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Abstract

Stability analysis and optimum control make up the SEIR (Susceptible, Exposed, Infected, and
Recovered) epidemic model that we provide in this article. Both of these factors are critical for
comprehending the pandemic. The data for the reproduction number Ro is complete. By
analysing the asymptotical stability, we may locate the disease-free and endemic equilibrium
points. It has been shown that a limited framework does in fact exist, and that the answers are
not negative. Within the context of the control issue, two primary control strategies are
considered. The immunisation and treatment plans are as follows. We outline the essential
requirements for the initial order so that you may have the maximum degree of control that is
practically possible. Numerical simulations use the Runge-Kutta fourth order approach to
ascertain a solution to the derived optimality issue.

KEYWORDS: SEIR epidemic model, Reproduction number, Vaccination, Optimal control,
Treatment, Stability.
INTRODUCTION:

Epidemiological models are regularly used to explain the dynamics of contagion diseases in
populations. Mathematical modeling has turned out to be a significant tool in analyzing the
control and spread of infectious diseases. Daniel Bernoulli initiated formation of mathematical
model in the area of epidemic. The main reason for formulating a epidemic disease model is to
analyse the containing behavior of the endemic and to find out the feasible strategies to control
it. The criteria in such epidemiological models are on the incidence rate at which people shift
from the group of susceptible to the group of infectives. In many epidemic models, the bilinear

. . SI
incidence rate fSI and the general incidence rate BT are commonly used. The latter one seems

more practical then the bilinear incidence rate, as it includes the change in behavior and
crowding effect of the infective individuals and check the unboundedness of the contact rate
by opting appropriate parameters.
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This study intends at presenting an ideal control problem to the SEIR model rather than just
restricting oneself to a specific model. To achieve this, a part of the total susceptible population
is pressed into service as a control in our model, with percentage being a time dependent
function. The stated aim is to diminish the rate of infection in those individuals who have been
affected and those vulnerable to infection. It also aims to ensure recovery to the maximum
populace affected by diseases.

The remaining part of this paper follows the structure given below.

The mathematical model is given in section 2. In section 3 is equilibrium points and stability,
Boundedness in section 4, The Optimal Vaccination is section 5, in section 6 is Numerical
Simulation, Conclusion is section 7, References is section 8.

2. Mathematical Model

The model can be represented by the following system of differential equations.

S =A- BSE— p,SI—dS

= BSE+ B SI—0E— (i +d)E @.1)

dl dR
== 0E—vy I = (u+d)1 pri
y1E + v, — dR

With initial conditions S (0) = 0, E (0) = 0,1(0) = 0,R> 0
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where t is the time of process; S (t), E (t), and I (t) are respectively, the susceptible, exposed,
infected populations. A is the recruitment tare of the population, d is the natural death rate,
B1, B, are transmission rates for E and I, o is the progression rate from E and I, y4,y, are
recovery rates for E and I, p is the disease- induced mortality rate.

3.EQUILIBRIUM POINTS AND STABILITY
In this section, we will analyze the local stability of system (2.1) at the equilibrium points

For system (2.1), the disease — free and the endemic equilibrium points are defined as
Eo=(5,0,0)and £y = (57,1 G.1)

where

S* = [o(yz+ ptd)+ (y1+d) (2 +u+d)]
[B1(y2+ u+d)+ B2 o]

E* = M]* (3.2)
I* _ (RO_l)
— B1 (2t #+d)+ﬁ
do d

Now, we consider the basic reproduction number R, which can be used to determine whether
a disease is an endemic. To begin with, we rewrite system (2.1) as

F=[BSE+ B,SI100] andV=WE+ (y1+d) —0dE+ (1 +u+d)I)

we, obtain the following Jacobian matrices F and V at the disease — free equilibrium point E,
F=[81S0B,5,00]and V=[c+ y;,+d0 — oy, + u+d]

Thus, R, can be defined as

_ 1 B1A fAc
Ro=FV d (o+ y,+d) + d ((o+ y1+d) (u+ y2+d)) 3-3)

Theorem1: The system (2.1) has

D Disease — free equilibrium, if Ry < 1 and

(I)  If Ry > 1, then there is a unique positive equilibrium called the endemic equilibrium.
New we shall study the local stability of each equilibrium.

The Jacobian matrix of (1) at Ej 1s

A A A A
Jey=|—d =B 5 —B5 0B 5= 0+ i+ d) 500 —(u+ v, +d) |
The characteristic equation of above matrix is

The roots are 1, = —d,

Rt [-pi+oty+td+y, +u+dd+ itd+ o)+ p+d)— B 5 G+
ptd) - oy 5 =0
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A

ri+td+ o)+ utd > Blg 2+ p+d) + 0B, -

ﬁl A g BZ A 1
d (y1+ o+d) d (y1+ o+d)(yo+ u+d)

therefore Ry, <1
clearly, if Ry < 1 then the disease — free equilibrium is a locally asymptotically stable.

The Jacobian matrix of (2.1) at E; = (S, E*, I*) is given by

Je, = [BiE+ Bl +d) — B1S — BoS(B1E+ BD) 1S —(0+ y1+d) oS00 —
z+tu+dl (3.4

The eigenvalues determined by the following characteristic equation:

AB+A 2 +A,1+4;=0 (3.5)

A =PE+ Pl +3d+pS+o+u+y,+v, A, =

PrEo + Brlo — B1E(y, +u+d) —Bol(y, +u+d) =Sy +pu+d) + (1 +o+
)y, +u+d)

Ay = (BE+ Bl +D[(r1+o+d)y+u+d)— 1Sy +u+d) — Sl + B1S(y, +
pu+d) (BLE + BoD)+ BS(BLE + BoI)

Recall that the positive endemic equilibrium point E;exists if and only if Ry > 1. Thus, by the
Routh- Hurwitz theorem (3.5). Hence the endemic equilibrium point E; is a locally
asymptotically stable.

4. Boundedness

Theorem 1: The solutions of the system (2.1) are bounded in @ € R3.

Proof: To prove this result. Let Z=S+E+1+R

+ —+—= (4.1)

Z=A-dZ- pl<A-dZ

YL dz<A 4.2)
dt
By theory of differential inequalities, we obtain

Z=24Ce (4.3)

ift = oo, we have sup sup Z < g . Hence all solutions of the system are bounded in the region.

0={(S.E.LR)ER} S(0)20,E(0)20,1(0)20,R>0,5+E + 1 +R <2} 44

5.The Optimal Vaccination

An ideal control problem is designed to minimize the objective functional
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T C C
T =f; |10+ 24 + Zufa (5.1)
Subject to
das
EZA_ ﬁlSE— ﬁZSI_dS'uls
= BSE+ B, SI—0E— (1 +d)E (5.2)
dl dR
- = 0E—v.l - (p+d)I-uyl o=

ylE + ]/21 - dR + u15 + uZI

where

° u,4(t) represents preventive measures (e.g. Vaccination, isolation)

° u,(t) represents treatment strategies (e.g. medication, hospitalization)
° I(t) represents the number of infections.

° C;, C, are cost weights for controls u,, u,.

For its presence, a control system (5.2) with initial conditions is factored in. It is then presented

as:
P,=MP +N (P) (5.3)
Where
P = [SEIR] , M = [-(d+u)00 00 —(o+y, +
d)0 00uy oy, — (V2 +pu+d+uy)0 y,+u, —-d ]

Equation (5.3) is surely a system with non-Linear bounded coefficient.

We set
QP)=MP+N (P) 5.4)
Now,
N(Py) - N(Py) = [A — (B151E1 + B2S111) B1S1E1 + B25114 0 0] " - [A -

(B1S2E2 + B2S21>2) B1S2E2 + B2S21; 0 0]"

IN(Py) — N(P)| =< 2B,|(S1E1 — S2E2) + (S11y — S215))|
<n(IS1E1 — S2Ez| + [S11y — Sa15])

Where n=max (2;; 23,)

Also, we obtain from attempting a solution the following equation:
|Q(P1) — Q(P2)| = V|Py — P,| Where V =max (n. ||[M]]) < co.

Predictably, function Q is made Lipschitz continuous on a uniform scale. Based on the
definition we started out with reference to control u, u, and the restriction on S, E, I, R= 0, it
becomes easy to fix a solution to the model (5.3). Going back to optimal control problem (5.1)
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and (5.3), to identify an ideal solution, the following Lagrangian of the problem serves the
model well:

C2

L (S, E Tug,up) =1+ 2 uf + 2 u

So as to analyze the minimum cost of the Lagrangian, we outline Hamiltonian

H(SELR U, Uy Ay, Az, A, 1) = LS.EL upup) + 14(0) % + A2(0) T +2: (05 +2,(0) 5
(5.5)

where 14, 1,, A3, A are adjoint (costate) variables.

THEOREM (1)

There occurs an optimal control u* with J(u*) = J(u*) subject to the initial conditions of
the control system (5.3).

Proof: To prove the existence of an optimal control, the result in (Lukes 1982, birkhoff and
Rota, 1989) is called in to service. It may be observed that the control and the state variables
are nonnegative values. In order that the values arrived at in the problem are made minimum,
one needs to satisfy the convexity of the objective function u.

The control space is defined as
Ugg = {g is measerble,0 < U < Uy < 0, t €O, T]}

The system which is optimal is bounded from establishing the compactness requisite for
ensuring the existence of optimal control. Besides, the integrand in (5.1).
1(t) + %u% + %u% is convex on the control u. Also, we are able to without difficulty see

that, there exist a constant p > 1, w;and w, are positive numbers where J(u). We conclude
that an optimal control exists.

When arriving at the optimal solution, portraying’s maximum principle comes to our rescue
(Lenhartand Workman; Morton and Nancy, (Lukes, 1982 and Wang, 2006)).

so that the Hamiltonian
H(t, x,u, ) =f(t,x,u) + Ag (t, X, u) (5.6)

If (x*,u") is an optimal solution of an ideal control problem, then there exists a non- trivial
vector function A(t) = A, (t) A1,(t), A5(t), ..., A, (t) satisfying the following inequalities:

dx _ O0H(t, x*, u*, 1) _ OH(t, x*, u*, 1) dA _ OH(t, x*, u*, 1)
dat aa , 0 ou >dt dx (5.7)
It follows from the derivation above
* . O0H * .. OH
= — < < — =
fur =0, if PR 00<u" <uUpqg, If "

0U" = Upax, if 22 >0 (5.8)
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What remains is applying the necessary conditions to the Hamiltonian H (5.6).

THEOREM (2)

The control variable u*, associated optimal state solutions S*, E*, ["and R* of the (5.1)
and (5.2). Then, there exist adjoint variables 44, 4,, 15 that satisfy

da dH

—= = o= M(BE + Bl +d +uy) - E — A3f,1

da 9H

L U MBS -(BS— o~y —d) + 30 (5.9)
%:—Z_I;:1+11525_12B25+A3(y2+u+d+ uz)

with boundary conditions
A(T) =0, i=1,2,3. (5.10)
In addition to this, the ideal control u* is given by

> Umax ),0) (5.11)

Proof: The Hamiltonian (5.5) is employed so as to determine the boundary conditions for the

. A1—23)S*
u* = max (min (%

adjoint equations. By setting S=S*, E=E*,=I", R =R", and differentiating the Hamiltonian
w.r.t S, E, I, and R, respectively, equation (5.5) is obtained:

seeking recourse to optimality conditions, the following equations are achieved

0H

aru* -MST+ A8 =0,atu=u"
which leads to u* = @
u = {0, if ST 00w Sy, if 0<BE <
(A1—13)S*
Umax Umax, f % = Umax
Hence the optimal control is characterized like
u* = max (min (M, Umazx ), 0)
So, the optimality system is given by
L —A— BSE— B, ST—dS-max (min (P25 y,0),0) 8
= BSE+ B SI—0E— (i +d)E
% =0E -y, — (p+ad)I - max (min ((/11%3)5*, Umax ), 0)1
Z—I; = v1E + y,I — dR + max (min (@, Umax ), 0)S + max (min ((/’11——1/_13)5*'
umax )’ O )I
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= = Bm L (BE + Byl +d + max (min (225 10,),0)) A,B0E — Aaf,]
da OH
d_tz: — 5= MBS - (BS—a—y1—d) + A0
Yo = = U= 1+ MBS — LaoS + As(ya + i+ d + max (min (225 4y,0),0)
(5.12)

6. Numerical Simulation
To demonstrate the theoretical result obtained in this paper,

we will give some numerical simulations. we consider the hypothetical set of parameter values
as the following.

Examplel: Consider the following set of parameter values
A=5;6,=0.1; B, =0.09 y;, =0.9;y,=0.5;d=0.9; ¢ =0.7
u = 0.8; then the system (2.1) has an infection — free equilibrium Eywith Ry = 0.4494 < 1,

which is locally asymptotically stable. (Fig 1)

SEl Model Trajectories

30

T T
Susceptible (S)
m—— Exposed (E)
Infected (1}

[
o

]
=1

Population
= o

Time
Fig 1 Trajectories of system (2.1) at infection — free equilibrium E|,
Example2: For the following set of parameter values
A=5;6,=0.05 B, =0.09 y; =0.9;y, =0.15;d=0.002; o =0.01;

p = 0.8; then the system (2.1) has an endemic equilibrium E;with Ry = 373.4059 > 1,
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which is asymptotically stable. (Fig 2,3)

SEI Model Trajectories
30 T T T T T

Susceptible (S)
Exposed (E)
- Infected (1)

N
o

5

n
=]
a

Population
o
Infected (1)

w

[N}

o
¥

[N}
=]

o N 10 20
0 5 10 15 20 25 30 35 40 45 50 5 15

Time Exposed (E) 0 s Susceptible (S)

Fig2 Fig3
Fig (2,3). Trajectories of system (2.1) at endemic equilibrium E;

Example3. A plot of Susceptible, Exposed, Infected and Recovered individuals with control is
made by considering the following set of parameters as

A=5; p; =0.05; 5, =0.09; y; =0.9; y, = 0.15; d=0.002; o = 0.01;
u=038;¢c, =0.01;¢c, =0.2;

To find a solution to optimality system (5.12), Runge-Kutta fourth order procedure is very
helpful alongside forward backward method. Six ordinary differential equations based on the
state and adjoint equations, together with the two controls, come in handy when solving the
equation. The process commences with an educated guess for the adjoint variables and
following that. Runge- Kutta fourth order procedure in time is called into play. The
transversally conditions compel solving the adjoint equations through backward Range- Kutta

fourth order procedure. Figures (4,5) illustrate this clearly.

N Optimal Control Functions
- P Dyr 1
24 [——Susceptbie] | Controlu1
s 0.9 Control u2| 7
310
& . ) ) 0.8 1
0 5 10 15 20 25 30 35 40 45 50
Time 0.7
E d ? 1ati D 3
20 T T — T T : @ o6t
§ 8
T =
210t =05
a o
o =
a
° . 504f
0 5 10 15 20 25 30 35 40 45 50 o
Time 03}
Z Infected Population Dynamics
5| i
=
\ 0.1
g |\
a N\
° - " . " " . ) . " 0 " " " " " " "
g 5 10 v 2 & oM 33 W B W 0 5 10 15 20 25 30 35 40 45 50
Time Time
Fig4 Fig5
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Fig 4 & Fig5 represent the optimal control

7. Conclusion

In this article, we analysed the dynamics of the SEIR epidemic model and effective strategies
for management. In our study, we identified disease-free and endemic equilibrium points by
looking at the basic reproduction number, which is r0. The treatment group and the vaccine
group each have their own control. Moreover, two controls are already in place. To find out
which control problem worked best, the research model was used. The number of susceptible
and diseased people could go down and the number of people who get well might go up if the
vaccine campaign is done well.
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