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Abstract: 

Railway infrastructure is highly susceptible to fatigue-induced cracks, which, if undetected, 

may lead to catastrophic derailments and significant economic losses. Conventional non-

destructive testing (NDT) methods effectively identify surface-level damage but often fail to 

detect internal or small-scale cracks. Ultrasonic Guided Waves (UGWs) offer deeper 

penetration and long-range detection but face challenges in mode selection, noise interference, 

and uncertainty quantification. To address these issues, this study proposes a two-stage 

Bayesian inference framework that integrates UGW measurements with deep learning–based 

segmentation. In the first stage, Bayesian model updating using Markov Chain Monte Carlo 

(MCMC) refines rail material parameters, incorporating prior knowledge and UGW data for 

accurate wave propagation modeling. In the second stage, a Bayesian U-Net with Monte Carlo 

Dropout is employed to achieve pixel-level crack segmentation while providing uncertainty-

aware predictions. Experimental evaluations demonstrate that the proposed Bayesian U-Net 

achieves superior performance (IoU = 0.82, Dice Score = 0.88, Pixel Accuracy = 95.2%) 

compared to traditional U-Net and Mask R-CNN, while maintaining robustness under noisy 

conditions with only a 7.3% performance drop. Furthermore, the integration of segmentation 

into Bayesian updating reduces mean squared error from 0.042 to 0.018, highlighting the 

framework’s accuracy and reliability. The results confirm that combining Bayesian inference 

with deep learning significantly improves crack localization, uncertainty quantification, and 

computational efficiency, providing a practical solution for real-world rail structural health 

monitoring. 

Keywords: Local ractional Poisson equation; local fractional variational iteration method; 

local fractional homotopy perturbation method. 

1. Introduction 

Railways, considered vital infrastructure, are crucial for advancing sustainable social 

development and enabling everyday mobility. During standard operations, rail structures 

experience intricate and varied coupled loads, including rolling contact pressure, shear and 
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bending pressures, thermal and residual stresses, as well as environmental stress, which 

eventually result in material deterioration and crack initiation [1]. Inadequate detection of these 

cracks might result in catastrophic incidents, such rail cracks or derailments [2].  

Consequently, there is an urgent need for quick, high-precision, and resilient non-destructive 

testing technology to identify these fractures, thereby reducing the danger of significant deaths 

and significant financial losses in rail operations [3]. 

Even a minor rail track deficiency might result in more serious issues like damaged rails, which 

could lower the system's availability and dependability and incur significant maintenance 

expenses [4]. More significantly, however, damaged rail tracks may result in train derailments, 

which put the safety of both passengers and train operators at risk [5]. For instance, track- 

related faults have been responsible for almost one-third of all railroad accidents in the United 

States over the last ten years [6]. Rail lines must thus be periodically inspected and maintained 

in order to prevent hazards and system interruptions [7], [8]. Nonetheless, one of the priciest 

maintenance tasks in railway engineering is track maintenance. According to estimates, for 

example, railway track repair operations alone account for around half of the Netherlands' 

annual maintenance expenditure. Thus, innovative methods and strategies should be created 

and implemented in order to lower the expenses and risk related to rail track failures as well 

as to enhance safety and maintenance operations [9]. 

In recent decades, several non-destructive testing methods have been thoroughly examined for 

assessing damage in rail infrastructure. The Magnetic Flux Leakage (MFL) technique 

effectively identifies surface and near-surface fractures by evaluating changes in rail 

permeability during magnetization; however, it is inadequate for identifying longitudinal 

cracks or deeper interior flaws [4]. Eddy Current Testing (ECT) technology enables a very 

sensitive quantitative evaluation of minor surface and near-surface fissures by detecting 

changes in coil impedance; nevertheless, it is susceptible to variations in lift-off. The 

Alternating Current Field Measurement (ACFM) technique offers excellent detection accuracy 

and little susceptibility to lift-off and velocity effects by assessing variations in the surface 

current of the rail; nonetheless, it remains confined to near-surface crack detection [7]. The 

automated visual crack detection technique, using high-speed cameras or optical sensors, 

mainly focuses on visible fractures in rails with exceptional detection effectiveness; however, 

it cannot detect invisible cracks and is influenced by lighting conditions [8]. 

Although the aforementioned procedures have proven efficient in identifying surface or near- 

surface damage in the rail head, there are few reports on their capacity to detect internal and 

minor fractures, particularly those located in the rail foot. Currently, UGW has many benefits, 

such as extensive transmission range, broad coverage, robust penetration, accurate 

directionality, and heightened sensitivity to fluctuations in structural material qualities and 

minor fissures, garnering significant interest [10]. Unfortunately, the application of UGW to 

rail crack detection encounters several problems, such as the excitation of the right mode, 

precise signal extraction, and the identification of sensitive features for fractures. Certain 
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researchers have concentrated on examining the dispersion properties of ultrasonic guided 

wave (UGW) propagation in rail using the Semi-Analytical Finite Element (SAFE) approach 

[11], therefore informing the selection and excitation of UGW modes. 

Some recent sophisticated UGW excitation methodologies, including ultrasonic phased array 

technology [12] and multivariate coded excitation [13], have been established, significantly 

enhancing the excitation energy of the detecting system. Similar to this, a number of 

optimization techniques for sensor architecture and design have been studied [14]–[16], 

greatly improving the accuracy of UGW measurement signal extraction. To further increase 

the functionality of UGWs for rail crack detection, a variety of sophisticated non-contact 

transducers have also been used, such as air-coupled ultrasonic transducers [17], the laser 

ultrasonic transducers [18], as well as electromagnetic ultrasonic transducers [19]. Other 

detection techniques that give different viewpoints for crack identification techniques have 

also been developed based on diffuse ultrasonic waves [20], ultrasonic imaging [21], and 

ultrasonic nonlinearity [22]. 

In addition, recent advancements in methodologies have led to significant achievements of 

deep learning methods across numerous applications. Deep learning uses neural networks as 

its fundamental unit to replicate the human brain's approach to resolving intricate issues using 

data. The primary challenges that humans seek to address using computer vision are picture 

categorization, object recognition, and segmentation, arranged in ascending order of 

complexity. Rail track abnormalities may need categorization to facilitate proper responses, 

rendering it an image classification problem. Locating a foreign item in a photograph of a rail 

track constitutes an object detection challenge [23]. It is sometimes necessary to identify both 

the kinds and locations of abnormalities. This indicates that classification and localization 

tasks must be executed simultaneously, constituting semantic segmentation. Many 

segmentation algorithms prioritize localization, thereby neglecting the broader environment. 

Diverse forms of input data (images, audio, vibrations, etc.) may be used for deep learning 

tasks. Various formats and dimensions may be used for picture data. Original greyscale 

pictures are extracted from rail track films and used without segmenting the tracks from the 

ballast, sleepers, or surrounding backdrop textures to save image pre-processing efforts and 

enhance the efficacy of deep learning models. 

Recent advances in deep learning have showed promise in automating this procedure. In [24] 

Gokulakrishanan et al., uses CNNs to identify railway cracks. The methodology comprises 

gathering a large dataset of pictures, pre-processing it, partitioning it into training, validation, 

and test sets, developing and training a CNN model, adjusting hyper parameters, assessing its 

performance, and deploying it for real-time crack detection. Experiments and assessments 

prove the approach's efficacy, enabling safer and more efficient railway maintenance. Thendral 

and Ranjeeth [25] presented a computer vision-based approach for automatic railway track 

fracture detection from images taken by a rolling camera placed below an autonomous railway 

vehicle. Fractured and crack-free track images were pre-processed and converted using the 

Gabor method, which yields first-order statistical features, and these were supplied to a deep 
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learning neural network classifier and resulted in 94.9% accuracy with a 1.5% error rate. Along 

the same lines, Rajagopal et al. [26] also suggested an adaptive histogram equalization 

approach that derives features like the Grey Level Co-occurrence Matrix and Local Binary 

Pattern, which are used to classify through a neural network, with an accuracy of 94.9%. 

Rakshit et al. [27] came up with a deep learning-based defect detection of railway tracks 

system designed to minimize accidents by constant monitoring, successfully overcoming the 

shortcomings of previous inspection methods. 

Kumar & Visalakshi [28], a deep learning and CNN-based railway crack identification system 

is proposed to categorize unexplained railway track cracks. Accidents from unidentified 

fissures cost lives and money. The system employs image processing technology to detect and 

categorize fractures, using convolutional neural networks to analyze the colours and textures 

of lesions associated with railway track cracks, similarly to human cognitive processes. This 

initiative monitors track health and prevents train derailment. Nikhitha et al. [29] proposed a 

Resilient Railway Crack Detection Scheme (RRCDS) involving an IR sensor assembly and a 

robot model having a camera to live-stream videos and images, GPS location monitoring, and 

sending SMS alerts to authorities in their other study. A deep learning algorithm constantly 

detects cracks in images, offering a two-step authentication system that avoids track 

discontinuity and increases the safety of the railway. 

Although techniques such as Magnetic Flux Leakage, Eddy Current Testing, and Alternating 

Current Field Measurement have been developed, they primarily identify surface and near- 

surface cracks with internal deep cracks going unnoticed. Ultrasonic Guided Waves (UGWs) 

are a promising candidate since they have long-range propagation, large penetration depth, and 

sensitivity to material defects. However, there are challenges in mode choice, signal 

processing, and accurate crack localization for practical use. There has been research into deep 

learning-based crack detection for railways, but such approaches are mainly applied to surface 

cracks and don't consider uncertainty quantification, which constrains reliability for actual rail 

infrastructure monitoring. 

To overcome these challenges, this research suggests a hybrid method integrating Bayesian 

inference with deep learning-based segmentation approach for two stage rail model updating 

and crack detection via ultrasonic guided waves. In contrast to conventional Bayesian 

inference techniques involving manual feature extraction, we utilize U-Net-based deep 

learning segmentation to learn automatically crack patterns from ultrasonic spectrograms. 

Additionally, Bayesian deep learning uses Monte Carlo Dropout (MC Dropout) to ensure 

uncertainty quantification, such that there is a probabilistic assessment of crack existence 

instead of a binary classification. This integration ensures more accurate, solid, and 

interpretable crack detection, bypassing the weakness of purely image-based solutions while 

promoting computational efficiency in Bayesian model updating. Through a combination of 

deep learning segmentation and Bayesian inference for decision-making with awareness of 

uncertainty, this work provides a new framework that considerably enhances the accuracy and 

reliability of rail crack detection through ultrasonic measurement, offering an effective 
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solution to real-world rail infrastructure monitoring. 

2. Background 

2.1 U-Net Model 

U-Net is a highly favored architecture for fracture segmentation activities within the domain 

of structural health monitoring [30], [31]. The primary benefits are its capacity to catch 

intricate features, accommodate diverse input sizes, and achieve high accuracy with minimum 

training data. The network architecture is shown in Figure 1. It comprises a contraction route 

(left) and an expansion path (right) [32]. The contraction pathway adheres to the conventional 

structure of a convolutional network. It involves the reutilization of two 3 × 3 convolutional 

layers. Every convolutional layer is succeeded by a ReLU activation function layer and a max 

pooling layer, with a stride of 2 and a 2×2 pooling kernel for down sampling. In each down 

sampling stage, the quantity of feature channels is increased. Every stage in the expanding 

route involves up-sampling the feature map, followed by a 2×2 convolution to reduce the 

number of feature channels by half, and then cascading the feature maps that have been 

appropriately cropped from the contracting path. There are two more 3 × 3 convolutional 

layers, with each convolutional unit succeeded by a ReLU activation function layer. Each 

convolution unit must be truncated because to the loss of border pixels. The last layer employs 

a 1 × 1 convolution to transform the feature vectors from each of the 64 channels into the 

designated classes. The network has 23 convolutional layers in total. To effectively integrate 

the output segmentation map, selecting the appropriate input tile size is essential. To 

implement all 2×2 maximum pooling procedures on layers of identical x and y dimensions 

[33]. 

 

Figure 1 U-Net Network Architecture 

2.2 Bayesian Deep Learning 

Bayesian Deep Learning has been suggested for semantic segmentation to account for 
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prediction uncertainty. It may be thought of as a forest of deep neural networks, each of which 

makes a single prediction. It has been shown [34] that dropout, which was originally meant to 

prevent overfitting [35] [36], may be utilized as a Bayesian approximation. This approach, 

known as Monte Carlo (MC) Dropout, was used for semantic segmentation [37] of the 

Cityscape dataset. They created a DeepLab model [38] with MC Dropout and had excellent 

results, with an overall accuracy of 95.3% and an Intersection over Union (IoU) of 78%. They 

also provide multiple uncertainty maps (predictive entropy and mutual information) with the 

semantic segmentation output, indicating that the model is uncertainty of its estimation for 

pixels where the prediction is erroneous. 

Bayesian learning for CNN was recently suggested [21], and it is based on Bayes via Backprop 

[19,20]. It achieves comparable results to classic deep learning algorithms. The network's 

weights, on the other hand, are no longer simply points, but are sampled from a distribution 

whose parameters are learned. 

2.2.1 Bayesian Learning 

Let’s define the function f as 𝑦 = 𝑓(𝑥), which, given inputs 𝑋 = {𝑥1, ⋯ , 𝑥𝑛} and their associated 

outputs 𝑌 = {𝑦1, ⋯ , 𝑦𝑛}, may provide predicted outputs. A prior distribution may be applied 

to 

the function space 𝑝(𝑓) by Bayesian inference. This distribution signifies the previous 

assumption of which functions are probable to have produced the data. 

The probability, denoted as 𝑝(𝑌|𝑓, 𝑋), characterizes the mechanism via which an observation 

is produced given a function. The posterior distribution conditioned on the dataset, 𝑝(𝑓|𝑋, 𝑌), 

may be derived using Bayes' theorem: 

A new output may be anticipated for a novel input data 𝑥∗ by integrating over all conceivable 

functions 𝑓: 

 

This equation is intractable because of the integration procedure. This may estimate it by using 

a finite collection of random variables 𝑤 (the layer weights) and conditioning the model upon 

them. 

A thorough Bayesian inference (estimating the whole posterior distribution) would enable us 

to estimate the distribution of f. Bayesian inference is the process of adjusting beliefs about a 

distribution in response to facts or evidence. The answer to Bayesian inference is to update the 

model via a technique known as variational inference. The variational inference assumes that 

the function f has a limited number of parameters. In deep learning, these parameters represent 

the model's weights (𝑤). The model that evaluates the 



International Journal of Applied Mathematics 

Volume 38 No. 3s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

 

392 
Received: July 28, 2025 

function f is regulated by a limited set of parameters (𝑤). Using variational inference, we may 

assess the distribution 𝑞(𝑤) of each parameter 𝑤. 

To approximate the genuine posterior 𝑞(𝑤) of 𝑤, a variational distribution 𝑞(𝑤|𝜃) with known 

functional form is utilized. In other words, the actual posterior of 𝐰 is approximated by a more 

basic distribution with parameters 𝜃 (e.g., a normal distribution 𝑞(𝑤) ∼ 𝑞(𝑤|𝜃) = 𝒩(𝜃), with 

𝜃 = (𝜇, 𝜎)). To estimate the parameters 𝜃, minimize the Kullback-Leibler divergence between 

𝑞(𝑤|𝜃) and the genuine posterior 𝑝(𝑤|{𝑋, 𝑌}) in relation to 𝜃. As demonstrated in [21], the 

equivalent optimization goal or cost function may be stated as: 

 

This is known as variational free energy. The first term is the complexity cost, which is the 

Kullback-Leibler divergence between the variational distribution 𝑞(𝐰|𝜃) and the prior 𝑝(𝐰). 

The likelihood cost is the second term, which represents the anticipated value of the likelihood 

with regard to the variational distribution. More information on Bayesian deep learning and 

variational inference may be found in [39], [40]. 

2.2.2 Monte Carlo Dropout 

A simple method for executing Bayesian Deep Learning is based on Monte Carlo Dropout. 

Gal et al., [34] has showed that Monte Carlo Dropout may be seen as a kind of variational 

inference, with a variational posterior distribution established for each weight matrix as 

follows: 

 

where 𝑧𝑖 represents the random activation or inactivation coefficients, and 𝑀𝑖 is the weight 

matrix prior to the application of dropout. 𝑝𝑖 is the activation probability for layer 𝑖 and may 

be either learnt or manually configured. The proposal is to include dropout layers into the 

network and maintain their activation throughout both training and inference. 

 

3. Methodology 

This study presents an advanced two-stage Bayesian inference framework for rail model 

updating and crack detection using ultrasonic guided waves (UGWs) and deep learning-based 

segmentation. The methodology integrates Bayesian inference with U-Net-based 

segmentation enhanced by Bayesian deep learning (MC Dropout) to improve crack 

localization, damage quantification, and uncertainty estimation. 

3.1 Two-Stage Bayesian Inference for Rail Model Updating 
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The Bayesian inference framework is used in two stages to update rail model parameters and 

incorporate deep learning-based crack segmentation for enhanced decision-making. 

3.1.1 Stage 1: Bayesian Model Updating Using Ultrasonic Guided Waves 

Bayesian inference provides a systematic approach for updating rail model parameters based 

on ultrasonic guided wave (UGW) measurements. This stage involves defining prior 

distributions, computing likelihood functions, and estimating posterior distributions using 

Markov Chain Monte Carlo (MCMC). The objective is to refine the rail model by 

incorporating real-world ultrasonic wave data, ensuring improved accuracy in crack detection 

and structural health monitoring. 

3.1.1.1 Prior Definition 

In Bayesian inference, prior distributions represent the initial belief about the rail material 

properties before incorporating experimental data. The model parameters—elastic modulus 

(E), density (ρ), and wave velocity (v)—are assigned probabilistic distributions derived from 

historical rail data, experimental studies, and engineering standards. 

A Gaussian prior distribution is commonly used for material properties due to its ability to 

capture natural variations and measurement uncertainties. The prior is defined as: 

𝑃(𝜃) = 𝒩(𝜇, 𝜎2) 

where θ represents the model parameters (E, ρ, v), μ is the mean value obtained from past data, 

and σ² is the variance representing uncertainty. 

This prior definition ensures that the Bayesian updating process starts with reasonable 

assumptions about the material properties while allowing flexibility for updates based on 

observed ultrasonic wave signals. 

3.1.1.2 Likelihood Function Estimation 

The likelihood function quantifies the probability of observing the measured ultrasonic wave 

data given a set of model parameters. To estimate the likelihood: 

3.1.1.2.1 Feature Extraction from Ultrasonic Guided Waves: 

3.1.1.2.1.1 Ultrasonic wave signals are recorded using piezoelectric transducers 

positioned along the rail. 

3.1.1.2.1.2 Key wave features such as wave dispersion, energy attenuation, and phase 

velocity are extracted. These features are critical as they are influenced by material properties 

and damage presence. 

3.1.1.2.2 Wave Propagation Simulation: 

3.1.1.2.2.1 A finite element wave propagation model is employed to simulate wave 

behavior in the rail for different material properties. 
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3.1.1.2.2.2 The simulated waveforms are generated by solving the elastic wave 

equation, incorporating variations in E, ρ, and v. 

3.1.1.2.3 Likelihood Estimation via Bayesian Updating Rule: 

3.1.1.2.3.1 The similarity between experimental and simulated wave signals is 

evaluated using a probabilistic error metric. A common approach is to use the Gaussian 

likelihood function, which assumes that the difference between measured and simulated 

signals follows a normal distribution: 

 

Here, 𝐷𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑and𝐷𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑 represent the experimental and numerical wave data, respectively, 

while2𝜎2 accounts for measurement noise and modeling errors. 

By defining this likelihood function, the Bayesian framework effectively relates observed 

ultrasonic data to possible rail model parameters, providing a probabilistic measure of how 

well different parameter sets explain the observed wave behavior. 

3.1.1.3 Posterior Estimation (Bayesian Updating Using MCMC) 

After defining the prior and likelihood, the posterior distribution of rail model parameters is 

computed using Bayes' theorem: 

 

where: 

• 𝑃(𝜃|𝐷)is the posterior probability, which updates our belief about the model parameters 

after observing data. 

• 𝑝(𝐷|𝜃)is the likelihood function, quantifying how well the data supports different parameter 

values. 

• 𝑝(𝜃)is the prior distribution, capturing initial assumptions. 

• 𝑝(𝐷) is the evidence (normalizing constant) ensuring that the posterior integrates to 1. 

Since the posterior distribution is often complex and non-analytical, Markov Chain Monte 

Carlo (MCMC) sampling is used to estimate it. The Metropolis-Hastings or Hamiltonian 

Monte Carlo algorithm iteratively explores the parameter space by generating samples 

proportionally to the posterior probability. The steps include: 

• Initialize parameter values (E, ρ, v) randomly based on prior distributions. 
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• Generate candidate values using a proposal distribution. 

• Evaluate the acceptance probability using the likelihood ratio: 

 

where 𝜃∗|𝐷 is the proposed parameter set. 

• Accept or reject the proposal based on the probability α. 

• Repeat the process for multiple iterations to build the posterior distribution. 

Once the MCMC sampling converges, the mean or maximum a posteriori (MAP) estimate of 

the model parameters is used for updated rail modeling. The final posterior distribution 

provides confidence intervals, ensuring robust damage detection while incorporating 

uncertainties. 

3.2 Stage 2: Bayesian Updating with Deep Learning-Based Crack Segmentation 

In Stage 2, we integrate deep learning-based crack detection with Bayesian inference to refine 

crack localization and quantify uncertainty.  

A U-Net model with Monte Carlo (MC) Dropout is used for crack segmentation, and Bayesian 

updating is applied to generate a final crack probability map. This approach ensures robust, 

data-driven crack detection, even in the presence of noise and uncertainties. 

3.2.1 Crack Likelihood Estimation 

The likelihood of a crack at each pixel is estimated using a segmentation network with Monte 

Carlo (MC) Dropout, which provides a probabilistic measure of crack presence. 

3.2.1.1 U-Net Architecture for Crack Segmentation 

A U-Net model is employed due to its encoder-decoder structure, which captures both local 

and global contextual features. Given an ultrasonic guided wave scan X, the network outputs 

a segmentation map SSS, where each pixel represents the probability of belonging to a crack 

region: 

𝑆 = 𝑓𝜃(𝑋) 

where 𝑓𝜃 is the U-Net function with parameters θ. The output S(i,j) at each pixel (i,j) represents 

the estimated crack probability. 

3.2.1.2 Uncertainty Quantification with MC Dropout 

Standard deep learning models provide deterministic predictions, which lack uncertainty 

quantification. To address this, Monte Carlo Dropout (MC Dropout) is incorporated during 



International Journal of Applied Mathematics 

Volume 38 No. 3s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

 

396 
Received: July 28, 2025 

inference by randomly deactivating neurons and obtaining multiple segmentation samples: 

 

where 𝑆𝑘is the segmentation result from the 𝐾 -th forward pass, and 𝐾 is the number of 

stochastic passes. The mean prediction represents the expected crack likelihood, while the 

variance quantifies uncertainty: 

 

Higher variance values indicate low confidence, helping to refine uncertain detections. 

3.2.1.3 Bayesian Likelihood Formulation 

The likelihood function is computed based on segmentation confidence: 

 

where: 

• 𝐶(𝑖, 𝑗) is the true crack state at pixel (i,j) 

• 𝜎2 represents uncertainty in segmentation. 

This likelihood function forms the basis for Bayesian updating in the next step. 

3.2.2 Final Crack Probability Map Using Bayesian Updating 

A Bayesian decision rule is applied to integrate the prior knowledge of crack probability with 

the segmentation likelihood, yielding a refined crack probability map. 

3.2.2.1 Prior Distribution on Crack Presence 

The initial belief about crack presence at each pixel follows a Beta prior, suitable for 

probabilities: 

 

where α and β control the prior confidence. 

3.2.2.2 Bayesian Posterior Update 
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Using Bayes' theorem, the posterior probability of a crack at pixel (i,j) is updated as: 

 

Since p(S) is a normalizing constant, it can be omitted when computing the maximum a 

posteriori (MAP) estimate: 

 

The updated crack probability map represents the most probable crack locations with 

uncertainty bounds. 

3.2.2.3 Bayesian Decision Rule for Crack Detection 

A threshold-based decision rule is applied to classify pixels as crack or non-crack: 

 

where T is a confidence threshold. 

3.3 Deep Learning-Based Crack Detection and Segmentation 

In this section, we describe the integration of Bayesian deep learning with U-Net for pixel-

wise crack segmentation from ultrasonic guided wave data. The proposed Bayesian U-Net 

enhances accuracy by incorporating uncertainty quantification, making it more reliable than 

conventional deterministic segmentation models. The key steps include data preprocessing, U- 

Net architecture, Bayesian deep learning, and model training with optimization techniques. 

3.4 Data Preprocessing 

3.4.1 Spectrogram Transformation of Ultrasonic Signals 

Before applying deep learning, raw ultrasonic guided wave signals are transformed into time- 

frequency representations for enhanced feature extraction. Two common transformations used 

are: 

• Wavelet Transform (WT): Captures time-localized frequency variations, useful for 

analyzing dispersive wave propagation. 

• Short-Time Fourier Transform (STFT): Provides a fixed-window spectrogram 

representation, effective for detecting periodic patterns in ultrasonic signals. 

For a given ultrasonic wave signal x(t), the STFT is computed as: 
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where: 

• 𝜔(𝜏 − 𝑡) is the window function, 

• 𝑒−𝑗2𝜋𝑓𝜏 represents the frequency component, 

• 𝑆𝑇𝐹𝑇(𝑥)(𝑡, 𝑓) gives the time-frequency spectrogram. 

The resulting spectrograms serve as input images for the U-Net model. 

3.4.2 Preprocessing Steps 

1. Spectrogram normalization: Converts pixel values to a range of [0,1]. 

2. Image resizing: Standardized dimensions (e.g., 256×256 pixels). 

3. Data augmentation: Applied to increase variability (rotation, flipping, contrast adjustment). 

3.5 U-Net with Bayesian Deep Learning 

3.5.1 U-Net Architecture for Crack Segmentation 

The U-Net model is selected due to its encoder-decoder structure with skip connections, 

allowing precise pixel-wise segmentation. 

• Encoder: Uses convolutional layers and max-pooling to extract hierarchical features from 

ultrasonic wave images. 

• Decoder: Up samples features using transposed convolutions, generating a high- resolution 

segmentation mask. 

• Skip connections: Help retain spatial information lost during down sampling. 

Mathematically, the U-Net transformation is represented as: 

𝑆 = 𝑓𝜃(𝑋) 

where: 

• X is the input ultrasonic spectrogram, 

• 𝑓𝜃 is the U-Net function with trainable parameters θ, 

• SSS is the output segmentation map, where each pixel value indicates the probability of a 

crack. 

3.5.2 Bayesian Deep Learning with Monte Carlo (MC) Dropout 
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Traditional U-Net models output deterministic segmentation masks, making them prone to 

overconfidence in predictions. To address this, we introduce Bayesian deep learning using MC 

Dropout, which provides uncertainty-aware predictions. 

MC Dropout for Uncertainty Estimation 

During inference, dropout layers remain active, producing multiple stochastic predictions: 

 

where: 

• 𝑆𝑘 is the segmentation output for the k-th forward pass, 

• K is the number of stochastic samples. 

The mean prediction is computed as: 

 

while the uncertainty (variance) is given by: 

 

High uncertainty values indicate low-confidence regions, helping refine crack detection 

decisions. 

3.6 Training and Optimization 

3.6.1 Loss Function: Dice Loss + Cross-Entropy Loss 

To improve segmentation accuracy, we combine Dice Loss and Cross-Entropy Loss, where: 

• Dice Loss enhances segmentation performance for small crack regions. 

• Cross-Entropy Loss ensures pixel-wise classification accuracy. 

The Dice Loss is defined as: 

 

where S is the predicted segmentation, Y is the ground truth, and ϵ prevents division by zero. 

The Cross-Entropy Loss is: 
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The final combined loss is: 

 

where λ balances both losses. 

 

4. Results and Discussion 

4.1 Performance of Deep Learning Models Comparison of Segmentation Models for 

Crack Detection 

To evaluate the effectiveness of the Bayesian U-Net, we compare it against other deep learning 

models commonly used for crack detection, such as Mask R-CNN and traditional U-Net. These 

models are assessed using ultrasonic guided wave datasets, where pixel-wise segmentation is 

required for accurate crack localization. 

Evaluation Metrics 

The following segmentation metrics are used for performance evaluation: 

1. Intersection over Union (IoU): Measures the overlap between predicted and ground truth 

crack regions. 

 

where TP (True Positive), FP (False Positive), and FN (False Negative) are computed per 

pixel. 

2. Dice Similarity Coefficient (DSC): Evaluates segmentation accuracy, giving more weight 

to small crack regions. 

 

3. Pixel Accuracy (PA): Measures the percentage of correctly classified pixels. 

 

Segmentation Performance Comparison 

Model Io

U ↑ 

Dice Score 

↑ 

Pixel Accuracy 

↑ 

U-Net 0.7 0.81 92.5% 
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5 

Mask R-CNN 0.7

8 

0.84 93.8% 

DeepLabV3+ 0.7

9 

0.85 94.0% 

PSPNet 0.8

0 

0.86 94.5% 

Bayesian U-

Net 

0.8

2 

0.88 95.2% 

 

Computational Efficiency 

To evaluate real-world applicability, we compare the inference speed (ms per image) and 

model complexity (GFLOPs). 

Model Inference Time (ms) 

↓ 

Model Complexity (GFLOPs) ↓ 

U-Net 45 75 

Mask R-CNN 78 160 

DeepLabV3+ 60 140 

PSPNet 65 130 

Bayesian U-

Net 

52 85 



International Journal of Applied Mathematics 

Volume 38 No. 3s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

 

402 
Received: July 28, 2025 

 

Generalization Across Different Datasets 

We evaluate the models on two additional datasets to assess their generalization ability. 

Model IoU (Dataset 

1) ↑ 

IoU (Dataset 

2) ↑ 

U-Net 0.72 0.70 

Mask R-CNN 0.76 0.74 

DeepLabV3+ 0.77 0.76 

PSPNet 0.78 0.77 

Bayesian U-

Net 

0.81 0.80 
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Bayesian Inference with Segmentation 

Impact of Segmentation on Bayesian Model Updating 

To assess the benefits of deep learning-based segmentation in Bayesian inference, we 

compare: 

1. Traditional Bayesian inference without segmentation (using only ultrasonic wave 

features). 

2. Bayesian inference with deep learning segmentation (incorporating crack 

probability maps). 

Evaluation of Bayesian Posterior Accuracy 

Method MSE (Lower is better) ↓ 

Traditional Bayesian 

Inference 

0.042 

Bayesian U-Net Segmentation 0.018 

 

robustness to Noise & Occlusions 

To assess robustness, we introduce Gaussian noise and occlusions in the dataset and measure 

IoU degradation. 

 

Model IoU (No Noise) ↑ IoU (With Noise) ↑ IoU Drop (%) ↓ 

U-Net 0.75 0.64 14.7% 

Mask R-CNN 0.78 0.67 14.1% 

DeepLabV3+ 0.79 0.69 12.7% 

PSPNet 0.80 0.71 11.2% 

Bayesian U-Net 0.82 0.76 7.3% 

0.
01

8 
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Visualization of Crack Probability Maps 

• Without segmentation: The Bayesian inference produces a diffused probability map, 

making it hard to pinpoint cracks. 

• With Bayesian U-Net segmentation: The final crack probability map is sharper, clearly 

identifying damaged regions with uncertainty bounds. 

5. Discussion 

The proposed two-stage Bayesian inference framework has proven effective in improving rail 

model updating and crack detection. The first stage, Bayesian model updating, successfully 

refines rail material properties such as elastic modulus (E), density (ρ), and wave velocity (v) 

using ultrasonic guided wave (UGW) measurements. By incorporating prior distributions, 

likelihood estimation, and posterior updating with Markov Chain Monte Carlo (MCMC), the 

framework achieves accurate predictions. The Mean Squared Error (MSE) for traditional 

Bayesian inference is 0.042, whereas integrating deep learning-based segmentation reduces it 

to 0.018, showing a significant improvement in accuracy. The second stage integrates 

Bayesian deep learning using U-Net with Monte Carlo (MC) Dropout for crack segmentation. 

The Bayesian U-Net model achieves an Intersection over Union (IoU) of 0.82, a Dice 

Similarity Coefficient (DSC) of 0.88, and a Pixel Accuracy of 95.2%. These values are higher 

compared to other segmentation models like Mask R-CNN (IoU = 0.78) and PSPNet (IoU = 

0.80). Additionally, the Bayesian U-Net is more robust against noise, with only a 7.3% drop 

in IoU under noisy conditions, while other models like U-Net and Mask R-CNN experience a 

drop of 14.7% and 14.1%, respectively. The integration of Bayesian inference with deep 

learning improves both crack localization and uncertainty estimation. Without segmentation, 

Bayesian inference produces a diffused probability map, making it difficult to pinpoint cracks 

accurately. However, Bayesian U-Net sharpens the probability map, clearly identifying cracks 

with confidence intervals. The Bayesian updating process further refines the crack probability 

map, improving decision-making for rail maintenance. 

 

6. Conclusion 

This study presents a two-stage Bayesian inference framework that enhances rail model 

updating and crack detection by integrating ultrasonic guided waves with deep learning-based 

segmentation. The Bayesian model updating process effectively refines rail material 

properties, reducing uncertainty in parameter estimation. The Bayesian U-Net model further 

improves crack detection, achieving an IoU of 0.82, a Dice Score of 0.88, and a Pixel Accuracy 

of 95.2%, outperforming traditional segmentation methods. The combination of Bayesian 

inference and deep learning significantly enhances the accuracy and reliability of structural 

health monitoring. The framework also demonstrates strong robustness to noise, maintaining 

high segmentation performance with only a 7.3% accuracy drop. These results confirm that 

integrating deep learning into Bayesian inference leads to better crack detection and more 

precise model updates. Future work can explore expanding this approach to other structural 
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applications, optimizing computational efficiency, and integrating additional physics-based 

constraints for even greater accuracy. 
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