International Journal of Applied Mathematics

Volume 38 No. 3s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

TRIPLED FIXED POINT THEOREMS IN C*-ALGEBRA VALUED S;,-METRIC
SPACES

N.Narsimhal, Dr. G. Upender Reddy?*

1Department of Mathematics Govt. Degree College Hayathnagar Ranga Reddy Dist.
Telangana, India-501505. E-mail: ahmisran@gmail.com.
2*Department of Mathematics Mahatma Gandhi University. Nalgonda, Telangana, India -
508254.
Corresponding author E-mail: upendermathsmgu@gmail.com

Abstract:
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1.INTRODUCTION
Polish mathematician Stephen Banach [1] developed the most notable fixed- point theorem in
1992. It is often referred to as the Banach contraction principle and is used extensively in a
variety of mathematical contexts.
The study of fixed- point theory in metric spaces is thought to have led to the discovery of the
Banach contraction principle. Different generalizations of metric spaces were introduced by a
number of mathematicians worldwide ([2], [3], [4], [5], [6])- The concept of C*-algebra-valued
metric spaces was first introduced by Ma et al. in 2014 [7]. They presented the notion of C*-
algebra-valued b-metric spaces in 2015 and looked at a few results [8]. In order to find similar
principles, Razavi and Masiha also explored C*-algebra-valued b-metric spaces [9].
Combining the ideas of S and b-metric spaces, Sedghi et al. [10] established S;,-metric spaces
and proved common fixed -point results in these spaces. Several authors have produced a
wealth of results on Sj,-metric spaces (e.g., [11] [19]). principles) in an e ort to improve.
Razavi et al. introduced the concept of C*-algebra-valued S, -metric space [20] in 2023, drawing
inspiration from the work of Souayah and Mlaiki in [11]. They also established some common
fixed-point results in this space [21].
This work presents a unique common tripled fixed-point theorem for pairs of mappings that
satisfy a specific rational contraction condition in C*-algebra-valued S;-metric spaces. We can
also provide appropriate and relevant examples for both integral equations and homotopy.
First, we recall some basic results.

2.PRELIMINARIES
This section provides a short introduction to some realities about the theory of C*-
algebras[24].First, suppose that U is a unital C*-algebra with the unit 1,; .Set U,={s€ U; s=s"}
.The element s€ U is said to be positive ,and we write s> 0y if and only if s=s* and o(s) <
[0, ), in which Oy in U is the zero element and spectrum of s is a(s) .On U,,we can find a
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natural partial ordering given by ¢ < ¢ ifand only if ¢ — ¢ > 0y .we denote with U, ={s€ U; s>
Oy}and W'={se U;st=tsVt € U}.

Definition 2.1. ([20]): Let G be a non-empty set and k € A’ with

||x|| = 1. Suppose that a mapping S;: G 3 = U be a function satisfying the following properties
(Sp,) :Sp (@, B, v) = Oyforalla, B,y €G,

(sz):Sb ((X, BJYJ =0eoa= B =Y,

(Sp3): Sp (o, B, ¥) = x(Sp (o, o, 8) +Sp, (B, B, B) +Sp (v, v,8)) forall o, B, v, 8 €G.

Then the function Sjis called a C * -algebra valued Sj,-metric on G and the pair (G, %, Sp) is
called a C  -algebra valued S,-metric space (C * -AV-S, MS) with a co-efficient k.

Example 2.1. ([7]). Let G = R and U = M2(R) be all 2 x 2 matrices with the usual operations of
addition, scalar multiplication, and matrix multiplication. It is clear that |[|P|| =

’Ziz,j=1|Pi,j |2defines anorm on U, where P = (p;;) € U.

*: A - A defines an involution on A and where A * = A. Then, WA'is a C * -algebra. For P = (p;;)
and Q = (¢;;) in %, a partial order on 2 can be given as follows: P < Q &= p;;-¢;; <0
V1i,j=1,2. Let (G, d) be ab-metric space where, ||k|| = 1 and Sb : G 3 > M2(R),

fulfilling Sb(p, q ) = [d(p, q) +d(q, 1) +d(x p) 0

0 d(p, q) +d(q, r) +d(r, p)
Then, clearly (G, ¥, Sb) is a C * -AV-S,, —MS.

Definition 2.2. ([20]): A C * -AV-S;, —MS is symmetric
lbe (a, ﬁ')/) = Sb (a',y, ﬁ)= Sb (ﬁ' Y, C() = Sb (:B' a, Y) = Sb (y' a'ﬁ)
=S, V.8, 0)Va,B,y€EG
Definition 2.3. ([20]): Let (G, ¥, Sp) be a C x -AV-Sb-MS and {X,,} be a sequence in G:
(1) Ifforall p €N, [|Sp (Xn+p» Xn+p» Xn)l| = 0, where n — o, then {X,,} is a Cauchy sequence in
G.
(2) If IS, (Xn, X0, X)1| = O, where n — oo, then {X,,} converges to x, and we present it with
nli_r)‘noo Xn =X
(3) If every Cauchy sequence is convergent in G, then (G, 2, S, ) is a complete C * -AV-Sb-MS.
Definition 2.4. ([20]): Suppose that (G;, %y, Sp, ) and (G,, Ay, Sp,) are C * -AV-S;, MS, and let
I (G1, Uy, Spy) = (G2, Uy, Sp,) be a function. Then, T is continuous at a point x € G, if, for every
sequence, {X,,} in G;, Sp(Xn, Xn X) =0y, (n = o) implies S, (I'(X,,), ['(X,), Y(X)) = 0o, where n
— 00. A function I is continuous at G, if and only if it is continuous atall x € G; .
Lemma 2.5([23]) : Suppose that 2 is a unital C * -algebra with a unit 1g:
(1) If {x,, }peq S A and nli_r)n00 Xy, =0g;, then for any x € ¥,
Jim X Xy X=0gy -
(2) If x, & € Apand s €V’ then x < §yields sy < s§ in which
A, =ANA’ .
(3) If X € A, with |[x|| <then 1y~ x is invertible,
and ||x (1q-X) -1 1] < L.
(4) If x, € € A, such that x& = &, then x€ =0y .
Lemma 2.6: If (G, 2, S;,) be a C*AVS, MS with ||k|| = 1 and suppose that {aep} isaC*— AV-S,-
convergent to £, then we have
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i Sy(p,,1) < ligl)gonbe(go, 0, aep) < lirg_)ioup Sb(go, 0, aep) <2kS, (g, 4,¢) for all p € G . In
particular, if £ = g ,then we have lim S, (é’p,é’p,go)=0u .
p—00

Proof : Using condition (Sj,) of Definition 2.1, we have

Sp($0, 0, %) <2KS, (0, £, ) +kSp (2, 2, £)
and
Sp(9,8,4) <2KSy($0, 0, %,) +kSp (£, €, )
Taking the upper limit as p — oo in the first inequality and the lower limit as p — o in the
second inequality we obtain the desired result.

3. MAIN RESULTS
3.1 Some Applications of Tripled Fixed-point Theorem in C*-Algebra Valued S;,-Metric
Spaces
The objective of this section is to prove the existence of common tripled fixed points under the
specific rational contractive conditions and to illustrate the applicability of our findings through
relevant examples drawn from existing results.
Definition 3.1.1: Let (£, A, ¢.) be a complete C*-AV-S,,-MS with |[¢|]| = 1 .Let Q: L3> - Lbea
mapping, an element (e, ce,5) € L3 is called tripled fixed point of Q if Q(a, 0e,5) = =,
Q(oe,s,2)= 0e,Q(s,2,0.)=s.

Theorem 3.1.1. Let (£, A, o) be a complete C*-AV-S,-MS with |[¢|| = 1,, supposeT,Q: L3 » L
be two mappings satisfying for all £, 1, 3,2, ce,s € L

alog(t,£,2) +050t, %, ® + 0¢B 3 9
4620, (T (4,1,3) ,T(£,%,3), O(ee, ce,5)) < [ st ] ]

la[gg(l’,{’,r‘(f,x,a)) . Qg(ae,ae ,F(i’,}f,g))+ o, Q(e,0e5) ). 0c(f,f,Q(,05) )]
' 1+ oc(£,2,Q(09) )+ oc(az I(£x3))

....... (3.1.1) Where

a€ A, in which ||a|| < > .Then I'and Q have a unique common tripled fixed pointin L.

Proof: Let &, ceq, 59 € £ be arbitrary, we construct the sequences {z,}, {ee,}, {5} in L as
[(eezp, ®2p 52p)= ®opr1, [(2p 52p@2p )= ®opr1, ['(52p,@2p €2p)= S2p11

Q(®2p+1, ©2p+1,52p+1)= B2ps2 » Q(®2p11,92p+1,L2p+1,)= C2pr2

Q(92p+1,82p+1,®B2p41)= S2p+2 Wherep=0,1,2 ...........

To establish the existence of a common tripled fixed point for the mappings I', 0 in £ ,suppose
that Qg(aezp,, &2p,) ae2p+1) >04, Qc(oezp,, ®2p, 0e2p+1) > 0,4 and Qg(szp,, Sop,» 52p+1) >0,4 Vp.
If this assumption fails, then there exists some p such that a;, = @341 , 2, = 5,41 and
S2p = S2p+1 -Consequently , (e, 082 %,,) Serves as a common tripled fixed point of T, Q and
hence completing the proof. By using (3.1.1), for each p€ N ,we have

Qq(ae2p+1,’ X2p+1, %2p+2) =QC(F(392p, 092p,52p); F(aezp, 092p,52p)' Q(anpﬂ, 0’32p+1,52p+1))

< 4C2Qc(r(ae2p, 092p,52p)' F(anp, Oe2p,§’2p)'-Q(932p+1, (E2p+1,52p+1))

afeg(zzp , 22p, ®a2p+1) +og(2p, 2p, 2p+1) + og(s2p S2p S2p+1)}

<

{ 0c(352p , ®2p, T (a2, 092p.52p)) : Qc(ae2p+1.352p+1. T (=e2p, Oezp.SZp)) }
a

+ og(@ap+1,22p+1, UR2p+1, ®apr152p+1) )- Qq(BEZp , @ap, Q®2p+1, 092p+1,52p+1))

1+ Qq(anp' 22p, Q(352p+1, 032p+1,52p+1))+ Qq(aezp. 22p, F(anp, Oezp,SZp))
< a[Qc(mZp ) E2p, a32p+1) +Qg(032p, E2p, ce2p+1) + Qg(52p S2p 152p+1)]
3
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al Qc(332p , @2p, 392p+1,) . Qg(ae2p+1,392p+1, ae2p+1,)
}+ Qc(392p+1,332p+1, 392p+2,)- Qg(392p , ®2p, ae2p+2) ]
1+ o¢(®ap , @®2p, ®aps2,)+ 0c(2p , ®2p ®2ps1,)

a[QC(BEZP » E2p, ae219+1) +Qg(092p, e2p, 092p+1) + Q§(52p ,52p ;52p+1)]

< 3
+ an(%2p+1,332p+1, X2p+2 )
Which implies that
a(lz—-a )™ ?! Qc(SEZp y Eap, anp+1) + Qg(pr,QZp,@2p+1 )
Qg(ae2p+1,392p+1, ®2p+2 ) D Be—
+ Qc(SZp ) SZp ) 52p+1)
................ (3.1.2)

Similarly, we can prove that

a(lgz—-a )1t Qg(%Zp y Eop, %2p+1) + Qq((EZp,(EZp,(E2p+1 )
Qg(‘E2p+1,092p+1,092p+2 ) D —
+ QC(SZp JSZp ) S2p+1)
............. (3.1.3)
Also
a(lgz—-a )1t Qg(%Zp y Eop, %2p+1) + Qq((EZp,(EZp,(EZzHl )
QC(SZP+1,SZP+1,52P+2 ) < T ................
+ QC(SZp JSZp ) 5Zp+1)

(3.1.4)

Adding (3.1.2), (3.1.3) and (3.1.4), we get
0c(®2pr1,@ap41, ®opiz )+ 0g(@2pr1,®2pr1,®opra )* 0c(Sap41,S2pr1,52p42 )
& , & X + e e e
<a(ly—a)™?! { QC( Zp> “2p, 2p+1) QC( 2p,®2p,®2p+1 )}

+ QQ(SZp 15219 ) 5Zp+1)
Which implies that
| oc(@zps1,@aps1, ®aprz ) + 0c(®ops1,ops1,02psz ) + Qc(S2p+1 52p+1,52p4+2 ) ||
Qg(anp ’ anp, a32p+1) + Qg((EZp,mZp,(EZzHl )
+ 0¢(52p  52p » S2p41)
Since b = a(14 —a )~ ! and by using Lemma 2.5, we have a€ A', with ||a]| <% one has
(1y—a)teA,anda(l,—a ) €A, with |la(l, —a )| < 1sothat ||b]| <1.
Let Agpi1 = 0g(@®opsn,@2p+1, ®aprz ) + 0c(®opa1,®2ps1,0®2ps2 ) + 06(S2ps1 52p+1,52p+2 ) then
we have
| A2p 1|l < IBI|[A2 ]| < NDIP|[Azp—1 || S oo < [|bIIZPF2]|4, |l
It follows that as p— oo ,we get A,— Oy . If Ag= 0,4 ,then from (S,,) of Definition 2.1, we know
(e, @ 50) is a tripled fixed point of ', O . Now letting Ag> 04 , for any p€ N and [ € N, using
condition (Sy,) of definition 2.1,
Qc(aep+l,33p+l, Ep+1-1 ) + Qg(aapﬂ,wpﬂ, ®p+1-1 )
Qc(aepﬂ,aepﬂ, Lp )< C(
+ og(ep2p, ®prica )

< ZC Qc(%p+l,%p+l, %p+l—1 )+ ¢ Qc(eep,eep, 33p+l—1 )

< ZC Qg(aep+l,5ep+l, aep+l—1 )+ 2§2§ Qg(aep+l—1,aap+l—1, $p+l—2 )
+6%¢ 0g(@pr1-22p 112, p )

<lla(lg—a )7l

< 29 Qg(wp+l,aep+l, aep+l—1 )+ ZCZC Qg(%p+l—1,eep+l—1, 33p+l—2 )
+2¢3¢ Qc(aepﬂ_z'aepﬂ_z, ®pii-3 )++ 2¢k¢ Qg(aepﬂ‘aepﬂ, &, )
Similarly,
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Qg(mp+l,mp+l, ®p ) < ZC Qg((EpH,(EpH, ®p+i1-1 )+ ZCZC Qg((ep+l—1,cep+l—1, ®p+1-2 )

+263¢ 0(@p41-2,0p 11— ©pii—3 ) Fummmmsssmsssmsnsssnent 2656 0c(00p 41 Bp1q, ) )
And

Qg(5p+l,5p+l, Sp ) < 2C Qc(5p+l,5p+l, S10+l—1 )+ ZCZC Qc(5p+l—1,5p+l—1, 5p+l—2 )

42636 0c(Spt1-25p+1-2, Spti=3 ) Frmmmmmmssmsssnnesnnsnt 2656 0c(Sp11,5p41, 5p )
Consequently,

Qc(aep+l,3ep+l, Lp ) + Qc(oep+l,oep+l. p ) + Qc(5p+l.5p+l, Sp )

S 26 Dpim1+ 2620112+ +263 A1 3 s 261

< 2¢ BPTI A+ 262 BPT2A0+4263 BPTE3A 4 v v veenennt 260 DPA
< 2 NP oD pIA BN b

<2 Zm =p+l-1 cl=m+p (b_Aol)* (b%Aol)

_sz =p+l-1 l m+p bZAO m p+l 1Cl m+p bonl 2 1dq
<2[| 8ol Zmb T IBI™ 1P| 1,

||c||l+1||b||m

=2[180ll =gy L = 0asp— .

This implies that {a,} , {ee,} and {s,} are Cauchy sequences in (£, A, o.) with respect to A
Since L is complete, there existx, 9,3 € Lsuchthate, - x,e, > 9,5, > 3asp—> ©.Nowwe

show thatI'(x,9,3) = %,I'(9,3,x) = v,[(3, %) = 3.we suppose on contrary thatI'(x,1,3) # *
,T(»,3,%) # 9,[(3,%9) # 3, by Lemma (2.6), we have

1 . ,
Z_C QC(F(x: t)' 5)1 F(x: t)' 5): X ) < 1:1)1_13;10 lnf QC(F(x; 1)} 5): F(x: 1)’ 3)! %2p+2 )
=rl’l_1;§o sup QC(F(xl D, 3)! F(%, D, 3)) Q(%2p+1, (B2p+1,52p+1) )

( a{gc(x % ae2p+1,) +Q§(U D, 032p+1,) + Qq(ﬁv 3 52p+1)}
3
< llm Sup L< Qg‘(x X F(X,I),?))) . Qq(a32p+1,a32p+1, F(X,I),a))
p—oo 4’C2 a
n + oc(@zpt1,@2p+1, Q®2p+1, ®2p+1,52p+1) )- Qg(3E 202241, 092p+1,52p+1))
\ 1+ Qc(x 2 0(22pe1, 092p+1,52p+1))+ oc(®2p+1,22p+1 T(xD3))

(a{Qc(x X a5217+1,) +Qq(‘) D, 032p+1,) + Qg(ﬁr 3 52p+1)}

3

. 1

< lim Sup E< a{ Qq(x % T(xn3) - Qg(592p+1,332p+1, F(xrl)u’)))}
[ee]
R + Qq(%2p+1,382p+1, 22p+2 ) Qg(3E '351382p+2)
\ 1+ Qg(35 ,35.382p+2)+ Qq(352p+1,392p+1 T(xv3))

1 1

< FZgagg(x % ['(®0,3) < Z—CQC(F(x, 1,3),['(%1,3),%)

[t follows that,

loc (TG v,3),T(x1,3),x)| < llall||e.(T'x,3), T 1,3),%)||
Since |lal| < % ,which implies that ||QC(F(35, 9,3), Tz, 3),35)” =0 and hence
0.(I'(x9,3),T'(xv,3),x) = 0,4 ,imply that I'(x,p,3) = x.Similarly we can prove thatI'(y,3,x) = 1
and I'(3,%, 1) = 3.So, we have proved (%, 1, 3) is common tripled fixed point (CTFP) of T', Q. Now

we show I'and Q have unique common tripled fixed point. For this assume (', v,3') € L is
another common tripled fixed point of I'and 1 .Then

04 < 0.(x%1%)=0.(T'x1,3),['(x1,3),2,9",3"))
< 46¢%0.(T'(%9,3),T(%9,3), U, 9,3))
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< ol x &) +ogly v v') + o3}

B

3
a{ 0c(x x.T(D3) . oc(x' & Txy3) }
+ 0. &, Q@' n'3)). oz x QE ' 3))
1+ ooz x QE"H' 3N+ 0c( & T(xv3))
< afoc(x v ) +oc(n v, ')+ 0:(3.33)}
3

Similarly,

/ afoc(x x ¥ )+0c(n, v v )+0c(333
0u< (5, 3 ) < el ralo n F)rodess)
And

, aloc(x x ¥') +oc(v, v, v') + oc(333
0% 06(3,33) < b2 ) rechn 1) ¢ eciad)
Therefore,

locGe%x) + 0.0, v') +0:G.3 3| <llall]lec(x %) + 0 (0,9,9") + 0.G,3.3) ||
Since ||a|| < %, itis incongruous. Consequently, x = ',y = p’,3 =3’
Therefore, UCTFP of I'and Qis (x,1,3) .

Theorem 3.1.2. Let (£, A, 0.) be a complete C*-AV-S,-MS with [|¢|| = 1 .Suppose that the

mapping I': L3 — £ satisfies for all £,1,3,2,ce,s € L,
log(£ £ @) +0c(,2,0)+0(335)]

3 *
QQ(F({J; 1,3) ,['(£,%,3),T(e,m®s)) <a 4 0c(T(x3), T(£x3)@), 0c(T(w0es) I(awms) ) a®.(3.1.5)
1+0c(£ 2 ) +0oc(r,,00) +0c(3,3,5)

Where a€ A, in which ||a|| < \% .Then I' has a unique tripled fixed pointin L.

Proof: Let &, ce¢ ,59 € L be arbitrary, we construct the sequences {a&,}, {ee,}, {35} in L as
I (a), @y ,5p)=pe1, [ () 5y, 8p)= ®ps1 , I (8p, @y, 08p)= 5y Where p=0,1,2....
In C*-algebra, if a, b € A and a< b, then for any j € A, both j*aj and j*bj are positive
elements and j*aj < j*bj . By using (5.1.5), for each p€ N ,we have
Q¢ (%pr Xp, aep+1): Qg(r (aep—l' ®p-1 'Sp—l)f r (aep—l: ®p-1 '5p—1)f r (%p' ®p 'Sp))
0¢(@p-1.2p-1.2p) to(ep-1.00p-1,08p) +0c(Sp-1.5p-1.5p)
3 *

<
e +Qc( I(@ep-1,2p-1.5p-1 ) TEx3).2), oc(T(@p.ep.sp) T (@p.ep.sp) @p-1)
1+og(ep-1.2p-1,2p)+0g(cep—1,@p-1,0p) +0(5p-1.5p—15p)
®p_1,8p—1,28p)+0c(@p_1,06p—1,p ) +0c(5p—1,59—1,5
<a{Qq( p—1.®p-1.2p)+0c(cep 13 p-1,.®p)+0c(sp-1.5p-1,5p) }a* .(3.1.6)

Similarly, we can prove that

0c(=p-1,2p-1.@p)+0c(e®p-1,0p-1,0p)+0c(sp-15p-1.%p)
Qg ((Epr (Epr (Ep+1) < a{ 3 a*
. (3.1.7)
Also

¢(2p-1.2p-1.2p)+es(cep—1,00p-1,p) +0¢(sp-1.5p-1.5p) }a* (3.1.8)

Adding (3.1.6), (3.1.7) and (3.1.8), we get

Q¢ (aap» Xp, aep+1) + Q¢ (Oep: p, (Ep+1) + Q¢ (Sp's' 5p+1)

< afoc(p-1, @p-1,2p) + 05 (@p-1, 0&p_1, ) + 05 (5p-1,5p-1,5p) }a’

LetA,= o (ep, &p, ®ps1) + 0¢ (08p, Y, ®p11) + 0 (5,9, 5p+1) then we have

Ay <ab, 10" < a?Ap_1(a")? S v aPA,_,(a*)P

Now letting Ay> 0,4 , for any p€ N and [ € N, using condition (S, ) of definition 2.1 similar to

the concept of Cauchy Sequences in Theorem 3.1.1, then consequently, we get that
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Qg (%pr Xp, aep+1) + Q(; ((Ep» ®p, (Ep+1) + Qc (Sp,S, 5p+1)

S 2604114 267041+ 426301 3 H et 2600,

< 2¢ aPTAL(@)PT I+ 262 aPti2A0 (@ )P 24263 aP T B A (@) P 3 et
2¢t aPAy(a*)P

m=p+l-1 |-m+p ,m 2 S em
ZZm ¢ a™AgzAp2(a%)

1 1
< sz =p+i- 1§'l m+p( ma 3 -) (amAO-)

+1-1
_szp lm+p|mA2

*

2
1

1
<2||Zm =p+i-1 l m+p| mAOE

<2[|80 /| Zmap HlalP™ IR 1,

l+1 2
<2||A|l —”cllllcll—l:lillll 2 1,—->0asp—> .
This implies that {e,} , {ce,} and {5,} are Cauchy sequences in (£, A, o.) with respect to A
Since L is complete, there exist x*, p*,3" € L such thatee, - x*, 0, » v*, 5, > 3" asp—> .
Thus, from Lemma (2.6), we have

1 * * * * * * * a g * * * * * *
Z_CQC(F(xJI) ;3);1_‘@;1) :5)»3 )Sgl_)n;lolnfgg‘(r(x']') '3)1F(x'1) '3)l%p+1)
:gi_r)go iang((F(x*,n*, 3), T 1% 3"), T (eey, &) spy) )

aloc(x *" 2p) +oc(v v ep) + 03" 3", 5p)}
3
{ og(TG"n"3) TG "3 @p). eg(T(wp, wp, 5p) (T(@p, @y, 5p)a")
1+ oc(x 2, @p )+ec(v* v ep ) + 0c(3" 3*, 5p)
Hence, we obtain that o.(I'(x", 9%, 3"),['(z",9",3"),x" )=0,4 .imply that I'(x*,p",3") = x" . similarly,
we can prove I'(p*,3%x") =p"and I'(3",x%,9*) = 3" . So, we have proved (x*,p",3") is tripled
fixed point (TFP) of I' .Now (%', p’,3') € £ is another common tripled fixed point of I" and Q
.Then
04 < 0o(x", %%, %) =0 (T'(x",9",3"), [(x",9",3"), A, v, 3"))
oc(x" 2" )+oc(v* '’ )+ecG 33"
3 *
<a Qg(F(1*,1)*.3*).F(I*.IJ*.?)*),i’)-Qq(F(x’10’13’),F(x’10’,3’)l3€*) a
+
1+0.(* 2 ) +oc(v* p*p' )+o.(G* 3%3")
< a{oc(x" "2 )+oc(v™ v* 0 )+ocG 373 }a”

< limsup a

} a*=0cﬂ
p—oo +

3 tag (x",x",x)a”
Similarly,
A < Q (I)* I)* I),) < a{QC(X* 'x*'xl)-'_QC(U* 'U*'t), )+QC(3* '3*'3,)}, aQ (1)* 1)* I)I)a*
~N ¢ ) ) ~N 3 . ¢ ) )

And

* * 12 aQ *I*II+Q *,*,’+Q(*'*") * * ! *
04 < 0, 133) < X Iredy W e il (55, 3)a
Therefore,

0< [loc ™, x5 %) + 0. (v, 0% 9" ) + 0.G".3%3))|
< llall?2X = llall? ) o, ", %" %) + 0.(v", 959" ) + 0.G",3"3) ||

Since |la|| < —=, so that (1 — ||a||? )™t < 1, it is incongruous. Consequently, x* = ¥’ , p* = 1/,

3 =3
Therefore, UCTFP of T is (z*,9%,3") .

\/_ )
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Theorem 3.1.3: Let (£,A, o) be a complete C*-AV-S5,-MS with |[¢|| = 1 .Suppose that the

mapping I': L3 - L satisfies for all #,5,3,,e,5 € L, oI, n,3), T4, n,3),I'(, e, 5)) <
( )

0¢(C(&m3), TEn3) )

+0.( T'(a,0e5),I(z,0e5),2 )
0c(T(£3), T(£xn3),2).0c( T'(,es)l(e0es),f)
RGO EDIER T

! +oc( T'(ze,0e,5),(e,5) £ )

1 toc(t ., @) +tog( ,x ,ce)
\ L +0¢(33.5) J J

Where a€ A, in which ||a|| < %.Then I has a unique tripled fixed pointin L.

as

Proof: Let &, e, ,5, € L be arbitrary, we construct the sequences {&,}, {ce,},{s,} in L as
I (eep, &) ,5p)=®ps1, I (&) 5p, @p)=®ps1 , [ (5p, @y, 0&p)= 5,41 Where p=0,1,2....

From (5.1.9), for each p€ N ,we have

Qc(aep J@p , ®p11)= QC(F (2p-1,0p-1,85-1), T (2p-1,08p1,5,-1), T (2, 08, ,5p))

2
S 4g QC(F (&p—li mp—l ) 5p—l); F (%p—ll (Ep—l ) 5p—l)' F (£p' (Ep ] 5p))
\
QC(F(ai‘p_l,OEp_l ,Sp_l), F(&p-l,(ﬁp_l ,Sp_l) ,aep_l)
+o¢( T(aep.cep sp)T(2pcep 5p)aep )
0¢(T(@p-1,@p-1,5p-1), T(@p-1,0p-1.5p-1) 2p)-0c(T(@pep 5p) T (®pp 5p)p-1)

<aqy+
S QC(F(aep_l,oep_l ,sp_l), F(aep_l,oep_l ,5p_1) ,aep)
1+

"

+Qc( l"(aep,oep ,sp),l"(aep,oep ,sp),aep_l )
l +og(@p-1 @p-1.,2p)+es(cep-1.,00p-1.02p) J
+0¢(5p-19p-1.5p )

\
S a(gc(aep 2y, 2p-1) +0g(@pr1, ®pi1 '3ep))

Thus, oc(p+1,®pr1,2p) <a(ly —a ) to(=, &, ,2p_1)

Since b=a(14 — a )~! and by using Lemma 2.5, we have a€ A’', with ||a|| < %one has
(1y—a)teA,anda(ly—a )t e A, with|la(l, —a )71 < 1sothat||b|| < 1.Hence
oc(®ps1,®ps1,2y) < b oc(ee,,,,%,_4) Similarly ,we have o.(ce,41,08p11,0,) < b
oc(0ep ey, 02y1) and oc(spe1,9p41,5p) Sboc(sp, 5 ,5p-1)-

Which implies that {ae,}, {ce,} and {s,,} are Cauchy sequences in (£, A, o.) with respect to A,
therefore by completeness of L there exist ¥*,9",3* € L such that lim aep:x* , zll—?-}o (Ep=t)* ,

p—0
. Ak

1 * * * * * * * a o * * * * * *
2 &I Y537, I, p",37),x") < lim inf 0.(T (", 9,3, T (", 9", 3"), ®p+1 )
=lim inf 0. (TG, v%3), TG v",3), T (), &y sp) )

( )
0¢(TGE"p"3"). 0" p"3") x°)

+o¢( T(p.ep sp)T(p.ep sp)@p )
0c(TG* 0" 30T G Y 3" @p)-0¢( T(2ep,ep 5p).T(p.ep 5p), * )
(0T 3)IE " 3)ep) )
e 1+[+9c( T(ap,ep s5p)T(p.ep 5p), &* )J

+og(x* 2 2p)+oc(v v* eep)
\

+0cG" 3" 5p)
1 * * * * * * *
%Zagc(r(x ,1) rs ),F(% 11) 13 ))x )
[t follows that

~~

. 1
< llmsupﬁ aq+
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||Qc

Since ||a||<% ,which implies that ||Qc and hence

o.(FGx"vn"%3"),T(x"v"3"),x)=0, ,imply that I'(x",p",3") = x* .Similarly we can prove that
I'(p%3%%") =p*and '(3", %", ") = 3" .Hence (x*,p",3") is the tripled fixed point of T".

Now if (¥, ’,3") € L is another common tripled fixed point of I' .Then by applying Eq. (3.1.9)
04 < 0c (2", %%, %) =0 (F(¥",p",3"), T(x",p",3"), T, v",3")

< 4¢%0.(T'(x",v%,3"), T (x93, T(*,9,3))
( )

o.(FG&,v%3"),I'x",v"3"),x")
+Q§( r!(xl 1)! 31) F(x, I)I aI) xl)
QC(F(x p,3"), I 9%3),¥).0. (TG, y,3),TE,y,3), )
[ o (G553, TG, p539),%) )
!+eg< CG, ', 3), T, 9, 3), )L
1
+o.",x*,%) + o.(v*,p*, 1)
L +0.(3",3",3") J

YN

ai +

< an(x* 'x* ) x,)
It follows that 0< ||o.(x*,%*,%)|| < llall|leG", %", %)|| . since |lall <% , which implies that

locG* .2, %) = = 3' . Therefore, the
UTFP of T'is (x*,v%,3") .

Corollary 3.1.4: Let (£, A, 0.) be a complete C*-AV-S,-MS with |[¢|| = 1 .Suppose that the
mapping I': £L3 — £ satisfies for all £,1,3, e, ce,s € L,

oc( £ ,@)+ 0.0 3,)+0:(3,3,5))
05 (T (£, %,3) . T(£,%,3), T (&, e, )) < af & e mreciiila

Where a€ A, in which ||a]| < 1.Then I’ has a unique tripled fixed pointin L.

Proof: Following similar steps as in the proof of Theorem (3.1.2), we obtain the proof of our
corollary.

Example 3.1: Let L = R and A=M,(C) be a all 2x2 complex matrices whose norm is ||A ||=max
{I411,1421, 1231, 144 } where A;'s are the Eigen values of A .Then clearly (£, A, o) is a complete

C*-AV-S,-MS with |[¢|]| = 2 whenever g.: L> = A be as o.(p,q,7)=(p* + q* + r* )A where

A=[(1) (2)] € A, self -adjoint . we define mappings ', 0: £L3 - L as follows ['(x,9,3) = g + 1_‘)0 4

23—0, Q(ee, ,5) = 130+5%+£ for all x,1,3,2, 08,5 € L. By taking a€ A with ||a|| < %, it can be
easily verified that inequality (3.1.1) holds for all x,1,3,2,0e,5 € L.

Hence, all the conditions of Theorem 5.1.1 are satisfied. Therefore, the mappings I'and Q admit
a unique common tripled fixed point (UCTFP), namely (x,%,%)=(04,04,04)in L.

Example 3.2: Let £ = R and A=R s0 A, = [0,) . Define o.: L* - A as o (p,q,1)=

lp — ql+|lq — r| for all p, q, r€ R then, clearly (£,A,o.) is a complete C*-AV-S,-MS with ¢ =
1s0 [¢]l=1=>1.LetT:£3 > LasfollowsT'(x1,3) = mfor all x,9,3 € £ .By taking a—1

\/_, it can easily verify that inequality (3.1.5) holds for all x,1,3 € L .Hence, all the condltlons
of Theorem 5.1.2 are satisfied. Thus, I has a unique tripled fixed point in R, which is (x,x, %)=
(0,0,0).

3.2. Application to Integral Equations
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As an application to Corollary 3.1.4, we examine the presence of a singular solution to an
integral equation in this section.
Theorem 3.1.5: Let us examine the following integral equation.

2(t)=[ STt)+Tts) (f se@6)+ gt se6)+Dh (1t als)))ds +k(t) v
r,s,t€e .. (51.10)
where € is a Lebesgue measurable set and m ()< . Let € = [0,1] and denote £ = L (&) be the
space of essentially bounded measurable functions on &.we consider the following
assumptions:
(ip)f,gb:exexR—>R and §,7T: ¢ X € X ¢ = Rare integrable, and ke L”(¢).
(i) thereis 8 € (0,1) such thati,j € ¢ and &(i),2(j) € R,

1

ot
0< [f (ij,2() = (i, #D)| < (55=) 12 () — ()1,
1
21-PO\p . . . . L
- () 12t = %1 < | (b2 () — & (i), 2(D)] <0,
1
. . L 21-PO\p . .
0< |5 (i,j, (D) = b (i, x())| < (=) 12 () — #()I.
(i) sup; see J, (S(rt,8) +T(r,t,5))ds< 1.
Thus, the integral equation admits a unique solution in L”(¢) .
Proof: Let € = [0,1] and Let L = L*(¢) denote the space of essentially bounded measurable
functions on € and H = L?(¢) .The set of bounded linear operators on Hilbert space # denoted
by L (H) . we equip £ with g.: L3> L(H) ,which is ascertained by o (e B,%) =
M (|oo—as|+B—as])? WheTre M (| _ )+ |3-as)p 1S the multiplication operator on H ascertained by M («
) = ¢ «, x€ H .Therefore , (£,L(H),¢,) is a complete C*-AV-S,MS with ¢ =22~ where
p=2>1.
DefinelI"' LX L XL > LbeasVr,s,t€c,e,xnx,BEL,
[(e,%8)=[ (S0ts)+Tt,s)([f(ts 26)+g(ts #(s)+b [t B(s)))ds
+k(t)
We have Qg‘(r({)l A, 3) ) F('B, A, 3)1 F(%, e, S)B)) = M(2|F(f,%,3)—l"(ae,03,23)|)p
Let us first evaluate the following expression:

2P|IT(¢,%,3) — T'(ee, 08,B)(t)|P =2P |f8 (S(r,t,s) +T(r,t,5s)) (f (t, s,#(s)) + g (t, s,%(s)) +
b (r, t,3(s))) — [ S t,$) +T(r6,9) ( (ts,2(6) + g (4s, els) +5 t,%(s)))dsrg
f (t, s,f(s)) —f (t, S, ae(s)) P
= 2P fg S, t,s) +T(r,t,s))| +g (t, s,%(s)) —g (t, S, oe(s)) ds
+b (1,£,3(s)) = b (1, t, B(s))
pos PI|£(s) —2(s)|P
< 2pr2p-1 <f£ (2 - )p |(S(r,t,s) + T (r,t,s)| ds) +] 2#(s) — oe(s)|P
| +13(s) —B(s)P
L PL2IECGs) — 2()lw)?

21-p
3

<2 supesec [ () 150 65) + Tt ) ds | |+2ll(s) — e(s)ller)?
\ +(2ll13(5) = B()lloo)?
[ @) — =) 1)
<3|+ Clx(s) — e(s)lle)?
[ +(2I13(5) — B(5)ller)?
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Therefore,

| 0c(T(£,5,3) , T(£,%,3), T (ze, ce, B))| =sup)pli=1{M 2|r(£.5)-T (e B))P b, P)
=sup)pl=1{2° M (1o ) -r (e 3) )P, D)

=supjgii=1 J, (2°|ICC6%,3) — Tz, e, B) ()| P()P () dt

< supjgi=1 J, 1@ dtg [2[1€(s) — & () leo)? + (2]13¢(s) — () le)? + (2113(s) —
B(s)leo)?P]

< 2{llog (e, £ )| + log (e, 2, )| + [lec .3 B)|]

<1 Mog (e b, )] + log0e 0 @) + [log .3 B[]
1
- 0
By setting a= (3) 1 [FV01 L3 , then a€ L(H) and ||a|| = \/—=%<1.

2
Hence, applying our Corollary 3.1.4, we get the desired result.

3.3. Application to Homotopy
We now offer research on the possibility of a singular homotopy theory solution.
Theorem 3.1.6: If (£, A, o.) is a complete C*-AV-5,MS, Suppose U and U are open and closed
subsets of L ,respectively , such that & € U .Let £,:U3 x [0,1] — £ be an homotopy operator
meeting the requirements listed below.
(1) & # Ly(ae,#,b,5) , ¥ # L,(,b,,5s)and B # 8, (b, &, x,s) for each @,x,b € 0U and s€e
[0,1] (here U is boundary of U in L)
(t,) there exist £, x,3, 2, e, B € U , s€ [0,1]and a€ A with ||a|| < 1 such that
05(25(£,2,3,5), 2 (£,,3,5), Ly (0,0, b, ) < a T ELLDRAD] ¢
(t2) 3 M, > 0,4 such that o.(8,(£,7,3,5),8,(£,%,3,5), Qb({’ 1,3, t)) < |[Mpl||s — t| for every
£,%,3€ Uands, te [0,1];

Then 8;(.,s) has a TFP for some s € [0,1] & £,(.,t) has a TFP point for some t € [0,1].

Proof: From (7,) it follows that £, is continuous in the second variable. From (t,) it follows that
£, is continuous in the first variable. Consequently, we observe that:

Qg(ﬁb($, X, b, S),ﬁb($, , b, S), Qb(ap,%p,bp, S)) < al:@c(a,&,&p )+QC(”?:H,HP )+QC(b,b ,bp) a* N Odq

as p— ©o
Wl?enever &, — @ and %, — x ,then Qc(ﬁb (e,x,b,5),8,(2,#,b,5), & (aep,}fp,bp,s)) — 04
as p— oo . Therefore, Qg(ﬁb (a,#,b,5),8, (2, 1,b,5), 8, (aep,%p,bp,s)) =0, .Now

Qg(ﬁb (%,#,3,5),8,(£,,3,5), 8, (2, 0,Db, t))
< 2 c0(8p(£,3,3,5), 8p(£,2,3,5), Lp(2, 08, b,5))+
co.(8p (e, e, b,t),8p(e, b, t), Ly(e, e b,s))
<2608, (4,7,3,5),8p(£,2,3,5), 8y (e, 8, b, 1)) + ¢lIMp||s — ¢
< a[gc({)'[’ae)wc(%;'m)wq(a'a'b )] a* + ¢lIMyllls —t| — 04 as (£,#,3,5) — (=, ,b,t).
Hence is a continuous on U3 x [0,1] . Also
0.(8,(£,7,3,5),8p(£,1,3,5), 8 (@, ce,b,5)) <

ift e, x+®,3+3B.

a[eg(l’ 2,2 )+oc(e 3,8 )+0c(3 3,0 )] a*
3
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Qc(ﬁb (4,%,3,5),8,(£,%,3,5), 8, (2, &,b,5)) o.(f,f,=)
+0.(8,06,3,4,5),2,(,3,£,5), 8, (e, b, ,5)) | < a| +o0r,x,c) |a*
+0.(L8,(3,4,7,5), 8,3, £, 1, 5), 8, (b, &, ce, 5)) 0.(3,3,b)

Now consider the set

{s €[0,1]: € =28,(£,%,3,5),x=2,037,5),3 = 2,3, s)}
B =

for some £,x €U

Suppose s is a limit point of B .Then there exists a {s, } in B such that s, — s .Then there exists
a sequence {£,},{x,},{3,} € L suchthat?, = ,(¢,,%p,3p,5p) ,
1y = 8 (%p,3p, €y, 5p) and 3, = L, (3p, €p, #p ,Sp) Now we show that {£,},{,} and {3,} are
o.-Cauchy sequences in (£, %, o.). Suppose that {£,}, {%p}, {3p} are not g.-Cauchy sequences
with respect 2 .So there exists € >0y and monotonically increasing of natural numbers {q,} and
{p;} such thatp, > q, .

Qc(ng'ng'fpz) 7€ Qc(”qz'”qz'”pz) 7€ Qc(3qz'3qz'3pz) 7€ (3.1,11)
and
0(€ap ey tr,_y) < € 1 0c(rqp a2, ) < € 634,30, 3p,) < € (3.1.12)
From (3.1,11) and (3.1.12), we have
€ QC(€QZ’€QZ’£P2)

< Zng(‘ng, {)QZ’ €QZ+1)+ kQC(£QZ+1’ £QZ+1’ gpz)'
Letting z— oo we have that

P SM 0 (Capir lasnrfp,) e (3.1.13)
Choose E:m>0 such that |s — s¢|<€ and £ € o ( {)O'm) ,LE L,

" € Qg(%orm) M F Hy,3E Qq(?)o,m) 3 # 30 then

0¢85 (£,,3,50), 8 (£,4,3,50), 8 (£, 0 , 30, S0)) < a2 200205080 )] e
Therefore,

”Qg(ﬁb(& #,3,50), 8 (£, 1,3, 50), 8 (£0, %0 , 30, 50)) ” ”Qq({) AL )”
+||Qc(53b (6,3, ,50), (6,3, £, 50), £, G0 , 30, Lo 50)) ” <||a]l? +||Qg(% M, K )”
+||Q(;(’8b(5' €,1,50), 8,3, €, %,50), £ (30, %0, Lo, So))” s +||Qg(3 »3,30 )”

2l
But
0.(8,(£,7,3,5), L, (£,7,3,5), 8, (L0, %0 , 30, S0))
<2 60 (L (£, 7,3,5), 8, (£,2,3,5), L, (£,7,3,50))+

ng(ﬁb (’£01 o530 SO)' ‘Q'b ({)0' 0,30/ SO)' Bb (‘E' "3 SO))
<2 ¢[IMpllls — sl + CQg(ﬁb({)o,%o 130,500, L5 (€0, %0 30, 0), L (£, 2,3, S0))
Therefore,

||Q§'(Bb (gl A, 31 S), Bb (‘Ei X, 3! S)) 8b ('BO) J{O ) 30’ SO)) ||

+||Qc(£b(%’ 3,4,5), 80,3, 4,5), (3 ’30:{)0:50))” <6|[s|l[[Mpllls — sol + %
+||Qg(‘8b(3: £,%,5),2,3,%,%,5), 2o, %0, 20, 50)) |

<6llclIMy lle+

<6l Myl ——— +

12|[Mplllisll 2
=6
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Hence
||Q§(£b (#, X, 3 S), Bb (‘& 3 S)r fO) ||

+lo (85023, 4,5), 2, (4,3, 4,5), 20|
+||oc (85 G4, 2,5), 2,3, 4,2, 5),30) |
”Qg(ﬁb(& #,3,5), 8 (4,%,3,5), L (€0, %o ’50’50))”
+||Q(;(£b(%r 3,4,5),2,0,3,4,5), 8, (0,30, £0,50)) || |< 8
+||Qg(53b(3» £,1,5),8,3,%,1,5), Qb(30»%0’{)0’50))”
Therefore, 2, (£,%,3,5) € Qc({)o, ———), 8,(%,3,£,5) € 0.(#,,

IA

and
6||c||||a||2 6|Ic|I|IaI|2)

) . Thus, for any s ,with |s — 5| < € and s€ [0,1] ,it follows that

L3, 2,2, 5) € 0¢(30, 6|I§||||a||2

5 5 . -
F:9€(30'W)3 — 0. ( O'W) defined by TI'(#,x,3) = 8,(¢,#,3,s) satisfies all the

hypothesis of the theorem(5.1.6) .Hence I' has a tripled fixed point i.e.T'(4,%,3) = £ for some
teo(t 0'6IIcIIIIaII2 6I|cI|I|aI|2) S UandT'G4,x) = 3 for

some 3 € o.( 50,6”C””a”2) C Utherefore, '(4,,3) = 8,(£,%,3,5) = 4,

['(3,3,¢) =8,0t,3,%,s)=xand '3, ¢, %) = £,(3,¢,%,5) = 3 hence s € B.Thus |s — sy| <€ =
s € B.But

lim 05(£q,€q, tp,)

=le_)1’2)( Q¢ (Q’b (£q2+1’ Hqz4130z41 7 SQz+1)’ Ly (£QZ+1’ Aaz41730z41 7 SQz+1)’ Ly ({JPZ’ Hp, 13ps 0 sz))

< a[QG(€q2+1 Aqz41 tpz )+Q§( *qz+1 0 az+1 0 Moz )+Q§(3QZ+1 Baz+1 3pz ) *
<

3 Ja

———) € U,T(x%,3,¢) = »forsomex € g ( x,,

Ay 2 + , ,
It follows that lim (1 — [lal )(”Qg( devsPacnr o ¥ (o e %”2)”> <0
+||Q§(an+1 ’ an+1 ’ 5192 )”

Thus limo¢(€q,,, + €ayey fpz ) = 0u limo¢(#q,,,  #q,4, » #p,) =O0x  and

Z—00 Z—00

llm Qg(ng+1 ' 3q,41 1 30, ) = Oy . Hence from (5.1.13), we have € < 04 which is a contradiction.

Hence {£p},{#,} and {3,} are a C*-AV-S,CS in C*-AV-S,MS (L, A, g.) and by the completeness
of (£, A, Qc) there exist 2, ;e € U with
lim ¢, , lim », = ceand lim3,=b.

p—oo " pow p—oo

Suppose s, > s .then (t’p,%p ,5p,sp) —-( e, b,s) .Since &, is continuous so that
2y ({’p,%p ,3,,,5,,) - 2y(e,0b,5), 8, (%p ,3p,{’p,sp) - 2,( e, b,2,5) and &, (3p,€p,;{p,sp) -
25( b, e,s) .But Qb(fp,%p ,3p,sp) = {’p - x , Eb(%p ,3p,€p,sp) =n, > @ and
ﬁb(f,p,fp,%p,sp):ap — b .Therefore ,we have £,(e,ce,b,s)= @& , £,(0eb,,5)= e and
2,( b,2,0e,5)=b.Hence B is closed .

Now we show that B is open. Let B be s, . Then ¢, 3, , 3pexists in U such that ¢, =
2, (o, #0,30,50) » #o = Lp( #0,30, 20 So)and 30 = 8,( 30,20, #0,So) - Because U is open, § > 0
must exist for o.(¢,¢, £5) < 8, 0.0, , #5) < & and 0.(3,3, 30) < & implies that £,,3 € U .

8 . . . . :
Choose € such that 0< € < PPN ,then s, is an interior point of B .Hence B is open.
b

Consequently B is both closed and open. Therefore, either B=0 or B = [0,1] .Now Suppose
2y(.;s) has a tripled fixed point for some se€ [0,1] ,then®B # @ sothatB =
[0,1]. Therefore £;,(.;t) has a tripled fixed point for some s € [0,1].
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3.4. CONCLUSION
In this study, we derive applications to homotopy theory and nonlinear integral equations by
employing tripled fixed-point theorems for a pair of mappings satisfying certain rational
contractive type within the frame work of complete C*-AV-S, MS .
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