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Abstract 

This paper advises employing a fractional-value SEIR epidemic model with immunization for 

investigating at how COVID-19 spreads. It is clear that the model's solutions are positive and 

limited. When the fundamental reproduction number R0 is less than 1, stability analysis shows 

that the equilibrium free of disease E0 is asymptotically constant both locally and globally. 

When R0 is more than 1, the equilibrium with infection E1 is stable. Adding a vaccination 

parameter θ to the model considerably decreases the reproduction number R0. This shows how 

well vaccination works to stop the spread of disease. We use real-time COVID-19 data from 

Bangladesh to figure out the model parameters. We use the Adams-Bashforth-Moulton 

technique to run statistical simulations and show the results in figure. The findings indicate that 

the fractional-order SEIR model is superior and more effective in assessing the impacts of 

immunization compared to the conventional integer-order model. 

Keywords: SEIR Model, Immunization, Stability analysis, Predictor–corrector method, 

Modelling analysis. 

1. Introduction 

Throughout history, humanity has faced numerous deadly epidemics and pandemics caused by 

viral infections, such as SARS, HIV/AIDS, H5N1, chickenpox, and smallpox. Research in life 

and matter sciences has focused on understanding and modeling the dynamics of such 

outbreaks [1] [2] [3] [4] [5]. Traditional compartmental models like SIS, SIR, and SIRS [6] [7] 

have been widely used to study disease transmission. However, these models often assume 

negligible incubation periods, which limits their applicability to diseases where latency plays 

a significant role. To address this, the SEIR model was introduced, incorporating an exposed 

(E) class to account for the incubation phase of infection.  

Beyond incubation, other factors such as vaccination also critically influence the dynamics of 

infectious diseases. Vaccination plays a key role in reducing the spread of diseases, as it helps 
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establish herd immunity within populations. This protects individuals who are vaccinated and 

safeguards those who cannot be vaccinated due to medical reasons, thereby significantly 

altering the trajectory of infectious disease outbreaks. Gumel, McCluskey and Watmough 

[8]came up with an SEIR model in 2006 to look at the effects of an anti-SARS vaccine. They 

added a vaccinated (V) compartment to the model [9]. 

Nonetheless, the majority of these investigations relied on classical (integer-order) differential 

equations. Conversely, fractional-order differential models provide a more adaptable and 

precise methodology by integrating memory effects and genetic characteristics of biological 

processes. This study utilizes Caputo fractional-order derivatives to model the dynamics of a 

four-compartment SEIR system incorporating vaccination. This method facilitates a 

comprehensive comprehension of the temporal dissemination of diseases such as COVID-19 

and the alleviating function of immunization [10]. 

Recently, the global scientific community has conducted substantial research to comprehend 

and manage the transmission of the highly contagious and lethal Coronavirus illness (COVID-

19). Numerous mathematical models have been developed in epidemiology to clarify and 

predict the intricate processes that lead to infectious diseases. The foundational model was 

presented by Kermack and McKendrick in 1927. Subsequently, Tang et al. [11] presented a 

compartmental deterministic model that accounted for illness development, the 

epidemiological status of patients, and intervention techniques. The SIR model, extensively 

utilized in epidemiological research, acquired attention after its application by Anderson et al. 

in 1991 [12]. 

Anyway, these classical models are typically constructed with integer-order differential 

equations, which may insufficiently represent the memory and genetic effects present in several 

biological systems. Conversely, fractional-order differential equations have demonstrated 

efficacy in modelling the dynamics of numerous infectious diseases, providing enhanced 

flexibility and precision. Throughout the years, many techniques have been established for 

obtaining analytical and numerical solutions to these fractional-order models [13] [14] [15] 

[16].  

Numerous fractional differential operators—including Caputo–Fabrizio, Riemann–Liouville, 

Caputo, Hadamard, Atangana–Baleanu, and Katugampola—have been utilized to analyze the 

dynamics of epidemic systems. This study employed the Caputo derivative, recognized for its 

nonlocal and nonsingular exponential kernel, to explore the dynamics of COVID-19 

transmission. [17] [18] [19] [20] [21] [22] [23].  

Recent studies have illustrated the relevance of fractional-order models across several epidemic 

scenarios, including the dynamic and computational analysis of a heroin epidemic model by 

Raza etal. [41], among others [24] [25] [26] [27] [28].As previously said, vaccination is an 

essential instrument in combating infectious diseases. Vaccination has proven to be one of the 

most effective strategies to mitigate the spread of COVID-19. Theoretical analyses indicate 

that the COVID-19 vaccination method could attain disease eradication at lower vaccine 

coverage levels than conventional models. India commenced its COVID-19 vaccine initiative 

on January 16, 2021, and by May 10, 2021, more than 170 million doses had been delivered. 
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The campaign initially utilized Covishield protection, a domestically produced variant of the 

Oxford–AstraZeneca vaccine by the Serum Institute of India, and Covaxin, developed by 

Bharat Biotech. In April 2021, Sputnik V received approval as a third vaccination, with 

delivery commencing in late May 2021. 

The following are the main goals of this work:  

1. To examine the stability and dynamical behavior of a fractional-order SEIR model that 

includes vaccination.  

2. To calculate the system's endemic and disease-free equilibrium points and the basic 

reproduction number R0.  

3. To validate the analytical results and evaluate how well vaccinations work to stop the spread 

of COVID-19, numerical simulations will be run. 

 

2. Formulation of the Model 

The entire population N(t) is separated into four epidemiological compartments at any given 

period t≥0:  

 S(t) stands for susceptible individuals, 

E(t) for exposed persons (infected but not yet contagious), 

I(t) for infectious individuals, and 

R(t) for recovered individuals. 

Thus, the total population is given by: 

N(t)=S(t)+E(t)+I(t)+R(t) 

The classical SEIR model with integer-order derivatives and vaccination is formulated as 

follows  

                                                      
𝑑𝑆

𝑑𝑡
= Λ − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛿𝑆(𝑡) − 𝜃𝑆(𝑡) 

                                                     
𝑑𝐸

𝑑𝑡
= 𝛽𝑆(𝑡)𝐼(𝑡) − (𝛿 + 𝜌)𝐸(𝑡) 

                                                     
  𝑑𝐼

𝑑𝑡
= 𝜌𝐸(𝑡) − (𝛿 + 𝜎)𝐼(𝑡) 

   
𝑑𝑅

𝑑𝑡
= 𝜎𝐼(𝑡) − 𝛿𝑅(𝑡) + 𝜃𝑆(𝑡) 

With initial conditions 𝑆(0) = 𝑆0,𝐸(0) = 𝐸0,𝐼(0) = 𝐼0,𝑅(0) = 𝑅0 

Where, 

• Λ: recruitment (birth) rate into the susceptible class, 

• 𝛽: effective transmission rate, 

• δ: natural death rate, 

• θ: the rate of vaccination for people who are susceptible 
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• ρ: the rate at which people who are exposed become infectious, 

• σ: recovery rate of infected individuals. 

This integer-order SEIR model captures the essential disease dynamics and incorporates the 

effect of vaccination. In subsequent sections, we extend this framework to include fractional-

order derivatives to better model the memory-dependent characteristics of real epidemics such 

as COVID-19. 

3. Riemann–Liouville Fractional Integral 

Let f(t) be a function that is defined on the interval [0, T] and let α be a number greater than 0. 

This is how you define the Riemann–Liouville fractional integral of order α of f(t): 

𝐼𝛼𝑓(𝑡) =
1

Γα
∫ (𝑡 − 𝑦)𝛼−1
𝑡

0

. 𝑓(𝑦). 𝑑𝑦 

where Γ(⋅) is the Gamma function. 

 

3.1 Caputo Fractional Derivative 

For a function f(t), where 𝒏 ∈ ℕ, the Caputo fractional derivative of order α∈ (n−1, n) is defined 

as follows: 

𝐶
𝐷𝑡
𝛼=

1
Γn−1

∫
𝑓𝑛(𝑦)

(𝑡 − 𝑦)𝛼−𝑛+1
. 𝑑𝑦

𝑡

0

 

where 𝑓𝑛(𝑦) is the n-th derivative of f(y), and  Γ(⋅) is the Gamma function. 

Following the Caputo approach, we improve the conventional integer-order model (1) by 

developing a fractional-order variant. The system (1) is represented by 

 

                             

    𝑐𝐷𝑡𝛼𝑆(𝑡) = Λ − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛿𝑆(𝑡) − 𝜃𝑆(𝑡)

𝑐𝐷𝑡𝛼𝐸(𝑡) = 𝛽𝑆(𝑡)𝐼(𝑡) − (𝛿 + 𝜌)𝐸(𝑡)

𝑐𝐷𝑡𝛼𝐼(𝑡) = 𝜌𝐸(𝑡) − (𝛿 + 𝜎)𝐼(𝑡)

𝑐𝐷𝑡𝛼𝑅(𝑡) = 𝜎𝐼(𝑡) − 𝛿𝑅(𝑡) + 𝜃𝑆(𝑡)

      

}
 
 

 
 

         ……… (1) 

With initial conditions 𝑆(0) = 𝑆0,𝐸(0) = 𝐸0,𝐼(0) = 𝐼0,𝑅(0) = 𝑅0 

 

3.2 Non-negativity and boundedness of Solutions 

Proposition: The region Ω = {(S, E , I , R)  ∈ ℝ4 ∶  0 < N ≤
Λ

δ
 } is a positively invariant 

and non-negative region for the model for all 𝑡 ≥ 0. 

Proof: we have,  

CDtα(S+E+I+R)=Λ−δ(S+E+I+R) 

CDtα𝑁(𝑡)=Λ−δN(t) 
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CDtα𝑁(𝑡)+δN(t)=Λ 

Applying the Laplace conversion function L{⋅} and the standard Laplace rule for a Caputo 

fractional derivative of order 0<α<10 

 

ℒ{CDtα𝑁(𝑡)}(𝑠) = s𝛼f(s) − s𝛼−1f(0 +) 

 

the linear fractional differential equation 

 

CDtα𝑁(𝑡)+δN(t)=Λ 

 

with initial value 𝑁(0+) = 𝑁0 transforms as follows: 

s𝛼𝑁̃(𝑠) − s𝛼−1𝑁0 + 𝛿𝑁̃(𝑠) =
𝛬

𝑠
 

 

𝑁̃(𝑠) =

𝛬
𝑠 + s

𝛼−1𝑁0 

(s𝛼 + 𝛿)
 

Where , 𝑁̃(𝑠) = ℒ{𝑁(𝑡)(𝑠) 

Using the reverse process Laplace conversion, we obtain 

𝑁(𝑡)  =  𝑁(0)𝐸𝛼,1 (−𝜇𝑡
𝛼) +  𝛬𝑡𝛼 𝐸𝛼,𝛼+1 (−𝛬𝑡

𝛼) 

Hence           𝑁(𝑡) = (𝑁0 −
𝛬

𝛿0
)𝐸𝛼,1 (−𝜇𝑡

𝛼)+
𝛬

𝛿
. 

Thus,  lim
𝑡→0

𝑆𝑢𝑝 𝑁(𝑡) ≤
𝛬

𝛿
 

 

Therefore, the parameters S, E, I and R are all non-negative. 

 

4. Fundamental Reproduction Number 

The fundamental reproduction number 𝑅0 is defined as the spectral radius (dominant 

eigenvalue) of the next-generation matrix 𝐹𝑉−1, Where, F denotes the array of new infection 

words, whereas V signifies the array of variations between compartments, encompassing 

recovery and mortality. 

Mathematically,           𝑅0 = 𝜌(𝐹𝑉−1) 

where ρ(⋅) represents the spectral radius, defined as the maximum absolute value of the 

eigenvalues. 
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Here, 𝐹 = [
0 𝛽

Λ

𝛿+𝜃

0 0
] and 𝑉 = [

𝛿 + 𝜌 0
−𝜌 𝛿 + 𝜎

] 

Therefore, the reproduction number 𝑅0 =
𝜌𝛽𝜎

(𝛿+𝜃)(𝛿+𝜌)(𝛿+𝜎)
 

 

4.1 Stability Analysis 

Determining the system's equilibrium is attainable by solving system (1). We could determine 

the healthy equilibrium points E0 and the disease-causing equilibrium point E1 of the system 

(1) by 

CDtα𝑆(𝑡)=CDtα𝐸(𝑡)=CDtα𝐼(𝑡)=CDtα𝑅(𝑡)=0
 

The model has two equilibrium points namely, 𝐸0 = (
Λ

𝛿+𝜃
, 0,0,

Λθ

𝛿(𝛿+𝜃)
) and 𝐸1 =

(𝑆∗, 𝐸∗, 𝐼∗, 𝑅∗), Where, 𝑆∗ =
(δ+ρ)(δ+σ)

𝛽𝜌
, 𝐸∗ =

(δ+σ)

𝜌
𝐼∗,𝐼∗ =

Λρ

(δ+ρ)(δ+σ)
−
(δ+θ)

𝛽
,  𝑅∗ =

σI∗+θS∗

𝛿
. 

The Jacobian matrix (J) of the simulation model (1) at the point (S, E, I, R) is expressed as 

𝐽 = [

−𝛽𝐼 − 𝛿 − 𝜃
𝛽𝐼
0
0

      

0
−(𝛿 + 𝜌)

𝜌
0

       

−𝛽𝑆
𝛽𝑆

−(𝛿 + 𝜎)
𝜎

       

0
0
0
−𝛿

  ] 

 

Theorem 1: The healthy equilibrium point E0 of system (1) is locally asymptotically steady 

when R0 is lower than 1, and becomes unstable when R0 crosses 1. 

Proof: the Jacobian matrix J at 𝐸0 becomes  

𝐽(𝐸0 )= 

[
 
 
 
 −𝛿 − 𝜃

𝛽𝐼
0
0

      

0
−(𝛿 + 𝜌)

𝜌
0

       

−𝛽
Λ

𝛿+𝜃

𝛽
Λ

𝛿+𝜃

−(𝛿 + 𝜎)
𝜎

       

0
0
0
−𝛿

  

]
 
 
 
 

 

The solutions to the characterized equation are presented as (−𝛿 −  𝜃), − 𝛿, −( 𝛿 + 𝜎) and (𝛿 

+ 𝜌) (𝑅0− 1). Depending on whether 𝑅0 < 1 or 𝑅0> 1,the equilibrium point E0 is either locally 

asymptotically steady or unsteady. 

 

Theorem 2:  When 𝑅0>1, the infection-endemic equilibrium point 𝐸1 of system (1) is locally 

asymptotically steady. When 𝑅0<1, it becomes unstable. 

Proof: The Jacobian matrix J at 𝐸1 becomes 

𝐽 = [

−𝛽𝐼∗ − 𝛿 − 𝜃
𝛽𝐼∗

0
0

      

0
−(𝛿 + 𝜌)

𝜌
0

       

−𝛽𝑆∗

𝛽𝑆∗

−(𝛿 + 𝜎)
𝜎

       

0
0
0
−𝛿

  ] 
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The characteristic equation is (−𝛿 − 𝜆)(𝜆3 + 𝑝𝜆2 + 𝑞𝜆 + 𝑟) = 0, 

Where,                      𝑝 =  𝛽𝐼∗ + 3𝛿 + 𝜌 + 𝜎 + 𝜃 

𝑞 =( 𝛽𝐼∗ + 𝛿 + 𝜃)(2𝛿 + 𝜌 + 𝜎) + (𝛿 + 𝜌)(𝛿 + 𝜎) − 𝛽𝜌𝑆∗ 

                                  𝑟 =( 𝛽𝐼∗ + 𝛿)((𝛿 + 𝜌)(𝛿 + 𝜎) − (𝛿 + 𝜃)𝛽𝜌𝑆∗ 

Using Routh-Hurwitz criteria, the model (1) is asymptotically steady in locally at 𝐸1 as p>0, 

q>0, pq>0. 

 

5. Application of the Predictor-Corrector Method to the SEIR Model 

For situations involving fractional order initial values, the Aadmms-Bashforth-Moultron 

approach is the numerical method that has been applied the most typically. The Adams-

Bashforth-Moulton approach offers a robust framework for addressing the complexities 

associated with fractional-order dynamics in epidemiological models. By effectively 

incorporating past information and adjusting predictions accordingly, this method enhances the 

accuracy of the SEIR model's forecasting capabilities in various scenarios. 

Let us consider 

𝑐𝐷𝑡𝛼𝐿𝑗(𝑡)=𝑔𝑗(𝑡,𝐿𝑗(𝑡)),   𝐿𝑗(0) = 𝐿𝑗0
𝑟  

𝑟 = 0,1,2,……… , ⌈𝛼⌉𝑗𝜖ℕ 

Where, The Volterra integral equation is the same as  𝐿𝑗0
𝑟 ∈ ℝ  

𝐿𝑗(𝑡) = ∑ 𝐿 
𝑡𝑛

𝑛!
+
1

⌈𝛼
∫ (𝑡 − 𝑢)𝛼−1
𝑡

0

⌈𝛼⌉−1

𝑛=0

𝑔𝑗 (𝑢, 𝐿𝑗(𝑢)) 𝑑𝑢, 𝑗 ∈ ℕ 

Here is a description of the algorithm. 

Let 𝑇 = ℎ𝑛̂, 𝑡𝑛 = 𝑛ℎ, n= 0,1,2,………,𝑛̂. 

Corrector formulae: 

𝑆𝑛+1 = 𝑆0 +
ℎ𝛼1

⌈(𝛼1 + 2)
(𝛬 − 𝛽𝑆𝑛+1

𝑝 𝐼𝑛+1
𝑝 −𝛿𝑆𝑛+1

𝑝 −𝜃𝑆𝑛+1
𝑝 ) + 

ℎ𝛼1

⌈(𝛼1 + 2)
∑𝛼1,𝑗,𝑛+1(

𝑛

𝑗=0

𝛬−𝛽𝑆𝑗𝐼𝑗 −𝛿𝑆𝑗 −𝜃𝑆𝑗) 

                      𝐸𝑛+1 = 𝐸0 +
ℎ𝛼2

⌈(𝛼2 + 2)
(𝛽𝑆𝑛+1

𝑝 𝐼𝑛+1
𝑝 − (𝛿 + 𝜌)𝐸𝑛+1

𝑝 ) + 

ℎ𝛼2

⌈(𝛼2 + 2)
∑𝛼2,𝑗,𝑛+1(

𝑛

𝑗=0

𝛽𝑆𝑗𝐼𝑗 − (𝛿 + 𝜌)𝐸𝑗) 
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                 𝐼𝑛+1 = 𝐼0 +
ℎ𝛼3

⌈(𝛼3 + 2)
(𝜌𝐸𝑛+1

𝑝 − (𝛿 + 𝜎)𝐼𝑛+1
𝑝 ) +

ℎ𝛼3

⌈(𝛼3 + 2)
∑𝛼3,𝑗,𝑛+1(

𝑛

𝑗=0

𝜌𝐸𝑗

− (𝛿 + 𝜎)𝐼𝑗) 

                  𝑅𝑛+1 = 𝑅0 +
ℎ𝛼4

⌈(𝛼4 + 2)
(𝜎𝐼𝑛+1

𝑝 −𝛿𝑅𝑛+1
𝑝 +𝜃𝑆𝑛+1

𝑝 ) + 

ℎ𝛼4

⌈(𝛼4 + 2)
∑𝛼4,𝑗,𝑛+1(

𝑛

𝑗=0

𝜎𝐼𝑗 −𝛿𝑅𝑗 +𝜃𝑆𝑗) 

 

Predictor formulae: 

      𝑆𝑛+1 = 𝑆0
ℎ𝛼1

⌈(𝛼1)
∑𝛽1,𝑗,𝑛+1(

𝑛

𝑗=0

𝛬 −𝛽𝑆𝑗𝐼𝑗 −𝛿𝑆𝑗 −𝜃𝑆𝑗) 

  𝐸𝑛+1 = 𝐸0 +
ℎ𝛼2

⌈(𝛼2)
∑𝛽2,𝑗,𝑛+1(

𝑛

𝑗=0

𝛽𝑆𝑗𝐼𝑗 − (𝛿 + 𝜌)𝐸𝑗) 

𝐼𝑛+1 = 𝐼0 +
ℎ𝛼3

⌈(𝛼3)
∑𝛽3,𝑗,𝑛+1(

𝑛

𝑗=0

𝜌𝐸𝑗 − (𝛿 + 𝜎)𝐼𝑗) 

𝑅𝑛+1 = 𝑅0 +
ℎ𝛼4

⌈(𝛼4)
∑𝛽4,𝑗,𝑛+1(

𝑛

𝑗=0

𝜎𝐼𝑗 −𝛿𝑅𝑗 +𝜃𝑆𝑗) 

Where, 

        𝛼𝑖,𝑗,𝑛+1 = {

𝑛𝛼+1− (𝑛 − 𝛼)(𝑛 + 1)𝛼,      𝑖𝑓 𝑗 = 0 

(𝑛 − 𝑗 + 2)𝛼+1+ (𝑛 − 𝑗)𝛼+1−2(𝑛 − 𝑗 + 1)𝛼+1,
1, 𝑖𝑓 𝑗 = 1

𝑖𝑓 0 ≤ 𝑗 ≤ 𝑛 

And  

𝛽𝑖,𝑗,𝑛+1 =
ℎ𝛼1

𝛼
[(𝑛 + 1− 𝑗)𝛼1 − (𝑛 − 𝑗)𝛼1], 0 ≤ 𝑗 ≤ 𝑛 𝑎𝑛𝑑 𝑖 = 1,2,3,4. 

 

5.1 Modelling generated from numerical data 

 In this section, we conduct comprehensive numerical simulations of the results generated by 

the Adams-Bashforth-Moulton predictor–corrector system using mathematical software. We 

examine both the vaccine-free scenario, represented by η = 0, and the scenario with vaccines, 

indicated by 𝜂 ≠ 0. The aim of these simulations is to clarify the dynamics of disease 

transmission under both conditions, emphasising the influence of vaccination on transmission 

rates and the overall immunity of the population. 

The following are approximate values of the parameters for COVID-19 in Bangladesh: 
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Parameter Value [non-vaccinated] Value [vaccinated] Reference 

Λ 50 50 Estimated 

𝛽 0.0002 0.0002 Estimated 

𝛿 0.0053 0.0053 Estimated 

𝜃 0.0 0.03 Model to fit 

𝜌 0.019 0.019 [59, 60] 

𝜎 0.0186 0.0186 [59, 60] 

 

Fig 1: Graph of S(t) for varying values of α in relation to time (days) with and without 

vaccine 

Figure 1 shows how the number of people who are susceptible changes over time for different 

values of the fractional value α, in both cases: with and without vaccination. The number of 

people that are sensitive goes down with time for all values of α. But at any given time, there 

are more people who are likely to get sick when α is smaller. This shows that fractional-order 

derivatives provide a memory effect that changes the pace of deterioration. This memory effect 

highlights the nuanced dynamics of disease transmission and the impact of vaccination 

strategies. As a result, understanding these fractional-order models can enhance public health 

responses by allowing for more tailored interventions that consider the varying susceptibility 

of populations over time.This suggests that incorporating fractional dynamics provides a more 

nuanced understanding of susceptibility over time. Additionally, the plots confirm that 

vaccination consistently reduces the number of susceptible individuals compared to the non-

vaccination case for all values of α, as expected. 
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Fig. 2: Graph of E(t) for varying values of α in relation to time (days) with and without 

vaccine 

Figure 2 illustrates the temporal progression of the exposed population for different values of 

the fractional number α, accounting for both vaccinated and unvaccinated situations. For all 

values of α, the population of exposed individuals escalates over time. At each given time t, 

the quantity of exposed people escalates as the fractional order α diminishes. This graph 

illustrates the influence of memory effects intrinsic to fractional-order models, which often 

decelerate the rate of exposure advancement. Moreover, the incorporation of vaccination yields 

a consistently reduced number of exposed individuals relative to the non-vaccination scenario 

across all values of α, which is consistent with anticipated epidemiological results. This 

observation highlights the critical role of vaccination in controlling the spread of infectious 

diseases, reinforcing the importance of public health initiatives. Consequently, it becomes 

evident that targeted vaccination strategies can significantly alter the trajectory of disease 

transmission, underscoring the need for ongoing research in this area. 

 

Fig. 3: Graph of I(t) for varying values of α in relation to time (days) with and without 

vaccine 

Figure 3 depicts the temporal dynamics of the infected population across different fractional 

order values α, accounting for both vaccinated and unvaccinated conditions. For all fractional 
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orders, the population of infected people diminishes significantly over time. Furthermore, the 

incorporation of vaccination significantly hastens this reduction, leading to a persistently 

decreased incidence of illnesses relative to the non-vaccination scenario. This evidence 

illustrates the synergistic effect of fractional-order dynamics and vaccination in reducing 

disease spread. This reduction in disease spread highlights the importance of implementing 

vaccination strategies along with fractional-order modelling approaches in public health 

planning. By understanding these dynamics, health authorities can better tailor interventions to 

mitigate the impact of infectious diseases on populations. 

 

Fig. 4: Graph of R(t) for varying values of α in relation to time (days) with and without 

vaccine 

Figure 4 illustrates the temporal progression of the recovered population for different values 

of the fractional order α. The graph unequivocally demonstrates that the quantity of recovered 

individuals escalates over time for all examined values of α. Moreover, the findings indicate 

that vaccination substantially influences this increase since the count of recovered individuals 

is greater when vaccination is present. This result underscores the beneficial impact of 

immunization in expediting healing among the populace. Additionally, it highlights the 

importance of implementing vaccination strategies as a critical component in public health 

efforts. By fostering higher recovery rates, we can significantly mitigate the impact of diseases 

and protect the overall health of the community. 

 

Fig.5: Graph of SEIR model over time using analytical and numerical method 
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Figure 5 illustrates the time series analysis of the SEIR model with vaccination at R₀ = 0.0053, 

utilizing the parameter values specified in Table 1. The two equilibrium points are E₀ = 

(1428.57, 0, 0, 8571.44) and E₁ = (538.125, 0.525, 289.57, 902.015). The results indicate that 

the model system (2.5) possesses an endemic equilibrium and is asymptotically unsteady with 

differing initial values, corroborating our theoretical findings in Theorem 2. This instability 

suggests that small perturbations in the initial conditions can lead to significant deviations from 

the predicted outcomes, emphasizing the importance of accurate parameter estimation in the 

SEIR model for vaccination. Furthermore, the presence of the endemic equilibrium highlights 

the necessity for ongoing vaccination efforts to manage disease prevalence effectively. 

Effect of β on the fundamental reproduction number 

Value of β Value of R0 

0.001 0.0372 

0.02 0.7433 

0.3 11.1498 

0.5 18.5830 

0.87 32.3345 

 

       Fig.6(a) Impact of β on susceptible class.            Fig.6(b) Impact of β on exposed class 

 

             Fig.6(c) Impact of β on infected class.               Fig.6(d) Impact of β on recovered class. 
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Figure 6 depicts the temporal dynamics of the SEIR model compartments susceptible (S), 

Exposed (E), Infected (I), and Recovered (R) for varying transmission rates inside a fractional-

order derivative framework of order. The model integrates the influences of natural mortality 

rate, vaccination and illness advancement. In the Susceptible compartment (S), an increase in 

β results in a more rapid decrease in the population of susceptible individuals. This is 

anticipated, as an elevated transmission rate results in a greater number of individuals being 

exposed more rapidly due to more interactions with sick individuals. 

The Exposed compartment (E) indicates that an increase leads to a more pronounced initial 

surge in exposed people, signifying accelerated disease transmission. The rate at which 

exposed individuals transition to the infected category also affects the peak and decline of E(t). 

An increase in β substantially influences both the peak height and timing of the infected 

compartment (I). Increased values result in a quicker and elevated peak, indicating swift 

transmission, whereas diminished values prolong and diminish the outbreak magnitude, 

demonstrating a more regulated illness development. In the Recovered compartment (R), 

recovery is contingent upon the infected class; hence, an increased β results in a higher number 

of infections and, subsequently, more recoveries. R(t) escalates more rapidly and attains a 

superior ultimate level with greater β.  

The image illustrates that the transmission rate is a pivotal element in regulating illness 

dissemination. Mitigating β (e.g., via measures like masks, social separation, and public 

awareness) decelerates the pandemic, safeguarding the susceptible population and flattening 

the infection curve. This approach not only helps to protect those at higher risk but also 

provides healthcare systems with the necessary time to manage resources effectively. By 

implementing this strategy, communities can work together to minimise the overall impact of 

the virus and promote public health. 

 

6. Conclusion 

This work examined the SEIR epidemic model, utilizing fractional-order derivatives via the 

Caputo operator for orders 0<α≤10 and integrating a vaccination component. Using COVID-

19 case data from India until August 1, 2021, we calculated the basic reproduction number R₀ 

as 3.67 in the absence of immunization and 0.55 with vaccination. This finding unequivocally 

illustrates that the incorporation of the vaccination parameter θ markedly diminishes the 

reproductive capacity of the virus. The parameter values used in equation (2.8) were obtained 

from real-time data sources [59, 60] and are shown in Table 1.  

Fractional-order derivatives are advantageous for modelling intricate real-world events 

because of their adaptability and decreased inaccuracy, particularly when used with imprecise 

real-time data and surpassing conventional integer-order models in certain contexts. 

Our data confirm that immunization is essential for controlling and preventing the transmission 

of COVID-19. We may expand the suggested model to analyses the dynamics of other 

infectious illnesses and assess the effectiveness of vaccination in mitigating their spread. Our 

data suggests that healthcare authorities, decision-makers, and policy experts should priorities 

the deployment of effective vaccination measures to address viral epidemics. Preemptive 

measures are essential for reducing extensive transmission and mitigating population effects. 
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Measures including lockdowns, curfews, limited mobility zones, and checkpoints can 

effectively curb the spread. The current study aims to comprehend how decreases in 

interpersonal interaction affect the dynamics of disease transmission. Our future target is to 

enhance the SEIR framework by integrating diverse levels of population isolation and 

interaction. This enhancement will allow for a more nuanced understanding of how varying 

degrees of isolation affect infection rates, ultimately providing valuable insights for 

policymakers. By simulating different scenarios of interaction and isolation, we aim to identify 

the most effective strategies for controlling future outbreaks. 
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