are 1 —compatible mappings of type (P), so gl_r)glo Y(d(GGx,, KK x,)) = 0.
Now, lim ( d (K3, 62)) < limp( (K, G520)) + imp(A(GG%n, 62)) = 0

Thereforeii_r)glo Y(d(KKx,,Gz)) =0 implies d(KKx,,Gz)) = 0 thatis KKx, = Gz. Proved.

(i1) Similarly, K is non-continuous at z, then 711_{210 GGx, = Kz.

(ii1) Since, G and K are non-continuous at z and K'x,, = z asn = oo and G is non-continuous at z by (i) KKXx,, = Gz asn — o , on the other
hand, since X'x,, = zasn — oo and X is non-continuous at z, then KK x,, = Kz (by the property ofy), thus we have Gz = Kz by the uniqueness
of the limit and by Prop.[2.2], K Gz = GK z.

3. MAIN RESULTS

Theorem 3.1 Let (X, d) be a complete metric space and G, H,K and L be the self-mappings of a metric space (X, d) satisfying the following
conditions.

()gX € LX and HX € KX
(ii) (G,X) and (H,L) be p —compatible mapping of type (P),
(iii) There exists h in [0,1) such that Y(d(Gx, Hy) < hMy (x,y) where, My (x,y) =
Max{t/)(d(?Cx, Ly)),lp(d(gx, %x)),t/)(d(?-[y, Ly)),%[lp(d(gx, Ly)) + lp(d(}(y, ?Cx))]} then G, H,X and £ have a unique common fixed-
point.
Proof: - Suppose that {u, } and {v,,} be the sequences in X.Then by (i) we can define, forn = 0,1,2,3 ...
Van = GUan = LlUzny
Von+1 = Huzne1 = Kanyz [3.1.1]
Now, we shall show that {v,,} is a Cauchy sequence. From (ii) we have
lp(d(vm' 172n+1)) = 1/’(d(gu2n' }[uznﬂ))
< h My (Uzn, Uz2n+1)
Il)(d(iKuZn, Lu2n+1)): ¢(d(gu2n» :KuZn)): lp(d(}[umﬂ: Lu2n+1));
g [lp(d(guZn'LuZn+1)) + lp(d(}[uzmpf}cum))]
’l’(d(vzn—p Vzn)): lp(d (Van, V2n—1))» lp(d (Van+1, UZn)),
= h Max 1
> [lp(d(UZn+1: 172n—1))]
lp(d (Van-1, vZn)): l/J(d(172n+1, Uzn)): l/J(d(172n+1, UZn))'
% [’l’(d(vzmp V2n—1))]
lp(d(UZn—l' U2n)): l/J(d(172n+1, UZn))' LIJ(d(172n+1, UZn))'
% [’l’(d(vmﬂ» vZn)) + lp(d(VZn: 772n—1))]
¢(d(U2n—1» vZn))' l/J(d (Van+1, V2n)): l/J(d (Van+1) UZn))'
% [¥(2 Max{d(vzn41, V2n), d(Van, Van-1)}]

<h Max{ lp(d(vzn—l’ UZH))' l/J(d(172n+1' U2n)),}
Y Max{d(Van+1, V2n), d(Van, Van_1)}

=h w(d(VZn—lr V2n))
That is lp(d(Uan v2n+1)) <h l/)(d(UZn—lt vZn)) [3~1-2]
In a similar way, we can show that

lp(d(UZn—ll V2n)) <h lp(d(UZn—Z’ V2n—1)) [3.1.3]

From the above two inequalities [3.1.2] and [3.1.3] we get.

lp(d(vm Un+1)) < h™ lp(d(UO'vl))

Also, we have for every positive integer p

=h Max{

=h Max{
<h Max{

<h Max{

l,l) (d(vnl vn+p)) < w[d(vn' vn+1) + d(vn+1r vn+2) + -t d(vn+p—1,vn+p)]
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< Y[+ h+h? ..+ hP~D) W d(vy, vy)]

< 0[(g5) #acno)

Now, for given € > 0 there exist, positive number N such that

v|() i d@o,v)| < ¥(e) foralln = N
This implies that,
d(Vn, Vn4p) <€  foralln = N therefore {1, } is a Cauchy sequence in X.
Since, X is complete metric space there exist a point z in X such that v, - zasn — oo,
Now from [3.1.1]
Von = GUan = LUppiq = Z [3.1.4]
Von+1 = Hugnir = Kopiz = 2
Since, the mapping G and K be the ) —compatible mapping of type (P) so,
lim Y (d(GGxn, KKxp)) = 0
Then by the prop. [2.6]
limy(d(Xz Gz)) =0

= d(Kz,Gz)=0=>Kz=Gz=t (say) [3.1.5]
Since GX € LX there is a point w in X such that Lw = Gz then by [3.1.5]
Lw=Gz=Kz=t [3.1.6]

Now, we shall show that t = Hw, so let on the contrary that t # H'w, then the inequality (iii) we write,
Y(d(t, Hw)) = (d(Gz, Hw)) < h My (z,w) = h Pp(d(Hw, Lw)) = h P(d(Hw, §z)) = hp(d(Hw, )
Therefore, 1/)(d(t, H W)) < hy(d(Hw, t)) which is contradiction so, t = Hw and hence by using [3.1.6]

Hw=Gz=Kz=Lw=t [3.1.7]
Also, by proposition [2.2] we have the relation

GGz = GKz =KGz = KKz
By using the relation [3.1.6] we get the relation

Gt = Kt [3.1.8]
Similarly, by taking H and L are the Y —compatible mapping of type (P) so, by Prop. [2.2]

HHw =HLw = LHw = LLw

Again, by using [3.1.7] we get the relation

Ht =Lt [3.1.9]
Now, we shall show that Gt = t. For this, suppose on the contrary that Gt # t then by using the inequality (iii) we get,
Y(d(6,G0)) = Y(d(Hw,GG2)) < h My(Gz,w) = h(d(Gz,G62)) = h (d(t, Gt))
Therefore lp(d(t, gt)) < hy(d(t,Gt)) which is contradiction, hence Gt =t
Thenby [3.1.8] weget Gt =Kt =1t [3.2.0]
Therefore,t 1s the common fixed-point of G and K
Now, we have to show that H't = t. Suppose, on the contrary, that Ht # t then by (iii) and using the relation [3.1.7] and [3.1.9]
Y(d(t, 7)) = p(d(Hw, HHW)) = Y(d(Gz, HHW)) < h My (z, Hw) = hp(d(Hw, HHw)) = p(d(t, Ht))
So, lp(d(t, H t)) < Y(d(t,Ht)) Which is contradiction therefore, Ht =t
By [3.2.0] we get

Gt=Kt=Ht=t [3.2.1]

Also, we have to show that Lt = Ht. From the given relation Prop. [2.2]
We have the relation LHw = HHw implies that Lt = Ht [3.2.2]
So, from [3.2.1] and [3.2.2] we get,
Ggt=Ht=Kt=Lt=t So,tisacommon fixed point of G, H,K and L
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Uniqueness of common fixed-point:

Let t’ be the other common fixed-point of G, H', K and L, then we shall show that
Yv(d(,t)) = 0.
Since t and t’ be the two common fixed-point of G, H, K and L then clearly,
Gt=Ht=Kt=Lt=t and Gt'=Ht =Kt'=Lt'=1t
By inequality (iii) we get,
p(d(t,t)) = (d(Gt, Gt"))
< h My(t,t)
= h Max {yp(d(%t, £)), p(d(Gt, K6)), (a3t £t), 5 [(d(Gt, £t)) +
= h Max {ip(d(t,t)), p(d(t, ), p(d(t, ), 2 [(d(t, ) + p(d(t, )]}
=hy(d(tt))
That is l/)(d(t, t')) <h l/)(d(t, t')) which is contradiction, so
w(d(t, t’)) = 0 implies d(t,t') =0

So, t = t, hence the common fixed-point is unique.

p(det, x0)]}

Example 3.1 Let (X, d)be the metric space where X = [0,2] with the usual metric and the altering distance function defined by ¥: R* - R*such

that Y(t) = t? — % satisfying the criterion of this function.

Let G, H, K, and L be the self-mappings of the metric space (X, d) defined by

1—x forOSx<%
Gx) = 1
1 for ESxSZ
Iox forOSx<l
Hx)=4? 1 2
for ESxSZ
for 0<x<:
K (x) = ,
for ESxSZ
0 forOSx<l
L(x) = :

for S<x<2

Now, we take a sequence {x,} in X such that x,, = % - %, forn e N

The condition (i) of the theorem clearly satisfied, For the (ii) condition

compatible mapping of type (P)

1 1

| O PR
‘r%l_{?ogxn _'111—1;20(1 Xn) = 111—1;20(1 {2 n}) T2

lim Kx, =. lim(x,) = lim(x,;) = li {l — 1} =1 thatis
n—oo n—oo n—oo n—oo \2 n 2

. . 1
lim Gx, = limXx, = >
n—>oo n—->oo

to

show

the mapping G and KX be the ¢ —

Now, ¢(d(ggxn, JC?an)) =y (d <g (1) K (1)>) = lp(d(l,l)) = 1(0) = 0, Hence, (G, X) are the Y — compatible mapping of type (P)

2 2
Again, for the pair (#, L)
. . (1 . (1
lim 73, = Jim (5= x) = lim (5= {5 3}) =0
lim Lx, = lim S(3—2) =0  thatis
n—-oo n—oo 2 n

lim Hx, = lim Lx, = 0.
n—>oo n—>oo
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Now, Y(d(HHxn, LLX)) = P (d(?‘[(O),L(O))) =y (d G, O)) =1 (l) = (1)2 —--=0, Hence, (H, L) are Y —

2
compatible mapping of type (P).

Therefore, (G,X) and (H, L) are i — compatible mapping of type (P).

Now. for the (iii) condition

Y(d(Gx, Hy) < hMy(x,y) for all x,y €X and h € [0,1). Where, My(x,y) =
Max{y(d(¥x, £y)), p(d(Gx, Kx)), w(d(FLy, £3)), 5 [(d(Gx, £3)) + P(d(Fty, Kx))]}

Y(d(*x, £y)), p(d(Gx, Kx)), Y (d(Hy, Ly)),

Thatis 1 (d(Gx, Hy) < Max ~[w(d(Gx, £y)) + p(d(Fy, 5x))]

v (d(30(0),£(2))), ¥ (2(6(0),3(0) ), (A(3(2), £(2))),

d(P(0),Q(2)) <M
P(d(P(0),Q(2)) < Max ~[w(d(G(0), £(2))) + ¥(d(3£(2), % (0)))]

0<Z
2

for 0,2 € X =1[0,2] and h € [0,1),hence the condition (iii) is true.
Therefore, G, H, K and L satisfy all the conditions of the above theorem 3.1 and there exist a point 1 € X = [0,2] such that G(1) = H (1) =
K (1) = L(1) = 1. Therefore 1 is unique common fixed point of four self- mapping G, H, K and L.

5.Conclusion

We used the altering distance function to introduce the idea of y-compatible mapping of type (P) in complete metric space in this paper. We also
proved the common fixed-point theorem, which shows that there is a unique common fixed point for four self-mappings under the right contractive
condition, and we did this with an example. This theory makes fixed-point theory more useful in the context of metric spaces and provides a unified
way to connect classical deterministic results with the structure of metric spaces through the changing distance function .
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