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Abstract

In this paper we give explicit formula for the solution
of the generalized wave equation associated to the Bessel
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operator, as an application of our results we solve explicitly
the generalized wave equations with the Morse potential and
on the hyperbolic spaces.
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1 Introduction

These equations and their solutions have applications in various
fields like mathematical physics signal processing and the study
of the special functions The aim of this research paper is to solve
explicitly the generalized wave equation associated to the Bessel
operator.

Lo = 2= + 12— — a*2?, (1)

The Bessel differential operator is very important in analysis and
its applications, the Poisson and heat semigroups associated to the
Bessel operator have been studied by Adam et al.[2]. For the ex-
plicit formulas of the generalized Poisson equation associated to the
Bessel operator see Adam et al.[3]. An explicit formulas of the wave
equation with the Morse potential and on the hyperbolic plane are
given in Abdelhaye et al.[1].

In this work we solve explicitly the following generalized wave
equation.

(w) Lyu(t, z) = Byu(t, x), (t,z) € R%
(@) im0t~ u(t,z) =0, (2)
() limy ot u(t, ) = ug(z), ug € CF°(RT).

where L, is the Bessel differential operator given in (1) and

o? o
By_ﬁ—f_an—f—V? (3)
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with a and v are real parameters.

This paper is organized as follows, in Sect. 2, we give the solutions
of the generalized wave equation associated to the Bessel operator,
in closed form. Section 3 is devoted to the solution of the gener-
alized Cauchy problem for the generalized wave equation for the
Bessel operator, in section 4 the case of Morse Potential is consid-
ered. Finally, in Sect. 5, the explicit solution of the generalized
Cauchy problem for the generalized wave equation on the hyper-
bolic space is obtained.

2 Solutions of the generalized wave equa-
tion associated to the Bessel operator

In this section we solve explicitly the generalized wave equation (w)
in the problem (2), and for this we need the following Lemma

Lemma 0.1. Let z = 2z2' cosht — 22 — 2”2, with z, 2, t € RY,
set u(z) = ¢(x,x',t), then the following formulas hold:

o i) 2 = (22 cosht —2z)%L, 227? = (2x’cosht—2x)2% — 29

) ii)% = 2zx’ sinht%, % = (2z2' sinh t)Q% + 2z cosht%,
e iii) Let A =1 — 2'e', then we have
AYPL* — B JAT'W (t,x,2) =
na® A2wy — AWy + Ax(—2v + AW, — 20 AaW, — a*x* A*W.
(4)
Proof. The parts i) and ii) are simples, to see iii), we have

AV P2LCAYW (t, x, 7)) =

T Awyy + (-2 A + 2 AW, + (v(v + 1)2° — vaA — a*2” A%) W,
(5)
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and
A P2B AW (t, x, @) =

AWy + 20 AW, + (Vx’etA + (v +1)ae® + 2020 e’ A + V2A2) Ww.
(6)
Using the above two formulas we can write:
A"TP2L* — BJJAT'W (t,z,2') =
T2 AWy — AWy + Ax(—2v + AW, — 2vAzW, — a®*2* A*W. (7)
and the proof of the Lemma is finished. O

Proposition 1. The general solution of the generalized wave
equation (w) in the problem (2) is given by:

u,(t,,2") = a,ul(t, z,2") + bu(t, x,2') (8)
with
r—zet\?
ul(t,x,0') = <m> J,(|la|vV2z2’ cosht — 22 — 272)  (9)
and

xr—xle’t

ui(t,x,2') = < ) Y, (la|v2za’ cosht — 22 — 272)  (10)

T — x'et

where a,b € C and J,,Y, are Bessel functions of the first and sec-
ond kind respectively.

Proof. Setting u(t,z,2') = A7"W,(t,x,2’) in the generalized
wave equation (w) in the problem (2) and making use of the part
iii) of the above Lemma we obtain
[L* — B,JA"W(t,z,2") = 0.
or equivalently:

22 AWy — AWy + Az (=20 + AW, — 2vAzW, — a*2*A*W = 0.
(11)
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Setting z = 2xx’ cosht — x? — 2 in the equation (11) in view of the
parts i) and ii) of the Lemma 0.1, we obtain

02 o a?
or 52 5 )
29 L 1—v): Ly S e, = 1
{z 52 T ( V)Zaz + zte,. =0 (13)
The equation (13) is a Lommel differential equation,(see magnus et
al.[11] p. 77.)
2
xz% +(1- 204)35% + (Byx")u+ (@ — v*yHu =0,  (14)

has two independent solutions: z*.J,(8z") and z®Y, (Bz7),

where J, and Y, are the Bessel functions of the first and second
kind respectively, with o = §, 8 = |a|, and 7 = 1/2.

We obtain the following solutions for the equation (12):

vl(2) = 2v/%J,(|a|z'/?) and v? = 2/?Y, (|a|z'/?),

The solutions of the generalized wave equation (w) in (2) are

uy(2) = (=1)"2A7 22 ], (|a|2'/2),

uf = (~1)2A7 22, (|a212),
and using the fact that

z=—(x—a'e)(z—a'e™), (15)

we have:
v

_ ple=t\ 2
ui(t,x,x'):(w> J,(la|v2z2’ cosht — 22 — 272)  (16)

x — x'et

and

N , r— e t\?
wi(t, o, o)) = | ——— | Y,(|la|]v2z2’ cosht — 22 — 272), (17)

r — x'et

and the proof of the Proposition is finished. ]
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3 Cauchy problem for the generalized
wave equation

In this section we give the explicit solution to the generalized Cauchy
problem (2), for this we prove the following Lemmas:

2

Lemma 0.2. Let z = 2z’ cosh(t) — 2? — 2/* as in the Lemma

0.1, then we have:
i) z = 4xx’sinh(t/2) — (v — 2/)* = —(x — 2'e!)(x — 2'e).
ii) 2 > 0 if and only if xe™" < 2’ < xe'.
iii) Setting x = e and 2’ = e*', then we have:
Z(t, X, X') = 4eX+X (sinhQ(%) — sinhQ(XlTX)>
iv) Setting
t
X' :X—Qargsh(ssinh(ﬁ)), (18)
then we have:
o t
Z(X, S,t) — 4€2X72argsmh(ssmht/2) sinh2 5(1 . 82>. (19)
The proof of this lemma is simple and in consequence is left to
the reader.
Lemma 0.3. Let Z given by the formula (19) then we have
i11) Z (t) ~o t2e2X (1 — s%)

i) Z'(t) ~o 2te?X (1 — s?)
v)z 2, (|a]272) ~o R lal”

r'(1+v
vi)%zy/2Jy(|a|Zl/2) — 2V7|(ilp(l,) te/X(l o 82)1/1521/71.
Let G(S, t7 X’ UO) — Uy (X —2 arg sinh(ssinh(¢/2)))

ev(X—2arg sinh(ssinh(t/Q)))\/1+32 sinh2(t/2) )
with Uy € C§°(RY) then we have
vii)G(s,t, X,U) ~ USV())(()
viti) 2G5, t, X, U) ~vp Lo 20X
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Proof. The parts i), ii), iii) and iv) are simples. To see v) we
use essentially the formulas see Lebedev [10] p.134
Jal2) ~o e (20)
@ ~0 T R
TP A 1)

and the formula (19). For the proof of vi) we recall the formula see
Magnus [11] p. 67

() e = 0 ), D)

xdx
to obtain p
o le7 Dlalz)] = —lale™ J4a(2) (22)
and this formula gives
Lt ol = ol 2 (a2 (23
or

22212, ((a]z1/%) = Hale V72, (jal V)&
and finally we use iv) to have the result of vi). The parts vii) and

viii) are evident, and the proof of the Lemma is finished. O

Theorem 1. Fora € R* and —1 < v < 1, the wave problem
(2) has the unique solution given by:

t

R ' ,\ da’!
U(t,l‘) = . wa(tw%'ax)uo(x)wa (24)
with
wl(t,x, ') =c vowe’ %J (la|v/2xa’ cosht — 22 — 272)
a\lr 4 v T — o't v s
(25)
and p
—1)¥/<r 1
¢, = (-1) (v+1) (26)

2al” ’

and J, is the Bessel function of the first kind.
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Proof. Setting = X and 2/ = X', in the integral (24), we
obtain:
v : NS
Ut,X) = Wi (t, X, X)Uo(X')—, (27)
X—t<X'<X+t €

with
X_ X'~

v/2
WX X) = o (S5m) X

l X _ X/
J, <2|a|e(X+X )/2\/Sinh2 t/2 — ginh? %) ’

where ¢, is as in (26) and .J, are the Bessel function of the first

kind.
Setting X' = X — 2argsh(ssinh(%)) in the formula (27), we

obtain:
1
U(t,X):/ w (s, t, X)ds, (28)
-1
with
wy(s,t, X) =
(=1)"2c, A7 220, (|al2*)G (s, t, X, U)2sinh(t/2), (29)

with A, Z and GG are as in the Lemma 0.2.
Using the Lemma 0.3, we have

v 1
—~n (1)"V/2 ‘CL| v+1 / v
U(t,X) ~o (—1) CV—QVF(I/ n 1)t Ug(X) [ (1+s)"ds,

-1
and
0 /1 (1+ s)"ds.
2?I'(v + 1) 1

and it is clear that the first condition («) in the problem (2) is
satisfied.

Ut X) ~ (1) 2¢
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To prove the second condition (/) in the problem (2), we have:

%[wZ(s,t,X)} = (—1)1//261,[%(14_”)ZV/QJV(‘G|ZI/2)G<S,t,X,U)28111h(t/2)

d
+AT (22, (|a|z""?)) G(s,t, X, U) 2sinh(t/2)

+ A_”z”/2J,,(|a|z1/2)%(G(s, t,X,U))2sinh(t/2)
+ A%, (|a|2YH) G (s, t, X, U) %(2 sinh(t/Z))]

= (=1)"2¢, {Cy + Cy + C5 + C4}.

and using the Lemma 0.3 we obtain

~ _1\—v+l1 ’a|y v v
Cl 0( 1) —2’/F(y)t Ug(X)(l‘{‘S) s
—v |a|1j v v
CQ 0( 1) 2”_1F(V)t Ug(X)(l‘f‘S) s
C5 ~g o(t"),
14 |a|V v 14
Cy~o (—1) 2”F(y—|—1)t Uo(X)(1 + 5),
Ci+Cy+C5+4+Cy
~0
|al” |al” |al”

“270) T2 ety )

lal”

D7 5Tm)

tUn(X)(1+5)"]
|al”
T (v
|al”
"ol (v
|al”

Yol (v

d —v/2
E[wy(s,t,X)] = (_1) /C

(1+ 1/t Us(X)(1 + 5)"

~—

= (-1

(1+ 1/t Up(X)(1 + s)"

~—

= (-1

[(v+1)/v]t"Us(X)(1 + s)”.

~—
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lim ¢ U, (t, X)
t—0
lim ¢ Uy(t, X) =

(—1)—V/2CV%[(V +1)/v]Up(X) /_1(1 +5)ds
— (-1 g+ 0
(—1)+22la

I(v+1)

Un(X)

Up(X) = Up(X).

:cy

The proof of the theorem is finished. O

4 Generalized wave equation with Morse
potential

The importance of the Schrodinger operator with the Morse po-
tential in both theory and application of mathematics and physics
may be found in literature (see for example Fidiani E. [4], Hassan-
abadi H. and Zare S., [5], and Ikeda N., Matsumoto H. [6]). Note
that the purely vibrational levels of diatomic molecules with angu-
lar momentum 1 = 0 have been described by the Morse potential
since 1929, see P. Morse [13].

This section is devoted to the following generalized wave problems

(w) M,U(t,X)=B,U(t,X),(t,X) € R2
(@) lim; ot "U(t, X) =0, (30)
(b) Timyso tUs(t, X) = Up(X), Us € C5°(R™).

associated to the second order differential operator of the Morse
type:
52

M =55

—a®exp2X. (31)
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Theorem 2. For a real number the problem (30) has the
unique solution given by

dXx’
Ut X) = / WL X XX (32)
|X—X'|<t €
with 2
WX, X) = e, (525m) X

, X —-X
J, <2|a|e(X+X )/2\/sinh2 t/2 — sinh? (T)> ; (33)

where ¢, is as in (26) and J, are the Bessel function of the first
kind

Proof. By change of variables x = e* the problem (30)is trans-
formed in the problem (2). O

5 Generalized wave equation on the hy-
perbolic space

The wave equation on the hyperbolic space is solved explicitly at
the first times by P. D, Lax et R. S, Phillips [9], see also A. Intissar
and M. V. Ould Moustapha [7] and [8]. Here we give the solution
of the generalized wave equation on the hyperbolic space, using the
solution of the generalized wave equation associated to the Bessel
operator given in theorem 1.

In this paper The hyperbolic space is modeled by the upper half
space H" = {w = (z1, 29, ..., Tp_1,2,) = (x,2,) € R" : x, >0},
with the hyperbolic metric

dx} +da3 4. 4 dal )+ do,
= 2 _

ds?

(34)

Note that the metric ds is invariant with respect to the group
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G = SO(n,1). The associated hyperbolic volume form du(w) is
given by:
_dxydry..dx, 1 dr,

dp(w) = : (35)

n
x’l’L

and the hyperbolic distance p(w,w’) between two points w and w’
in the hyperbolic space H" is given by:

|z — 2)? + 22 + 22

h? ")2) = 36
cosh”(p(w, w")/2) ) ; (36)
with the Laplace-Beltrami operator
2 9 2
and
AV —.
j=1 ~J

The main objective of this section is to solve the following general-
ized wave problems

(W) La®(t, w) = By®(t, w), (t,w) € R, x H
()" limy_,ot 77 ®(t,w) =0, (39)
(b)” hmt*)(] t_V(I)t (t, w) = (I)O (U)),

associated to the Laplace-Beltrami operator L,,.
Now we recall some fact about the Fourier transform:

For f € L'(R"), the Fourier and inverse Fourier transforms of
f are given by

1 .
FNE = G | fesp(—igade. (@0
F)6) = o [ S©esticnie @)
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Lemma 2.1. Let L be the Bessel operator in (1), then for a
real o we have

o i) L™ = :Ezg—; + (20 + 1)xa% +a? — a2
e ii)For radial function f € L'(R)

F@) =laF [ F) (et (42)

0

o iii) F(f(x)g(x))(&) = (2m)"(Ff * Fg)(&)-

e iv)we have the following formula intertwining the Laplace Bel-
trami operator L, on the hyperbolic space H" and the Bessel
operator LI¢l

F [alm=02 L, 207020] (&) = LEFa(¢). (43)

Proof. the first part ¢) is simple, for the second part i) see [16]
p.226, and the part 4i7) is given in [15] p.34.
A simple computation, using the part i) of the Lemma and some
Fourier transform properties, gives the part iv). 0

Lemma 2.2. o i)Set [ J,(at)J, (bt)t" it = I(a,b, p, i, v)
then we have:
I(a,b, p,p,v) = %(62 —a?)" b > a.
I(a,b,p,pu,v) =0,b < a.

e ii) Let wi(t,zn,x;,) be the wave kernel for the generalized
wave equation for the Bessel operator given by (25), then we

have
F1 [wi’a(t,xn,x’n)] (x) =

K,(z, — 2! e')™ (2z,2/ cosht — 22 — 2/? — |x’2)i—(n—1)/2 7
with e

n_ (2wt
Ky =(-1) I'(v—(n—3)/2)
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Proof. For i) see Magnus et al. [11] p.99. To prove the part ii),
recall that the function wy (¢, @, x;,) isradial in { = (&1, &, -, §n1),
using the part ii) of the Lemma 2.1 we can write:

F1 [w‘”a(t,xmx;)] (x) =

|| B2 [l (t, 2, @) Ty 2 (r]a] )r =1 2dr

=c, |.T| (3—n /2( )V/2A—V V/2

f0+°°J (r2Y2) Jnsy o (7] ] )r = D/2dr =

with A(t) and z are as in the 0.1. Using the first part i), with
v=uv,p=(n—3)/2,a=|r— 2 and b = z'/2, we obtain

F1 [w‘”gl(t xn,x;)] (x) =

v n v n— LV (n—1)/2—v
cu(— )/2\3?|3 )24 /2|35\ 812 /2F(2V—(n 3)/2)

A7V (QSBnZEn cosht — g:n — CEn _ |$| )V (n— 1)/2
= K"A™" (2x,2) cosht — 22 — 2/ — |z|? )u— n-1)/2
and the proof of the Lemma is ﬁnlshed. 0

Corollary 3. The Cauchy problem for the generalized wave
equation on the hyperbolic space, H", has the unique solution given

by

Bt w) = / W (£, w, w') Bo(w ) dpu(w), (44)
with
w? (t,w,w') = Kﬁ% (cosht — cosh p(w, w'))*~"=H/2
with !
n __ I'(v)
C) = D2 (0—(n—3)/2)

Proof. In view of the part iv) of the Lemma 2.1, the wave prob-
lem on the hyperbolic space (39) is transformed into the Cauchy
problem for the generalized wave equation (2), with

ult,2,) = F [P 0(t 2,3,) | (€) andwo(a,) = il 2 F(@o(r,.)(©)
that is:
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F [0 (1, 2, 2,)] (€) =

(o] d /
[ vttt a0 0] 2t
0 n
and
R n dzx),
O(t, 2, 2,) :/0 F! [wm(t,mn,w;)x;fl 2 F (@) (f,x;)] (z)—",
(45)
d(t,x,2,) = (2m)~ (" D/2x
= 1 / / /(1 de/
/ F- [w"’ﬂ(t,xn,ajn)} (x) * (I>0(9:,:Bn)xrf -n)/ a;_’n’ (46)
0 n
thus
O(t,x,x,)
= (2m) "D / FH [wly (t, 20, 2),)]
0o Jre-t
d /d /
x(x — 2 )zm D2/ =D2 5 (2 ) xxlnx",
B(t.w) = [ it w )l )duu),
]

Corollary 4. The classical wave kernel in hyperbolic space is

given by
w? (t,w,w') = ¢y (cosht — cosh p) 72, (47)
1

2r(n=1)/20(v—(n—3)/2)

with ¢, =

Proof. For n even

1 —n
wy (t, w,w') = W(cosht — cosh P)Srl 2, (48)

—~
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For n odd using the formulas see Shillov [14], p. 120

A

Ly n—1
e =0V (). 49
to obtain:
1
_ (n=3)/2(4 _

Wy (t, w,w') = (%)(T)/Q(S (t—p). (50)
with § is the Dirac measure. Note that this same solution given in
Lax and Phillips [9] sec.7. O
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