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Abstract

In this paper we give explicit formula for the solution
of the generalized wave equation associated to the Bessel
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operator, as an application of our results we solve explicitly
the generalized wave equations with the Morse potential and
on the hyperbolic spaces.
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1 Introduction

These equations and their solutions have applications in various
fields like mathematical physics signal processing and the study
of the special functions The aim of this research paper is to solve
explicitly the generalized wave equation associated to the Bessel
operator.

La = x2 ∂
2

∂x2
+ x

∂

∂x
− a2x2, (1)

The Bessel differential operator is very important in analysis and
its applications, the Poisson and heat semigroups associated to the
Bessel operator have been studied by Adam et al.[2]. For the ex-
plicit formulas of the generalized Poisson equation associated to the
Bessel operator see Adam et al.[3]. An explicit formulas of the wave
equation with the Morse potential and on the hyperbolic plane are
given in Abdelhaye et al.[1].

In this work we solve explicitly the following generalized wave
equation.

(w)Lau(t, x) = Bνu(t, x), (t, x) ∈ R2
+

(a) limt→0 t
−νu(t, x) = 0,

(b) limt→0 t
−νut(t, x) = u0(x), u0 ∈ C∞0 (R+).

(2)

where La is the Bessel differential operator given in (1) and

Bν =
∂2

∂t2
+ 2ν

∂

∂t
+ ν2, (3)
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with a and ν are real parameters.
This paper is organized as follows, in Sect. 2, we give the solutions
of the generalized wave equation associated to the Bessel operator,
in closed form. Section 3 is devoted to the solution of the gener-
alized Cauchy problem for the generalized wave equation for the
Bessel operator, in section 4 the case of Morse Potential is consid-
ered. Finally, in Sect. 5, the explicit solution of the generalized
Cauchy problem for the generalized wave equation on the hyper-
bolic space is obtained.

2 Solutions of the generalized wave equa-

tion associated to the Bessel operator

In this section we solve explicitly the generalized wave equation (w)
in the problem (2), and for this we need the following Lemma

Lemma 0.1. Let z = 2xx′ cosh t− x2− x′2, with x, x′, t ∈ R+,
set u(z) = φ(x, x′, t), then the following formulas hold:

• i) ∂φ
∂x

= (2x′ cosh t−2x)∂f
∂z
, ∂2φ

∂x2
= (2x′ cosh t−2x)2 ∂2f

∂z2
−2∂f

∂z
,

• ii)∂φ
∂t

= 2xx′ sinh t∂f
∂z

, ∂2φ
∂t2

= (2xx′ sinh t)2 ∂2f
∂z2

+ 2xx′ cosh t∂f
∂z
,

• iii) Let A = x− x′et, then we have
Aν+2[La −Bν ]A

−νW (t, x, x′) =

nx2A2wxx−A2Wtt +Ax(−2ν +A)Wx− 2νAxWt− a2x2A2W.
(4)

Proof. The parts i) and ii) are simples, to see iii), we have
Aν+2LaA−νW (t, x, x′) =

x2A2wxx + (−2νAx2 + xA2)Wx +
(
ν(ν + 1)x2 − νxA− a2x2A2

)
W,
(5)
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and
Aν+2BνA

−νW (t, x, x′) =

A2Wtt+2νAxWt+
(
νx′etA+ ν(ν + 1)x′2e2t + 2ν2x′etA+ ν2A2

)
W.
(6)

Using the above two formulas we can write:
Aν+2[La −Bν ]A

−νW (t, x, x′) =

x2A2wxx − A2Wtt + Ax(−2ν + A)Wx − 2νAxWt − a2x2A2W. (7)

and the proof of the Lemma is finished.

Proposition 1. The general solution of the generalized wave
equation (w) in the problem (2) is given by:

uν(t, x, x
′) = aνu

1
ν(t, x, x

′) + bνu
2
ν(t, x, x

′) (8)

with

u1
ν(t, x, x

′) =

(
x− x′e−t

x− x′et

) ν
2

Jν(|a|
√

2xx′ cosh t− x2 − x′2) (9)

and

u2
ν(t, x, x

′) =

(
x− x′e−t

x− x′et

) ν
2

Yν(|a|
√

2xx′ cosh t− x2 − x′2) (10)

where a, b ∈ C and Jν , Yν are Bessel functions of the first and sec-
ond kind respectively.

Proof. Setting u(t, x, x′) = A−νWν(t, x, x
′) in the generalized

wave equation (w) in the problem (2) and making use of the part
iii) of the above Lemma we obtain
[La −Bν ]A

−νW (t, x, x′) = 0.
or equivalently:

x2A2wxx − A2Wtt + Ax(−2ν + A)Wx − 2νAxWt − a2x2A2W = 0.
(11)
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Setting z = 2xx′ cosh t−x2−x′2 in the equation (11) in view of the
parts i) and ii) of the Lemma 0.1, we obtain

{z ∂
2

∂z2
+ (1− ν)

∂

∂z
+
a2

4
}eν = 0 (12)

or

{z2 ∂
2

∂z2
+ (1− ν)z

∂

∂z
+
a2

4
z}eν . = 0 (13)

The equation (13) is a Lommel differential equation,(see magnus et
al.[11] p. 77.)

x2∂
2u

∂x2
+ (1− 2α)x

∂u

∂x
+ (βγxγ)2u+ (α2 − ν2γ2)u = 0, (14)

has two independent solutions: xαJν(βx
γ) and xαYν(βx

γ),
where Jν and Yν are the Bessel functions of the first and second
kind respectively, with α = ν

2
, β = |a|, and γ = 1/2.

We obtain the following solutions for the equation (12):
v1
ν(z) = zν/2Jν(|a|z1/2) and v2

ν = zν/2Yν(|a|z1/2),
The solutions of the generalized wave equation (w) in (2) are
u1
ν(z) = (−1)ν/2A−νzν/2Jν(|a|z1/2),
u2
ν = (−1)ν/2A−νzν/2Yν(|a|z1/2),

and using the fact that

z = −(x− x′et)(x− x′e−t), (15)

we have:

u1
ν(t, x, x

′) =

(
x− x′e−t

x− x′et

) ν
2

Jν(|a|
√

2xx′ cosh t− x2 − x′2) (16)

and

u2
ν(t, x, x

′) =

(
x− x′e−t

x− x′et

) ν
2

Yν(|a|
√

2xx′ cosh t− x2 − x′2), (17)

and the proof of the Proposition is finished.
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3 Cauchy problem for the generalized

wave equation

In this section we give the explicit solution to the generalized Cauchy
problem (2), for this we prove the following Lemmas:

Lemma 0.2. Let z = 2xx′ cosh(t)− x2 − x′2 as in the Lemma
0.1, then we have:
i) z = 4xx′ sinh(t/2)− (x− x′)2 = −(x− x′et)(x− x′e−t).
ii) z ≥ 0 if and only if xe−t < x′ < xet.
iii) Setting x = eX and x′ = eX

′
, then we have:

Z(t,X,X ′) = 4eX+X′
(

sinh2( t
2
)− sinh2(X

′−X
2

)

)
iv) Setting

X ′ = X − 2 arg sh(s sinh(
t

2
)), (18)

then we have:

Z(X, s, t) = 4e2X−2 arg sinh(s sinh t/2) sinh2 t

2
(1− s2). (19)

The proof of this lemma is simple and in consequence is left to
the reader.

Lemma 0.3. Let Z given by the formula (19) then we have
iii)Z(t) ∼0 t

2e2X(1− s2)
iv)Z ′(t) ∼0 2te2X(1− s2)
v)z−ν/2Jν(|a|zν/2) ∼0

2−ν

Γ(1+ν)
|a|ν

vi) ∂
∂t
zν/2Jν(|a|z1/2) = |a|ν

2ν−1Γ(ν)
e2νX(1− s2)νt2ν−1.

Let G(s, t,X, U0) = U0(X−2 arg sinh(s sinh(t/2)))

eν(X−2 arg sinh(s sinh(t/2)))
√

1+s2 sinh2(t/2)
,

with U0 ∈ C∞0 (R+) then we have

vii)G(s, t,X, U) ∼0
U0(X)
eνX

viii) ∂
∂t
G(s, t,X, U) ∼0

−sU ′0(X)+νU0(X)

eνX
.
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Proof. The parts i), ii), iii) and iv) are simples. To see v) we
use essentially the formulas see Lebedev [10] p.134

Jα(z) ∼0
2−α

Γ(1 + α)
zα, (20)

and the formula (19). For the proof of vi) we recall the formula see
Magnus [11] p. 67(

d

xdx

)m
[x−νJν(x)] = (−1)mx−ν−mJν+m(x), (21)

to obtain
d

dx
[x−νJν(|a|x)] = −|a|x−νJν+1(x) (22)

and this formula gives

d

dt
z−ν/2Jν(|a|z1/2) = −|a|z−ν/2Jν+1(|a|z1/2)

∂z1/2

∂t
(23)

or
∂
∂t
zν/2Jν(|a|z1/2) = 1

2
|a|z(ν−1)/2Jν−1(|a|z1/2)dz

dt

and finally we use iv) to have the result of vi). The parts vii) and
viii) are evident, and the proof of the Lemma is finished.

Theorem 1. For a ∈ R? and −1 < ν < 1, the wave problem
(2) has the unique solution given by:

u(t, x) =

∫ xet

xe−t
wνa(t, x, x′)u0(x′)

dx′

x′1+ν , (24)

with

wνa(t, x, x′) = cν

(
x− x′e−t

x− x′et

) ν
2

Jν(|a|
√

2xx′ cosh t− x2 − x′2),

(25)
and

cν =
(−1)ν/2Γ(ν + 1)

2|a|ν
, (26)

and Jν is the Bessel function of the first kind.
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Proof. Setting x = eX and x′ = eX
′
, in the integral (24), we

obtain:

U(t,X) =

∫
X−t<X′<X+t

W ν
a (t,X,X ′)U0(X ′)

dX ′

eνX′
, (27)

with

W ν
a (t,X,X ′) = cν

(
eX−eX′−t
eX−eX′+t

)ν/2
×

Jν

(
2|a|e(X+X′)/2

√
sinh2 t/2− sinh2 (X −X ′)

2

)
,

where cν is as in (26) and Jν are the Bessel function of the first
kind.

Setting X ′ = X − 2 arg sh(s sinh( t
2
)) in the formula (27), we

obtain:

U(t,X) =

∫ 1

−1

wνa(s, t,X)ds, (28)

with
wνa(s, t,X) =

(−1)ν/2cνA
−νzν/2Jν(|a|z1/2)G(s, t,X, U)2 sinh(t/2), (29)

with A,Z and G are as in the Lemma 0.2.
Using the Lemma 0.3, we have

U(t,X) ∼0 (−1)−ν/2cν
|a|ν

2νΓ(ν + 1)
tν+1U0(X)

∫ 1

−1

(1 + s)νds,

and

t−νU(t,X) ∼0 (−1)−ν/2cν
|a|ν

2νΓ(ν + 1)
tU0(X)

∫ 1

−1

(1 + s)νds.

and it is clear that the first condition (α) in the problem (2) is
satisfied.
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To prove the second condition (β) in the problem (2), we have:

d

dt

[
wνa(s, t,X)

]
= (−1)ν/2cν

[ d
dt

(
A−ν

)
zν/2Jν(|a|z1/2)G(s, t,X, U) 2 sinh(t/2)

+A−ν
d

dt

(
zν/2Jν(|a|z1/2)

)
G(s, t,X, U) 2 sinh(t/2)

+A−νzν/2Jν(|a|z1/2)
d

dt
(G(s, t,X, U)) 2 sinh(t/2)

+A−νzν/2Jν(|a|z1/2)G(s, t,X, U)
d

dt
(2 sinh(t/2))

]
= (−1)ν/2cν {C1 + C2 + C3 + C4}.

and using the Lemma 0.3 we obtain

C1 ∼0 (−1)−ν+1 |a|ν

2νΓ(ν)
tνU0(X)(1 + s)ν ,

C2 ∼0 (−1)−ν
|a|ν

2ν−1Γ(ν)
tνU0(X)(1 + s)ν ,

C3 ∼0 o(t
ν+1),

C4 ∼0 (−1)−ν
|a|ν

2νΓ(ν + 1)
tνU0(X)(1 + s)ν ,

C1 + C2 + C3 + C4

∼0

(−1)−ν(− |a|ν

2νΓ(ν)
+

|a|ν

2ν−1Γ(ν)
+

|a|ν

2νΓ(ν + 1)
)tνU0(X)(1 + s)ν

(−1)−ν
|a|ν

2νΓ(ν)
tνU0(X)(1 + s)ν [−1 + 2 + 1/ν].

d

dt
[wν(s, t,X)] = (−1)−ν/2cν

|a|ν

2νΓ(ν)
(1 + 1/ν)tνU0(X)(1 + s)ν

= (−1)−ν/2cν
|a|ν

2νΓ(ν)
(1 + 1/ν)tνU0(X)(1 + s)ν

= (−1)−ν/2cν
|a|ν

2νΓ(ν)
[(ν + 1)/ν]tνU0(X)(1 + s)ν .
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lim
t−→0

t−νUt(t,X)

lim
t−→0

t−νUt(t,X) =

(−1)−ν/2cν
|a|ν

Γ(ν)2ν
[(ν + 1)/ν]U0(X)

∫ 1

−1

(1 + s)νds

= (−1)−ν/2cν
|a|ν

2νΓ(ν)
[(ν + 1)/ν]

2ν+1

ν + 1
U0(X)

= cν
(−1)−ν/22|a|ν

Γ(ν + 1)
U0(X) = U0(X).

The proof of the theorem is finished.

4 Generalized wave equation with Morse

potential

The importance of the Schrodinger operator with the Morse po-
tential in both theory and application of mathematics and physics
may be found in literature (see for example Fidiani E. [4], Hassan-
abadi H. and Zare S., [5], and Ikeda N., Matsumoto H. [6]). Note
that the purely vibrational levels of diatomic molecules with angu-
lar momentum l = 0 have been described by the Morse potential
since 1929, see P. Morse [13].
This section is devoted to the following generalized wave problems

(w)′MaU(t,X) = BνU(t,X), (t,X) ∈ R2
+

(a)′ limt→0 t
−νU(t,X) = 0,

(b)′ limt→0 t
−νUt(t,X) = U0(X), U0 ∈ C∞0 (R+).

(30)

associated to the second order differential operator of the Morse
type:

Ma =
∂2

∂X2
− a2 exp 2X. (31)
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Theorem 2. For a real number the problem (30) has the
unique solution given by

U(t,X) =

∫
|X−X′|<t

W ν
a (t,X,X ′)U0(X ′)

dX ′

eνX′
(32)

with

W ν
a (t,X,X ′) = cν

(
eX−eX′−t
eX−eX′+t

)ν/2
×

Jν

(
2|a|e(X+X′)/2

√
sinh2 t/2− sinh2 (X −X ′)

2

)
, (33)

where cν is as in (26) and Jν are the Bessel function of the first
kind

Proof. By change of variables x = eX the problem (30)is trans-
formed in the problem (2).

5 Generalized wave equation on the hy-

perbolic space

The wave equation on the hyperbolic space is solved explicitly at
the first times by P. D, Lax et R. S, Phillips [9], see also A. Intissar
and M. V. Ould Moustapha [7] and [8]. Here we give the solution
of the generalized wave equation on the hyperbolic space, using the
solution of the generalized wave equation associated to the Bessel
operator given in theorem 1.

In this paper The hyperbolic space is modeled by the upper half
space Hn = {w = (x1, x2, . . . , xn−1, xn) = (x, xn) ∈ Rn : xn > 0 }.,
with the hyperbolic metric

ds2 =
dx2

1 + dx2
2 + ...+ dx2

n−1 + dx2
n

x2
n

. (34)

Note that the metric ds is invariant with respect to the group
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G = SO(n, 1). The associated hyperbolic volume form dµ(w) is
given by:

dµ(w) =
dx1dx2...dxn−1dxn

xnn
, (35)

and the hyperbolic distance ρ(w,w′) between two points w and w′

in the hyperbolic space Hn is given by:

cosh2(ρ(w,w′)/2) =
|x− x′|2 + x2

n + x′2n
2xnx′n

, (36)

with the Laplace-Beltrami operator

Ln = x2
n∆n−1 + (2− n)

∂

∂xn
+ ((n− 1)/2)2, (37)

and

∆n−1 =
n∑
j=1

∂2

∂x2
j

. (38)

The main objective of this section is to solve the following general-
ized wave problems

(w)′′ LnΦ(t, w) = BνΦ(t, w), (t, w) ∈ R+ ×Hn

(a)′′ limt→0 t
−νΦ(t, w) = 0,

(b)′′ limt→0 t
−νΦt(t, w) = Φ0(w),Φ0 ∈ C∞0 (Hn).

(39)

associated to the Laplace-Beltrami operator Ln.
Now we recall some fact about the Fourier transform:

For f ∈ L1(Rn), the Fourier and inverse Fourier transforms of
f are given by

(Ff)(ξ) =
1

(2π)n/2

∫
Rn
f(x) exp(−iξ.x)dx. (40)

(F−1f)(x) =
1

(2π)n/2

∫
Rn
f(ξ) exp(iξ.x)dξ. (41)
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Lemma 2.1. Let La be the Bessel operator in (1), then for a
real α we have

• i) x−αLaxα = x2 ∂2

∂x2
+ (2α + 1)x ∂

∂x
+ α2 − a2x2.

• ii)For radial function f ∈ L1(R)

(F−1f)(x) = |x|1−
n
2

∫ +∞

0

f(r)Jn
2
−1(r |x|)r

n
2 dr. (42)

• iii) F(f(x)g(x))(ξ) = (2π)−n(Ff ∗ Fg)(ξ).

• iv)we have the following formula intertwining the Laplace Bel-
trami operator Ln on the hyperbolic space Hn and the Bessel
operator L|ξ|

F
[
x(n−1)/2
n Lnx(1−n)/2

n Φ
]

(ξ) = L|ξ|FΦ(ξ). (43)

Proof. the first part i) is simple, for the second part ii) see [16]
p.226, and the part iii) is given in [15] p.34.
A simple computation, using the part i) of the Lemma and some
Fourier transform properties, gives the part iv).

Lemma 2.2. • i) Set
∫ +∞

0
Jµ(at)Jν(bt)t

µ−ν+1dt = I(a, b, ρ, µ, ν)
then we have:
I(a, b, ρ, µ, ν) = 2µ−ν+1aµb−ν

Γ((ν−µ)
(b2 − a2)ν−µ−1, b > a.

I(a, b, ρ, µ, ν) = 0, b < a.

• ii) Let wν|ξ|(t, xn, x
′
n) be the wave kernel for the generalized

wave equation for the Bessel operator given by (25), then we
have
F−1

[
wν|ξ|(t, xn, x

′
n)
]

(x) =

Kν(xn − x′net)−ν (2xnx
′
n cosh t− x2

n − x′2n − |x|2)
ν−(n−1)/2
+ ,

with
Kn
ν = (−1)ν 2(n−3)/2−νΓ(ν+1)

Γ(ν−(n−3)/2)
.
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Proof. For i) see Magnus et al. [11] p.99. To prove the part ii),
recall that the function wν|ξ|(t, xn, x

′
n) is radial in ξ = (ξ1, ξ2, ..., ξn−1),

using the part ii) of the Lemma 2.1 we can write:

F−1
[
wν|ξ|(t, xn, x

′
n)
]

(x) =

|x|(3−n)/2
∫∞

0
wνr (t, xn, x

′
n)J(n−3)/2(r|x|)r(n−1)/2dr.

= cν |x|(3−n)/2(−1)ν/2A−νzν/2×∫ +∞
0

Jν(rz
1/2)J(n−3)/2(r|x|)r(n−1)/2−νdr =

with A(t) and z are as in the 0.1. Using the first part i), with
ν = ν, µ = (n− 3)/2, a = |x− x′|, and b = z1/2, we obtain

F−1
[
wν|ξ|(t, xn, x

′
n)
]

(x) =

cν(−1)ν/2|x|(3−n)/2zν/2|x|(n−3)/2z−ν/2 2(n−1)/2−ν

Γ(ν−(n−3)/2)

A−ν (2xnx
′
n cosh t− x2

n − x′2n − |x|2)
ν−(n−1)/2

.

= Kn
νA
−ν (2xnx

′
n cosh t− x2

n − x′2n − |x|2)
ν−(n−1)/2

.
and the proof of the Lemma is finished.

Corollary 3. The Cauchy problem for the generalized wave
equation on the hyperbolic space, Hn, has the unique solution given
by

Φ(t, w) =

∫
Hn

wνn (t, w, w′) Φ0(w′)dµ(w′), (44)

with
wνn (t, w, w′) = Kn

ν
(xnx′n)ν

(xn−x′net)ν
(cosh t− cosh ρ(w,w′))ν−(n−1)/2

with
Cn
ν = Γ(ν)

2π(n−1)/2Γ(ν−(n−3)/2)
.

Proof. In view of the part iv) of the Lemma 2.1, the wave prob-
lem on the hyperbolic space (39) is transformed into the Cauchy
problem for the generalized wave equation (2), with

u(t, xn) = F
[
x

(1−n)/2
n Φ(t, x, xn)

]
(ξ) and u0(xn) = x

(1−n)/2
n F [Φ0(x, xn)](ξ).

that is:
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F
[
x(1−n)/2Φ(t, x, xn)

]
(ξ) =∫ ∞

0

wν|ξ|(t, xn, x
′
n)x′(1−n)/2

n x(1−n)/2F [Φ0] (ξ, x′n)
dx′n
x′n

,

and

Φ(t, x, xn) =

∫ ∞
0

F−1
[
wν|ξ|(t, xn, x

′
n)x′(1−n)/2

n F [Φ0] (ξ, x′n)
]

(x)
dx′n
x′n

,

(45)
Φ(t, x, xn) = (2π)−(n−1)/2×∫ ∞

0

F−1
[
wν|ξ|(t, xn, x

′
n)
]

(x) ∗ Φ0(x, x′n)x′(1−n)/2
n

dx′n
x′n

, (46)

thus

Φ(t, x, xn)

= (2π)−(n−1)/2

∫ ∞
0

∫
Rn−1

F−1
[
wν|ξ|(t, xn, x

′
n)
]

×(x− x′)x(n−1)/2
n x′(n−1)/2

n × Φ0(x′, x′n)
dx′dx′n
x′nn

,

Φ(t, w) =

∫
Hn
wνn(t, w, w′)Φ0(w′)dµ(w′).

Corollary 4. The classical wave kernel in hyperbolic space is
given by

w0
n(t, w, w′) = cn(cosh t− cosh ρ)

(1−n)/2
+ . (47)

with cn = 1
2π(n−1)/2Γ(ν−(n−3)/2)

.

Proof. For n even

wn(t, w, w′) =
1

(2π)n/2
(cosh t− cosh ρ)

(1−n)/2
+ . (48)
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For n odd using the formulas see Shillov [14], p. 120

xλ+
Γ(λ+ 1)

|λ=−n = δ(n−1)(x). (49)

to obtain:

wn(t, w, w′) =
1

(2π)(n−1)/2
δ(n−3)/2(t− ρ). (50)

with δ is the Dirac measure. Note that this same solution given in
Lax and Phillips [9] sec.7.
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