
International Journal of Applied Mathematics  

Volume 38 No. 12s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

 

Received: August 11, 2025  2613 

COMMON FIXED-POINT THEOREMS FOR 𝝍 −COMPATIBLE MAPPING OF TYPE(𝑷) 

 

Uday Kumar Karn1, Dilip Kumar Sah2, Chet Raj Bhatta3, and Ajay Kumar Chaudhry4* 

1 PhD Scholar, Central Department of Mathematics, IOST, T. U., and Faculty of Patan Multiple Campus, Tribhuvan University, Patan Dhoka, 

Lalitpur, Nepal. 

E-mail address: uday.karn@pmc.tu.edu.np 

2PhD Scholar, Central Department of Mathematics, IOST, T. U., and Faculty of Patan Multiple Campus, Tribhuvan University, Patan Dhoka, 

Lalitpur. 

E-mail address: dilip.sah@pmc.tu.edu.np 

3Central Department of Mathematics, Kirtipur, Tribhuvan University, Kathmandu, Nepal. 

E-mail address: chetbhatta0@gmail.com 

4Department of Mathematics, Tri-Chandra Multiple Campus, Tribhuvan University, Kathmandu, Nepal. 

4*  Corresponding Author E-mail address: akcsaurya81@gmail.com 

 

ABSTRACT 

The purpose of this paper is to introduce the concept of a 𝜓-compatible mapping of type (P) defined via a suitable control function 𝜓. We establish 

a common fixed-point theorem in a complete metric space by employing this new notion. The obtained result generalizes the theorem of Pathak 

et al. [2], Sastry et al. [4], and further extends several related results available in the literature. 

2020 Mathematics Subject Classification: 47H10, 54H25. 
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1. INTRODUCTION 

The notion of compatibility in metric spaces was developed as a generalization of commutativity in fixed-point theory. Classical fixed-point results 

often rely on strong assumptions, such as continuity, completeness, compactness, or monotonicity, which may not always hold in applications. 

Jungck [1] introduced the concept of compatible mappings, requiring continuity, non-decreasing, and the existence of a common fixed point of 

the involved mappings. However, in many situations, a pair of mappings 𝑓 and 𝑔 may fail to satisfy Jungck’s compatibility condition, even when 

a sequence converging to a common fixed point exists. Such pairs are known as non-compatible mappings, a notion introduced by Pant [3]. For 

more works on the generalization of metric spaces, see [8-12, 14, 18-19, 22]. 

To overcome this limitation, Sastry et al. [4] studied the existence and uniqueness of fixed points for self-mappings on metric spaces by altering 

the distance between points using a suitable control function, thereby converting certain non-compatible mappings into compatible ones. In a 

related development, Khan, Swaleh, and Sessa [13] established fixed-point results for single self-mappings using altering distance functions. More 

recently, Sastry [4] extended this approach to pairs of self-mappings.  

Motivated by these developments, in this paper, we introduce a new variant of compatibility-namely, the ψ-compatible mapping of type (P)-

defined via an altering distance function ψ. Using this framework, we establish a common fixed-point theorem for four self-mappings in a complete 

metric space. Our result generalizes the common fixed-point theorem of Pathak et al. [2], Sastry et al. [4], and extends several related results in 

the literature. 

2.PRELIMINARIES 

Definition 2.1 [1]  Two self-mappings 𝒢 , ℋ: (𝑋, 𝑑) → (𝑋, 𝑑) of a metric space (𝑋, 𝑑) are said to be compatible if and only if  

lim
𝑛→∞

𝑑(𝒢ℋ𝑥𝑛, ℋ𝒢𝑥𝑛) = 0  whenever {𝑥𝑛} is a sequence in 𝑋 such that lim
 𝑛→∞

𝒢 𝑥𝑛 = lim
𝑛→∞

ℋ𝑥𝑛 =  𝑡  for some 𝑡 in 𝑋. 

 Definition 2.2 [5] Two self-mappings 𝒢 , ℋ: (𝑋, 𝑑) → (𝑋, 𝑑) of a metric space (𝑋, 𝑑) are said to be compatible of type (𝑃) if and only if 

lim
𝑛→∞

𝑑(𝒢𝒢𝑥𝑛, ℋℋ𝑥𝑛) = 0  whenever {𝑥𝑛} is a sequence in 𝑋 such that lim
 𝑛→∞

𝒢𝑥𝑛 = lim
𝑛→∞

ℋ 𝑥𝑛 =  𝑡   for some 𝑡 in 𝑋. 

Definition 2.3 [3] Two self-mappings 𝒢 , ℋ: (𝑋, 𝑑) → (𝑋, 𝑑) of a metric space (𝑋, 𝑑) are said to be non-compatible mappings if there exists a 

sequence {𝑥𝑛} in 𝑋 such that lim
 𝑛→∞

𝒢 𝑥𝑛 = lim
𝑛→∞

ℋ 𝑥𝑛 =  𝑡   for some 𝑡 in 𝑋 but lim
𝑛→∞

𝑑( 𝒢ℋ𝑥𝑛, ℋ𝒢𝑥𝑛) ≠ 0 or not exist. 

  Definition 2.4 [5] Let a function 𝜓: 𝑅+ → 𝑅+ is called an altering distance function if the following properties are satisfied. 

(𝑖)  ψ(𝑡) = 0 if and only if 𝑡 = 0 

(𝑖𝑖) 𝜓 is monotonically non-decreasing. 

       (𝑖𝑖𝑖) 𝜓 is continuous. 

 By Ψ we denote the set of all altering distance functions. 

Definition 2.5 [4] Two self-mappings 𝒢, ℋ: (𝑋, 𝑑) → (𝑋, 𝑑) of a metric space (𝑋, 𝑑) are said to be 𝜓 −compatible if and only if  

lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, ℋ𝒢 𝑥𝑛)) = 0  whenever {𝑥𝑛} is a sequence in 𝑋 such that lim
 𝑛→∞

𝒢 𝑥𝑛 = lim
𝑛→∞

ℋ𝑥𝑛 =  𝑡  for some 𝑡 in 𝑋. 

Definition 2.6 Two self-mappings 𝒢 and  ℋ of a metric space (𝑋, 𝑑) are said to be 𝜓 −compatible mapping of type (𝑃) if and only if  
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lim
𝑛→∞

𝜓(𝑑(𝒢𝒢𝑥𝑛, ℋℋ𝑥𝑛)) = 0  whenever {𝑥𝑛} is a sequence in 𝑋 such that lim
 𝑛→∞

𝒢 𝑥𝑛 = lim
𝑛→∞

ℋ𝑥𝑛 =  𝑡  for some 𝑡 in 𝑋. 

Example 2.1 Let 𝑋 = 𝑅+ as usual, metric and the two self-mappings 𝒢 and the ℋ of a metric space (𝑋, 𝑑) are defined by 𝒢(𝑥) = (1 − 𝑥)  and  

ℋ(𝑥) = 2𝑥 and the altering distance function defined by  𝜓(𝑡) = 𝑡2 − 𝑡 satisfying the [2.5] conditions. 

Suppose that 𝑥𝑛 = {
1

3
+

1

𝑛
} be the sequence in  𝑋 = 𝑅+ then  

𝑙𝑖𝑚
 𝑛→∞

𝒢 𝑥𝑛 =   𝑙𝑖𝑚
 𝑛→∞

(1 − 𝑥𝑛) = 𝑙𝑖𝑚
 𝑛→∞

(1 −
1

3
−

1

𝑛
) =

2

3
 

lim
 𝑛→∞

ℋ𝑥𝑛 =   lim
 𝑛→∞

(2𝑥𝑛) = lim
 𝑛→∞

2 (
1

3
+

1

𝑛
) =

2

3
  , thus  

lim
 𝑛→∞

𝒢 𝑥𝑛 = lim
𝑛→∞

ℋ𝑥𝑛 =
2

3
  ∈ 𝑅+, 

Now, lim
𝑛→∞

𝜓(𝑑(𝒢𝒢𝑥𝑛, ℋℋ𝑥𝑛)) = lim
𝑛→∞

𝜓 (𝑑 (𝒢 (
2

3
) , ℋ (

2

3
))) = 𝜓 (𝑑 (

1

3
,

4

3
)) = 𝜓(1) = 0  

Therefore, lim
𝑛→∞

𝜓(𝑑(𝒢𝒢𝑥𝑛, ℋℋ𝑥𝑛)) = 0 Hence, the two self-mappings  𝒢 and ℋ are 𝜓 −compatible mapping of type (𝑃). 

Proposition 2.1 Suppose that  𝒢 and ℋ are non-continuous self-mappings of a metric space (𝑋, 𝑑), then 𝒢 and ℋ are 𝜓 −compatible mappings if 

and only if they are 𝜓 −compatible mappings of type (𝑃). 

Proof: - Let {𝑥𝑛} be a sequence in 𝑋 such that lim
 𝑛→∞

𝒢 𝑥𝑛 = lim
𝑛→∞

ℋ𝑥𝑛 =  𝑧  for some 𝑧 in 𝑋. Since 𝒢, and ℋ are non-continuous, then there may be 

lim
 𝑛→∞

𝒢𝒢𝑥𝑛 = lim
𝑛→∞

𝒢 ℋ𝑥𝑛 ≠   𝒢𝑧 and lim
 𝑛→∞

ℋ𝒢 𝑥𝑛 = lim
𝑛→∞

ℋℋ𝑥𝑛 ≠   ℋ𝑧 so, by the definition of 𝜓 we can write lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, 𝒢𝑧) = 0  and 

lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, 𝒢𝑧)) = 0 this implies that lim
 𝑛→∞

𝒢𝒢 𝑥𝑛 = lim
𝑛→∞

𝒢ℋ𝑥𝑛 =   𝒢𝑧 and in the similar argument lim
 𝑛→∞

ℋ𝒢 𝑥𝑛 = lim
𝑛→∞

ℋℋ𝑥𝑛 =   ℋ𝑧   

 Since the mapping  𝒢  and ℋ, are  𝜓 −compatible, then we have lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, ℋ𝒢𝑥𝑛)) = 0  

Now, lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, ℋℋ𝑥𝑛)) ≤ lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, 𝒢ℋ𝑥𝑛)) + lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, ℋℋ𝑥𝑛)) 

                  ≤ lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, 𝒢ℋ𝑥𝑛)) + lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, ℋ𝒢𝑥𝑛)) + lim
𝑛→∞

𝜓( 𝑑(ℋ𝒢𝑥𝑛, ℋℋ𝑥𝑛)) 

                      = lim
𝑛→∞

𝜓( 𝑑(𝒢𝑧, 𝒢𝑧)) + lim
𝑛→∞

𝜓( 0) + lim
𝑛→∞

𝜓( 𝑑(ℋ𝑧, ℋ𝑧)) → 0 

So,  that is the 𝜓 −compatible mapping of type (𝑃). 

Conversely: - suppose that  𝒢 and ℋ are 𝜓 −compatible mapping of type (𝑃). That is lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, ℋℋ𝑥𝑛)) = 0 

Now, lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, ℋ𝒢𝑥𝑛)) ≤ lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, 𝒢𝒢𝑥𝑛)) + lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, ℋ𝒢𝑥𝑛)) 

                  ≤ lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, 𝒢𝒢𝑥𝑛)) + lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, ℋℋ𝑥𝑛)) + lim
𝑛→∞

𝜓( 𝑑(ℋℋ𝑥𝑛, ℋ𝒢𝑥𝑛)) 

                      = lim
𝑛→∞

𝜓( 𝑑(𝒢𝑧, 𝒢𝑧)) + lim
𝑛→∞

𝜓( 0) + lim
𝑛→∞

𝜓( 𝑑(ℋ𝑧, ℋ𝑧)) → 0 

So,  lim
𝑛→∞

𝜓( 𝑑(𝒢ℋ𝑥𝑛, ℋ𝒢𝑥𝑛)) = 0 

Therefore, 𝒢 and ℋ are 𝜓 −compatible mapping. 

Proposition 2.2 Suppose 𝒢 and 𝒦 are  𝜓 −compatible mapping of type (𝑃) and 𝒢𝑧 = 𝒦𝑧 for some 𝑧 ∈ 𝑋, then 𝒢𝒢𝑧 = 𝒢𝒦𝑧 = 𝒦𝒢𝑧 = 𝒦𝒦𝑧. 

 

Proof: -Since, 𝒢 and 𝒦 are  𝜓 −compatible mapping of type (𝑃), then  

 

lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, 𝒦𝒦𝑥𝑛)) = 0…(1) 

Suppose that {𝑥𝑛} is a sequence in 𝑋 defined by 𝑥𝑛 = 𝑧 for 𝑛 = 1,2 … and 𝒢𝑧 = 𝒦𝑧 = 𝑧 for some  𝑧 ∈ 𝑋. Then lim
 𝑛→∞

𝒢𝑥𝑛 = lim
𝑛→∞

𝒦 𝑥𝑛 = 𝒢𝑧 

Since 𝒢 and  𝒦 are   𝜓 −compatible mapping of type (𝑃), then we have 

lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, 𝒦𝒦𝑥𝑛)) = 𝜓(𝑑(𝒢𝒢𝑧, 𝒦𝒦𝑧)) = 0 

                                     Therefore,(𝑑(𝒢𝒢𝑧, 𝒦𝒦𝑧)) = 0 

                                        𝒢𝒢𝑧 = 𝒦𝒦𝑧   but we have 𝒢𝑧 = 𝒦𝑧 

             This implies that  𝒢𝒢𝑧 = 𝒢𝒦𝑧 = 𝒦𝒢𝑧 = 𝒦𝒦𝑧. 

Proposition 2.3 Suppose that 𝒢 and 𝒦 are the self-mappings of a metric space (𝑋, 𝑑) and let 𝒢 and 𝒦 be 𝜓 −compatible mappings of type (P) 

such that lim
 𝑛→∞

𝒢𝑥𝑛 = lim
𝑛→∞

𝒦𝑥𝑛 = 𝑧  for some 𝑧 ∈ 𝑋. Then the following holds 

(i) lim
𝑛→∞

𝒦𝒦𝑥𝑛 = 𝒢𝑧 if 𝒢 is non-continuous at z. 

(ii) lim
𝑛→∞

𝒢𝒢𝑥𝑛 = 𝒦𝑧 if 𝒦 is non-continuous at z. 

(iii) 𝒢𝒦𝑧 = 𝒦𝒢𝑧  and 𝒢𝑧 = 𝒦𝑧  if  𝒢  and  𝒦 are non-continuous at 𝑧. 
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Proof: - (i) Suppose that 𝒢 is non-continuous at 𝑧. Since we have lim
 𝑛→∞

𝒢𝑥𝑛 = lim
𝑛→∞

𝒦𝑥𝑛 = 𝑧   for some 𝑧 ∈ 𝑋,   then lim
𝑛→∞

𝒢𝒢𝑥𝑛 = 𝒢𝑧 by applying 

the property of 𝜓. Also, since 𝒢 and 𝒦  are   𝜓 −compatible mappings of type (𝑃), so lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, 𝒦𝒦𝑥𝑛)) = 0.  

Now, lim
𝑛→∞

𝜓( 𝑑(𝒦𝒦𝑥𝑛, 𝒢𝑧)) ≤ lim
𝑛→∞

𝜓( 𝑑(𝒦𝒦𝑥𝑛, 𝒢𝒢𝑥𝑛)) + lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, 𝒢𝑧)) → 0 

Therefore lim
𝑛→∞

𝜓( 𝑑(𝒦𝒦𝑥𝑛, 𝒢𝑧)) = 0  implies 𝑑(𝒦𝒦𝑥𝑛, 𝒢𝑧)) = 0  that is  𝒦𝒦𝑥𝑛 = 𝒢𝑧. Proved. 

(ii) Similarly, 𝒦 is non-continuous at z, then  lim
𝑛→∞

𝒢𝒢𝑥𝑛 = 𝒦𝑧. 

(iii) Since, 𝒢  and  𝒦 are non-continuous at 𝑧 and 𝒦𝑥𝑛 → 𝑧 as 𝑛 → ∞  and 𝒢 is non-continuous at 𝑧 by  (i) 𝒦𝒦𝑥𝑛 → 𝒢𝑧 as 𝑛 → ∞  , on the other 

hand, since 𝒦𝑥𝑛 → 𝑧 as 𝑛 → ∞  and 𝒦 is non-continuous at 𝑧, then 𝒦𝒦𝑥𝑛 → 𝒦𝑧   (by the property of 𝜓), thus we have 𝒢𝑧 = 𝒦𝑧 by the uniqueness 

of the limit and by Prop.[2.2] ,  𝒦𝒢𝑧 = 𝒢𝒦𝑧. 

3. MAIN RESULTS 

 

Theorem 3.1 Let (𝑋, 𝑑) be a complete metric space and  𝒢, ℋ, 𝒦 and ℒ be the self-mappings of a metric space (𝑋, 𝑑) satisfying the following 

conditions. 

  (𝑖) 𝒢𝑋 ⊆ ℒ𝑋   and  ℋ𝑋 ⊆ 𝒦𝑋  

(𝑖𝑖) (𝒢, 𝒦)  and  (ℋ, ℒ)   be  𝜓 −compatible mapping of type (𝑃), 

(𝑖𝑖𝑖) There exists ℎ in [0,1) such that 𝜓(𝑑(𝒢𝑥, ℋ𝑦) ≤ ℎ𝑀𝜓(𝑥, 𝑦)  where,   𝑀𝜓(𝑥, 𝑦) =                       

 Max{𝜓(𝑑(𝒦𝑥, ℒ𝑦)), 𝜓(𝑑(𝒢𝑥, 𝒦𝑥)), 𝜓(𝑑(ℋ𝑦, ℒ𝑦)),
1

2
[𝜓(𝑑(𝒢𝑥, ℒ𝑦)) + 𝜓(𝑑(ℋ𝑦, 𝒦𝑥))]} then 𝒢, ℋ, 𝒦 and ℒ have a unique common fixed-

point. 

Proof: - Suppose that {𝑢𝑛} and {𝑣𝑛}  be  the sequences in 𝑋.Then by (𝑖) we can define, for 𝑛 = 0,1,2,3 … 

  𝑣2𝑛 = 𝒢𝑢2𝑛 = ℒ𝑢2𝑛+1 

 𝑣2𝑛+1 = ℋ𝑢2𝑛+1 = 𝒦𝑢2𝑛+2                                                    [3.1.1] 

Now, we shall show that {𝑣𝑛}   is a Cauchy sequence. From (ii) we have 

 𝜓(𝑑(𝑣2𝑛, 𝑣2𝑛+1)) = 𝜓(𝑑(𝒢𝑢2𝑛, ℋ𝑢2𝑛+1)) 

                                  ≤ ℎ 𝑀𝜓(𝑢2𝑛, 𝑢2𝑛+1) 

                           = h Max{
𝜓(𝑑(𝒦𝑢2𝑛, ℒ𝑢2𝑛+1)), 𝜓(𝑑(𝒢𝑢2𝑛, 𝒦𝑢2𝑛)), 𝜓(𝑑(ℋ𝑢2𝑛+1, ℒ𝑢2𝑛+1)),

 
1

2
[𝜓(𝑑(𝒢𝑢2𝑛, ℒ𝑢2𝑛+1)) + 𝜓(𝑑(ℋ𝑢2𝑛+1, 𝒦𝑢2𝑛))]

} 

                        = ℎ Max{
𝜓(𝑑(𝑣2𝑛−1, 𝑣2𝑛)), 𝜓(𝑑(𝑣2𝑛, 𝑣2𝑛−1)), 𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛)),

1

2
[𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛−1))]                          

} 

                        = h Max{
𝜓(𝑑(𝑣2𝑛−1, 𝑣2𝑛)), 𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛)), 𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛)),

1

2
[𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛−1))]                          

}  

                        ≤ ℎ Max{ 
𝜓(𝑑(𝑣2𝑛−1, 𝑣2𝑛)), 𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛)), ψ(𝑑(𝑣2𝑛+1, 𝑣2𝑛)),

1

2
[𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛)) +  𝜓(𝑑(𝑣2𝑛, 𝑣2𝑛−1))]

} 

                         ≤ ℎ Max{ 
𝜓(𝑑(𝑣2𝑛−1, 𝑣2𝑛)), 𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛)), 𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛)),

1

2
[𝜓(2 𝑀𝑎𝑥{𝑑(𝑣2𝑛+1, 𝑣2𝑛), 𝑑(𝑣2𝑛, 𝑣2𝑛−1)}]

}  

                               ≤ ℎ Max{ 
𝜓(𝑑(𝑣2𝑛−1, 𝑣2𝑛)), 𝜓(𝑑(𝑣2𝑛+1, 𝑣2𝑛)),

𝜓 𝑀𝑎𝑥{𝑑(𝑣2𝑛+1, 𝑣2𝑛), 𝑑(𝑣2𝑛, 𝑣2𝑛−1)}
} 

                              = ℎ 𝜓(𝑑(𝑣2𝑛−1, 𝑣2𝑛)) 

   That is      𝜓(𝑑(𝑣2𝑛, 𝑣2𝑛+1)) ≤ ℎ 𝜓(𝑑(𝑣2𝑛−1, 𝑣2𝑛))         [3.1.2] 

    In a similar way, we can show that 

                                   𝜓(𝑑(𝑣2𝑛−1, 𝑣2𝑛)) ≤ ℎ 𝜓(𝑑(𝑣2𝑛−2, 𝑣2𝑛−1))                    [3.1.3] 

     From the above two inequalities [3.1.2] and [3.1.3] we get. 

                                  𝜓(𝑑(𝑣𝑛, 𝑣𝑛+1)) ≤ ℎ𝑛 𝜓(𝑑(𝑣0, 𝑣1)) 

     Also, we have for every positive integer 𝑝 

 

      𝜓 (𝑑(𝑣𝑛, 𝑣𝑛+𝑝)) ≤  𝜓[𝑑(𝑣𝑛, 𝑣𝑛+1) + 𝑑(𝑣𝑛+1, 𝑣𝑛+2) + ⋯ + 𝑑(𝑣𝑛+𝑝−1,𝑣𝑛+𝑝)] 
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                                  ≤  𝜓[(1 + ℎ + ℎ2 … + ℎ𝑝−1) ℎ𝑛 𝑑(𝑣0, 𝑣1)]  

                                  ≤  ψ [(
1

1−ℎ
)  ℎ𝑛 𝑑(𝑣0, 𝑣1)] 

 Now, for given 𝜖 > 0 there exist, positive number 𝑁 such that  

                                      𝜓 [(
1

1−ℎ
)  ℎ𝑛 𝑑(𝑣0, 𝑣1)] < 𝜓(𝜖)  for all 𝑛 ≥ 𝑁 

 

This implies that,      

                𝑑(𝑣𝑛, 𝑣𝑛+𝑝) < 𝜖      for all 𝑛 ≥ 𝑁   therefore {𝑣𝑛} is a Cauchy sequence in 𝑋. 

Since, 𝑋 is complete metric space there exist a point 𝑧 in 𝑋  such that 𝑣𝑛 → 𝑧 as 𝑛 → ∞ , 

Now from [3.1.1] 

                                      𝑣2𝑛 = 𝒢𝑢2𝑛 = ℒ𝑢2𝑛+1 → 𝑧                             [3.1.4] 

                                        𝑣2𝑛+1 = ℋ𝑢2𝑛+1 = 𝒦𝑢2𝑛+2 → 𝑧                                                

Since, the mapping 𝒢 and 𝒦  be the 𝜓 −compatible mapping of type (𝑃) so, 

                                 lim
𝑛→∞

𝜓( 𝑑(𝒢𝒢𝑥𝑛, 𝒦𝒦𝑥𝑛)) = 0          

 Then by the prop. [2.6]                        

                                lim
𝑛→∞

𝜓( 𝑑(𝒦𝑧, 𝒢𝑧)) = 0   

                                 ⇒ 𝑑(𝒦𝑧, 𝒢𝑧)) = 0 ⇒ 𝒦𝑧 = 𝒢𝑧 = 𝑡      (say)            [3.1.5] 

Since 𝒢𝑋 ⊆ ℒ𝑋 there is a point 𝑤 in 𝑋 such that ℒ𝑤 = 𝒢𝑧 then by [3.1.5] 

                          ℒ𝑤 = 𝒢𝑧 = 𝒦𝑧 = 𝑡                       [3.1.6] 

Now, we shall show that 𝑡 = ℋ𝑤, so let on the contrary that 𝑡 ≠ ℋ𝑤, then the inequality (𝑖𝑖𝑖) we write, 

 𝜓(𝑑(𝑡, ℋ𝑤)) = ψ(𝑑(𝒢𝑧, ℋ𝑤)) ≤ ℎ 𝑀𝜓(𝑧, 𝑤) = ℎ 𝜓(𝑑(ℋ𝑤, ℒ𝑤)) = ℎ 𝜓(𝑑(ℋ𝑤, 𝒢𝑧))                                             = ℎ 𝜓(𝑑(ℋ𝑤, 𝑡) 

 Therefore,  𝜓(𝑑(𝑡, ℋ𝑤)) ≤ ℎ 𝜓(𝑑(ℋ𝑤, 𝑡)) which is contradiction so, 𝑡 = ℋ𝑤  and hence by using [3.1.6]    

                             ℋ𝑤 = 𝒢𝑧 = 𝒦𝑧 = ℒ𝑤 = 𝑡                                   [3.1.7] 

Also, by proposition [2.2] we have the relation 

                          𝒢𝒢𝑧 = 𝒢𝒦𝑧 = 𝒦𝒢𝑧 = 𝒦𝒦𝑧 

By using the relation [3.1.6] we get the relation 

                          𝒢𝑡 = 𝒦𝑡                                                               [3.1.8] 

Similarly, by taking ℋ and ℒ are the 𝜓 −compatible mapping of type (𝑃) so, by Prop. [2.2] 

                        ℋℋ𝑤 = ℋℒ𝑤 = ℒℋ𝑤 = ℒℒ𝑤 

Again, by using [3.1.7] we get the relation 

                          ℋ𝑡 = ℒ𝑡                                                                 [3.1.9] 

Now, we shall show that 𝒢𝑡 = 𝑡. For this, suppose on the contrary that 𝒢𝑡 ≠ 𝑡 then by using the inequality (𝑖𝑖𝑖)  we get, 

 𝜓(𝑑(𝑡, 𝒢𝑡)) =  𝜓(𝑑(ℋ𝑤, 𝒢𝒢𝑧)) ≤ ℎ 𝑀𝜓(𝒢𝑧, 𝑤) = ℎ 𝜓(𝑑(𝒢𝑧, 𝒢𝒢𝑧)) = h ψ(d(𝑡, 𝒢𝑡)) 

Therefore   𝜓(𝑑(𝑡, 𝒢𝑡)) ≤   ℎ 𝜓(𝑑(𝑡, 𝒢𝑡))    which is contradiction, hence 𝒢𝑡 = 𝑡       

Then by [3.1.8] we get   𝒢𝑡 = 𝒦𝑡 = 𝑡                                                    [3.2.0]        

Therefore,𝑡  is the common fixed-point of 𝒢 and 𝒦 

Now, we have to show that ℋ𝑡 = 𝑡. Suppose, on the contrary, that ℋ𝑡 ≠ 𝑡  then by (𝑖𝑖𝑖) and using the relation [3.1.7] and [3.1.9] 

 𝜓(𝑑(𝑡, ℋ𝑡)) = 𝜓(𝑑(ℋ𝑤, ℋℋ𝑤)) = ψ(d(𝒢𝑧, ℋℋ𝑤)) ≤ h 𝑀𝜓(𝑧, ℋ𝑤) = ℎ𝜓(𝑑(ℋ𝑤, ℋℋ𝑤)) = 𝜓(𝑑(𝑡, ℋ𝑡)) 

So, 𝜓(𝑑(𝑡, ℋ𝑡)) ≤  𝜓(𝑑(𝑡, ℋ𝑡))  Which is contradiction therefore, ℋ𝑡 = 𝑡 

By [3.2.0] we get 

                                    𝒢𝑡 = 𝒦𝑡 = ℋ𝑡 = 𝑡                                                     [3.2.1] 

Also, we have to show that ℒ𝑡 = ℋ𝑡. From the given relation Prop. [2.2]  

We have the relation ℒℋ𝑤 = ℋℋ𝑤 implies that ℒ𝑡 = ℋ𝑡                 [3.2.2]                   

So, from [3.2.1] and [3.2.2] we get, 

  𝒢𝑡 = ℋ𝑡 = 𝒦𝑡 = ℒ𝑡 = 𝑡      So, 𝑡 is a common fixed point of 𝒢, ℋ, 𝒦 and ℒ 
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Uniqueness of common fixed-point: 

Let  𝑡′ be the other common fixed-point of 𝒢, ℋ, 𝒦 and ℒ, then we shall show that   

𝜓(𝑑(𝑡, 𝑡′)) = 0. 

Since 𝑡 and 𝑡′ be the two common fixed-point of 𝒢, ℋ, 𝒦 and ℒ then clearly, 

𝒢𝑡 = ℋ𝑡 = 𝒦𝑡 = ℒ𝑡 = 𝑡      and   𝒢𝑡′ = ℋ𝑡′ = 𝒦𝑡′ = ℒ𝑡′ = 𝑡′       

By inequality (𝑖𝑖𝑖) we get, 

 𝜓(𝑑(𝑡, 𝑡′)) = 𝜓(𝑑(𝒢𝑡, 𝒢𝑡′)) 

                       ≤  ℎ 𝑀𝜓(𝑡, 𝑡′) 

                        = ℎ Max {𝜓(𝑑(𝒦𝑡, ℒ𝑡′)), 𝜓(𝑑(𝒢𝑡, 𝒦𝑡)), 𝜓(𝑑(ℋ𝑡′, ℒ𝑡′)),
1

2
[𝜓(𝑑(𝒢𝑡, ℒ𝑡′)) +                              𝜓(𝑑(ℋ𝑡′, 𝒦𝑡))]} 

                       = ℎ Max {𝜓(𝑑(𝑡, 𝑡′)), 𝜓(𝑑(𝑡, 𝑡)), 𝜓(𝑑(𝑡′, 𝑡′)),
1

2
[𝜓(𝑑(𝑡, 𝑡′)) + 𝜓(𝑑(𝑡′, 𝑡))]} 

                       = h ψ(𝑑(𝑡, 𝑡′)) 

That is  𝜓(𝑑(𝑡, 𝑡′)) ≤ ℎ 𝜓(𝑑(𝑡, 𝑡′)) which is contradiction, so  

                     𝜓(𝑑(𝑡, 𝑡′)) = 0 implies 𝑑(𝑡, 𝑡′) = 0 

                      So, 𝑡 = 𝑡′, hence the common fixed-point is unique.  

Example 3.1 Let (𝑋, 𝑑)be the metric space where 𝑋 = [0,2] with the usual metric and the altering distance function defined by 𝜓: 𝑅+ → 𝑅+such 

that  𝜓(𝑡) = 𝑡2 −
𝑡

2
   satisfying the criterion of this function. 

Let 𝒢, ℋ, 𝒦, and ℒ be the self-mappings of the metric space (𝑋, 𝑑) defined by  

 

                      𝒢(𝑥) = {
 1 − 𝑥                  𝑓𝑜𝑟  0 ≤ x <

1

2
                       

1                       𝑓𝑜𝑟  
1

2
≤ 𝑥 ≤ 2                   

                                 

                       ℋ(𝑥) =  { 

1

2
− 𝑥                  𝑓𝑜𝑟  0 ≤ 𝑥 <

1

2
                       

1                       𝑓𝑜𝑟  
1

2
≤ 𝑥 ≤ 2                   

                      

                        𝒦(𝑥) =  { 
𝑥                  𝑓𝑜𝑟  0 ≤ 𝑥 <

1

2
                       

1                    𝑓𝑜𝑟  
1

2
≤ 𝑥 ≤ 2                   

 

 

                     ℒ(𝑥) =  { 
0                  𝑓𝑜𝑟  0 ≤ 𝑥 <

1

2
                       

1                   𝑓𝑜𝑟  
1

2
≤ 𝑥 ≤ 2                   

 

Now, we take a sequence {𝑥𝑛} in 𝑋  such that 𝑥𝑛 =
1

2
−

1

𝑛
,  for 𝑛 ∈ ℕ  

The condition (𝑖) of the theorem clearly satisfied, For the (𝑖𝑖) condition to show the mapping 𝒢 and 𝒦  be the 𝜓 −

compatible mapping of type (𝑃)   

 lim
𝑛→∞

𝒢𝑥𝑛 =. lim
𝑛→∞

(1 − 𝑥𝑛) = lim
𝑛→∞

(1 − {
1

2
−

1

𝑛
}) =

1

2
  

 

 lim
𝑛→∞

𝒦𝑥𝑛 =. lim
𝑛→∞

(𝑥𝑛) = lim
𝑛→∞

(𝑥𝑛) = lim
𝑛→∞

{
1

2
−

1

𝑛
} =

1

2
    that is 

 lim
𝑛→∞

𝒢𝑥𝑛 = lim
𝑛→∞

𝒦𝑥𝑛 =
1

2
. 

Now, 𝜓(𝑑(𝒢𝒢𝑥𝑛, 𝒦𝒦𝑥𝑛)) =  ψ (𝑑 (𝒢 (
1

2
) , 𝒦 (

1

2
))) = 𝜓(𝑑(1,1)) = 𝜓(0) = 0, Hence, (𝒢, 𝒦) are the 𝜓 − compatible mapping of type (𝑃)   

Again, for the pair (ℋ, ℒ) 

 lim
𝑛→∞

ℋ𝑥𝑛 =. lim
𝑛→∞

(
1

2
− 𝑥𝑛) = lim

𝑛→∞
(

1

2
− {

1

2
−

1

𝑛
}) = 0  

 lim
𝑛→∞

ℒ𝑥𝑛 =. lim
𝑛→∞

𝑆 (
1

2
−

1

𝑛
) = 0        that is 

 lim
𝑛→∞

ℋ𝑥𝑛 = lim
𝑛→∞

ℒ𝑥𝑛 = 0. 



International Journal of Applied Mathematics  

Volume 38 No. 12s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

 

Received: August 11, 2025  2618 

Now, 𝜓(𝑑(ℋℋ𝑥𝑛, ℒℒ𝑥𝑛)) =  𝜓 (𝑑(ℋ(0), ℒ(0))) = 𝜓 (𝑑 (
1

2
, 0)) = 𝜓 (

1

2
) =  (

1

2
)

2

−
1

4
= 0, Hence, (ℋ, ℒ) are 𝜓 −

compatible mapping of type (𝑃). 

Therefore,  (𝒢, 𝒦) and  (ℋ, ℒ) are 𝜓 − compatible mapping of type (𝑃).   

 Now. for the (𝑖𝑖𝑖) condition  

 𝜓(𝑑(𝒢𝑥, ℋ𝑦) ≤ h𝑀𝜓(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 and  ℎ ∈ [0,1). Where,    𝑀𝜓(𝑥, 𝑦) =                  

Max{𝜓(𝑑(𝒦𝑥, ℒ𝑦)), 𝜓(𝑑(𝒢𝑥, 𝒦𝑥)), 𝜓(𝑑(ℋ𝑦, ℒ𝑦)),
1

2
[𝜓(𝑑(𝒢𝑥, ℒ𝑦)) + 𝜓(𝑑(ℋ𝑦, 𝒦𝑥))]}  

That is   𝜓(𝑑(𝒢𝑥, ℋ𝑦) ≤ Max {
   𝜓(𝑑(𝒦𝑥, ℒ𝑦)), 𝜓(𝑑(𝒢𝑥, 𝒦𝑥)), 𝜓(𝑑(ℋ𝑦, ℒ𝑦)),

    
1

2
[𝜓(𝑑(𝒢𝑥, ℒ𝑦)) +  𝜓(𝑑(ℋ𝑦, 𝒦𝑥))]

}  

 

   𝜓(𝑑(𝑃(0), 𝑄(2)) ≤ Max {
  𝜓 (𝑑(𝒦(0), ℒ(2))) , 𝜓 (𝑑(𝒢(0), 𝒦(0))) , 𝜓 (𝑑(ℋ(2), ℒ(2))) ,

1

2
[𝜓(𝑑(𝒢(0), ℒ(2))) + 𝜓(𝑑(ℋ(2), 𝒦(0)))]

} 

                               0 ≤
ℎ

2
     for 0, 2 ∈ X = [0,2]  𝑎𝑛𝑑   ℎ ∈ [0,1),hence the condition (𝑖𝑖𝑖) is true. 

Therefore, 𝒢, ℋ, 𝒦 and ℒ satisfy all the conditions of the above theorem 3.1 and there exist a point   1 ∈ 𝑋 = [0,2] such that 𝒢(1) = ℋ(1) =

𝒦(1) = ℒ(1) = 1. Therefore 1 is unique common fixed point of four self- mapping 𝒢, ℋ, 𝒦 and ℒ. 

 

5.Conclusion 

We used the altering distance function to introduce the idea of 𝜓-compatible mapping of type (𝑃) in complete metric space in this paper. We also 

proved the common fixed-point theorem, which shows that there is a unique common fixed point for four self-mappings under the right contractive 

condition, and we did this with an example. This theory makes fixed-point theory more useful in the context of metric spaces and provides a unified 

way to connect classical deterministic results with the structure of metric spaces through the changing distance function 𝜓. 

 

6.  Acknowledgement 

 The authors would like to thank the editor and reviewers for their constructive suggestions to make better for this article. Also, the authors 

gratefully acknowledge the University Grants Commission (UGC) of Nepal for its generous financial support.  

                     

References 

[1]. Jungck, G., 1986, Compatible Mapping and Common Fixed-Points, Int. j. Math. Sci. 9(4) 771-   779 

[2]. Pathak, H. K., Cho, Y.J., Chang, S.S., Kang, S.M.,1996, Compatible Mappings of Type (𝑃) and   Fixed-Point Theorems in Metric Spaces and 

Probabilistic Metric Space, Novi Sad   j. Math.   26(2), 87-109.  

[3]. Pant, R. P., 1994, Common fixed points of non-commuting mappings, j. Math. Anal. Appl, 188, 436-440 

[4]. Sastry, K. P. R., Naidu, S.V.R., Babu, G.V.R., Naidu, G.A., 2000, Generalization of common fixed-point theorems for weakly commuting 

mappings by altering distances, Tamkang journal of Mathematics.  31(3), 243-250. 

[5]. Pathak, H. K., Chang, S.S., Cho, Y. J., 1994, Fixed-point theorem for compatible mapping of type(𝑃), Indian J. Math 36(2), 151-166 

[6]. Jungck, G., Murty, P.P., Cho, Y.J., 1993, compatible mapping of type(𝐴) and common fixed-points, Math. Jpn., 38(2), 381-390. 

[7]. Pant, R.P., Jha. K., Lohani, A.B., 2003, A note on common fixed points by altering distances, Tamkang Journal of Mathematics.  34(1), 59-

62. 

[8]. Chaudhry, A.K., 2025, Control Function in Menger Space, Nonlinear Functional Analysis and Applications Vol. 30(1), 265-276. 

[9]. Chaudhry, A.K., 2024, Theorems on Compatible mapping types in complete Menger space, Nepali Mathematical Sciences Report, 41(2), 105-

121. 

[10].  Chaudhry, A.K., Jha, K., 2019, Contraction conditions in probabilistic metric spaces, American Journal of Mathematics and Statistics. 9(5), 

199-202. 

[11].  Chaudhry, A.K., Jha, K., Manandhar, K.B., Murthy, P.P., 2021, A common fixed -point theorem in Menger space with compatible mapping 

of type (𝑃), International Journal of Mathematical Sciences and Engineering Applications, 15(2), 59-70. 

[12]. Chaudhry, A.K., Jha, K., Manandhar, K.B., Pathak, H.K., 2022, A common fixed -point theorem in menger space with weakly compatible 

mapping of type (𝑃), Advances in Mathematics: Scientific Journal, 11(11), 1019-1031. 

[13]. Khan, M. S., Swaleh M., Sessa, S., Fixed point theorem by altering distances between the points, Bull. Austral. Math. Soc., 30(1984), 1-9. 

[14]. Kang, S. M., Rhoades, B. E., Fixed points for four mappings, Math. Japonica 37(1992), 1053-1059 

[15]. Pant, R. P., Jha S., Padaliya, 2003, on common fixed points by altering distances between the points, Tamkang J. Math.) (to appear) 

[16]. Sastry, K. P. R., Babu, G. V. R., 1999, Some fixed -point theorems by altering distances between the points, Ind. J. Pure and Appl. Math. 

30(5), 641-647. 

[17]. Chaudhry, A. K., Bhatta, C. R., Karn, U. K., 2025, Extension and Generalization of Banach Contraction in Metric space and in Menger Space, 

Communication on nonlinear analysis 32(2), 53-63. 



International Journal of Applied Mathematics  

Volume 38 No. 12s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

 

Received: August 11, 2025  2619 

[18].  Chaudhry, A.K., Bhatta, C.R., Sah, D.K., 2024, Menger Space and some Contraction mappings, Communication on nonlinear analysis 31(7), 

641-648. 

[19]. Karn, U.K., Bhatta, C. R., Chaudhry, A. K., 2024, Compatible mappings and its various variants in metric space, Journal of Nepal 

Mathematical Society 7(2), 108-115. 

[20]. Shah, D. K., Bhatta, C.R., Chaudhry, A. K., 2025, Weaker forms of commuting mappings in metric and Menger probabilistic metric space, 

Journal of Institute of Science and Technology, 30(1), 1-10. 

[21]. Jha, K., Pant, R. P., 2004, Common fixed-point theorems by altering distances, Tamkang journal of Mathematics.  35(2), 109-116. 

[22]. Amiri, M., Moutawakil, D.E., 2002, Some New common fixed -point theorems under strict contractive conditions, Journal of Mathematical 

Analysis and Applications,270(1), 181-188. 

 

 


