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Abstract

Quantum Artificial Intelligence has been considered as one of transformative interdisciplinary areas
that have joined quantum calculation with machine learning and optimization. The paper is a survey
of the recent development in QAI and a detailed case study of the Quantum Approximate
Optimization Algorithm, its mathematical formulation, operator-based modeling, and utility in
practical application to combinatorial optimization. Based on the background principles of the Hilbert
space theory, Hermitian operators and variational quantum circuits, the paper examines the process
of encoding a classical optimization problem in a quantum Hamiltonian and the effects of circuit
depth, parameterization, and graph structure on the algorithms. An example of Max-Cut case study
shows how the algorithm performs on regular graph, irregular graph and weighted graph cases,
showing good approximation even at small depths, and showing convergence behavior as outlined in
theory. The comparative perspectives in regards to existing models of QAI further outline the
advantages of QAOA with regard to interpretability and operator design, and also outline the
constraints associated with noise sensitivity, measurement load, and hardware scalability. The way
QAOA is related to spectral methods, variational theory, and discrete optimization are discussed as
giving theoretical implications of QAOA to applied mathematics. The research finds that QAOA is a
bright future of practical, yet mathematically rich, quantum computation in the near-term. The
development in the future depends on the interdisciplinary cooperation, noise-resistant circuit
engineering, and the development of quantum hardware to achieve the full potential of QAI in both
science and engineering uses.
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1. Introduction

The accelerated merging of quantum computing and artificial intelligence has led to the emergence
of the new field of study known as Quantum Artificial Intelligence (QAI), which is the study of how
concepts of quantum mechanical phenomena can be applied to learning, optimization and decision-
making systems. Quantum computing can act on complex Hilbert spaces and perform computations
by unitary transformations to allow radically new computational behaviors than in a classical
computation. It is an exceptionally close mathematical construction to certain portions of applied
mathematics, such as linear algebra, optimization theory, operator theory, combinatorics, and graph
theory. This would encourage the mathematical study of QAI further [1]. More recently, in recent
years or so, QAI has been receiving more attention since these areas where classical computation is
pushed to its extremes are high-dimensional optimization, stochastic modelling and combinatorial
problem-solving tasks [2].

Although the quantum hardware and quantum-inspired algorithms have grown tremendously, there
are still considerable research gaps that limit the systematization of the QAL To begin with, no
coherent mathematical models provide rigorous descriptions of the behavior, convergence properties
and optimization landscapes of quantum learning models. Majority of works have concentrated on
algorithmic implementation and little has been done on sound theoretical guarantees. Second, the
majority of QAI algorithms have scalability and noise sensitivity on NISQ devices, casting doubt on
their actual benefit over classical techniques 3. Third, quantum machine learning models, including
Quantum Neural Networks and Quantum Support Vector Machines, behave empirically extremely
poorly predictable and their mathematical interpretability is poor, particularly when compared to
more structured models such as the QAOA 4. These research gaps should be taken into account in
order to make further progress in the development of theoretical and practical applicability of QAL

Among the list of quantum algorithms developed to date, QAOA is a particular algorithm that is most
elegant mathematically and most powerful in its connection to combinatorial optimization. It
transforms the classical optimization problems into the form of Hamiltonian operators, and minimises
their expectation value using variational parameters. This instantly provides the connection between
quantum mechanics and optimization theory in a manner that is custom-designed when it comes to
such problems as Max-Cut, Max-k-XOR and other graph-based formulations [5]. Moreover, QAOA
enables one to study spectral properties of optimization Hamiltonians, variational landscapes, or
entanglement structures that are created during the calculation naturally. In addition, it is hybrid
quantum-classical, which means it fits into the existing technological abilities and, as such, it is one
of the most promising to seek quantum benefit in real applications [6].

The research has thus constructed a mathematically knowledgeable and holistic overview of Quantum
Artificial Intelligence, basing the theories that underlie it as well as the advancement of algorithms in
their applicability to applied mathematics. The paper in question therefore considers three major
objectives. First, it summarises the current advances in the area of QAI since 2018 until 2025 with
the focus on mathematical formulation being at the core of modern quantum learning and
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optimization algorithms. Second, the step-by-step analysis of the Quantum Approximate
Optimization Algorithm bridges the gap between the way the problem of Max-Cut is formulated in
terms of operators and its performance. Third, the paper determines and critically analyzes the gaps
in the research, limitations of the current theory, and possibilities of developing more robust and
mathematically principled quantum Al models. By doing so, the paper will present a coherent view
to benefit normal researchers in the field of applied mathematics, quantum computing, machine
learning, optimization, and computational engineering. Overall, this introduction defines the
conceptual framework, motivation of study and scholarly direction of the research and makes QAOA
a mathematically interpretable case study. The combination of strict mathematical research and
algorithmic experimentation is an announcement of the way to comprehend not only the capabilities
of the quantum model but the theoretical dilemmas that QAI is going to experience to become a fully-
fledged scientific practice.

2. Mathematical and Theoretical Foundations

Quantum computation is developed based on strict mathematical frameworks inspired by complex
vector spaces, operator theory and functional analysis. They enable quantum algorithms to represent
calculational tasks in algebraic and geometric transformations which are essentially different to
classical models. The knowledge of such mathematical basics will be required when studying
quantum learning systems, and, more precisely, the behavior of variational algorithms, including the
Quantum Approximate Optimization Algorithm (QAOA). Here, the fundamental formalism of
quantum computation is introduced, the importance of operators and Hermitian abstractions to
algorithm structure revealed, and the application of variational optimization concepts to forming a
connection between quantum mechanics and applied mathematics.

2.1 Quantum Computation Formalism

The quantum computation is defined in the terms of complex Hilbert spaces, in which quantum states
are expressed in the form of normalized vectors. In the case of one qubit, the state is a member of the
two-dimensional complex vector space

1Y) =al0)+B11),a,BEC|al?+|p>=1. (1)

For a system of nqubits, the composite space is defined by the tensor product

H, = HO", 2)

which expands the dimensionality exponentially to 2". Quantum evolution is defined by linear
operators on Hilbert space and to maintain the inner product and the reversibility, these operators
should be unitary. Measurement Model A group of projective operators, which reduces the quantum
state to classical results with squared amplitude probabilities, represent measurement.

The mathematical language of unitary transformations and tensor products makes the modeling of
correlated and entangled systems effectively, as well as properties which form the compute power of
quantum improvements. Studies conducted over the last ten years have reinforced the theoretical
knowledge of these properties particularly when it comes to hybrid quantum algorithms [7].
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2.2 Operator Theory, Hermitian Structures, and Spectral Properties

The operators are a key component in quantum computation, and the majority of quantum algorithms,
such as QAOA, are constructed on using Hermitian operators. A Hermitian operator H satisfies

H = HT, (3)

ensuring that all eigenvalues are real, a property crucial for representing observables such as energy.
The spectral decomposition of a Hermitian operator is given by

H =Yy Alve) vl (4)

where 4, are eigenvalues and | vy ) the corresponding eigenvectors. This decomposition is central to
understanding optimization Hamiltonians used in QAOA.

The structure of graph-based optimization problems are also represented in Hermitian operators. As
an example, in Max-Cut, the Ising Hamiltonian is a weighted average of Pauli-Z interactions and the
eigenvalues are cut values across all possible partitions. These operators have a geometric and
algebraic nature which directly affects the performance of the algorithms, convergence, and circuit
depth requirements. Such mathematical connections were systematically studied in recent theoretical
studies of QAOA and quantum optimization [8]. The Table 1 also summarizes familiar quantum
operators, their mathematical properties and uses in algorithm design to provide an understanding of
how operator theory and quantum algorithms are related.

Table 1. Key Quantum Operators, Their Properties, and Mathematical Roles

Operator Mathematical Representation Role in Algorithms
Property

Pauli-X (X)) Unitary, Hermitian (0 1) Generates  mixing in
10 QAOA and QNNs

Pauli-Z (Z) Unitary, Hermitian (1 0 ) Encodes cost
0 -1 Hamiltonians for graph

problems

Cost Hamiltonian | Hermitian Problem-dependent sum | Encodes objective

(He) of Z;Z; terms function in QAOA

Mixer Hermitian i X; Ensures full exploration of

Hamiltonian ( Hy, search space

)

Density Operator | Positive Mixed quantum states Used in noisy circuit

(p) semidefinite, trace = modeling

1
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2.3 Variational Optimization Principles and Quantum Dynamics

Variational optimization offers the theoretical and mathematical basis of many quantum algorithms
that have been designed to run on NISQ hardware. The parameterized quantum state is the result of
a variational quantum circuit preparation.

| p(8)) = U(8) | 0)®", )

where U(0)is a sequence of parameterized unitary gates. The goal is to minimize the expectation
value of a cost Hamiltonian:

C(0) = () | Hc | (6)). (6)

The optimization is both on quantum hardware and classical optimizers, where the expectation values
are evaluated by quantum hardware, and parameters updated by classic optimizers. This is similar to
classical calculus of variations, in which one wants to determine the parameters that cause a functional
to pass through a minimum. Nonetheless, the quantum topography may contain sterile plateaus or the
area where gradients exponentially decrease as system size increases, and convergence is hard. The
analysis of the interaction between the operator expressibility and the circuit depth and entanglement
growth is needed in understanding such landscapes.

Recent mathematical analysis of variational algorithms has elucidated the behaviour of expressibility,
gradient concentration, and noise on convergence to give an insight into how QAOA parameters
mirror problem structure and how depth is sensitive to approximation behaviour [9]. Also, hybrid
techniques involving classical warm-starts method or operator refinements have been suggested to
overcome the difficulties of gradient disappearance and noise accretion [10].

3. Quantum Artificial Intelligence and Machine Learning

Quantum Artificial Intelligence is a combination of quantum computing principles and machine
learning techniques that are used to build models that can exceed the computing limits of classical
computational problems. Quantum enhanced pattern recognition, optimization and statistical
inference have been the promise leading to a rapid expansion in the field. The representation
capabilities allow more complex representational abilities and the computational complexity may be
reduced compared to classical machine learning, which manipulates real-valued vectors in Euclidean
spaces, and takes advantage of the structure of Hilbert spaces, unitary evolution, and quantum
superposition. This section will describe the main quantum machine learning models, mathematical
underpinnings that they are based on and the hybrid optimization schemes that are applied to their
tramning.

3.1 Quantum Machine Learning Models

The quantum machine learning (QML) refers to a wide range of algorithms that encode the classical
or quantum data on a quantum state and process it through quantum operators. Quantum Support
Vector Machines (QSVM), Quantum Neural Networks (QNNs), as well as Quantum Boltzmann
Machines (QBMs) are among the best examined QML paradigms. All models reduce learning tasks
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to operator-based formulations, and have the advantage of high-dimensional geometry of quantum
feature spaces.

The QSVMs work by encoding classical data using high dimensional quantum amplitude or density
based encodings and computing the kernels using inner products of quantum states. Interference
patterns may be used to estimate these kernels with efficiency, and offers a theoretical benefit in high-
dimensional classification problems [11]. Correspondingly, parametrized quantum circuits are used
as analogs of neural network layers by QNNs with unitary transformations taking the place of weight
matrices, and entangling gates modeling the intricate correlations. They are networks that learn
nonlinear functions by using quantum feature maps, and can in theory be used to learn nonlinear
functions which are not represented by classical neural models, owing to the exponential
dimensionality of quantum Hilbert spaces [12].

Quantum Boltzmann Machines are a generalization of classical Boltzmann energy model which is
based on quantum Hamiltonians. Their probability distribution models are thermal states of quantum
operator and are learned by reducing the discrepancy between the generated and target distribution.
The richness of the QBMs is due to the fact that they capture non-classical correlations and hence
they capture complex statistical structures in a more compact form [13]. The distinctions between
these models, mathematical underpinnings and area of application are encapsulated in Table 2.

Table 2. Mathematical Characteristics of Major Quantum Machine Learning Models

Model | Mathematical Basis | Representation Core Objective Reference

QSVM | Quantum kernel | State overlaps via | Classification through | [11]

methods, RKHS feature maps quantum kernel estimation
QNN | Parameterized Variational circuits Function approximation, | [12]
unitary operators pattern learning

QBM | Quantum statistical | Gibbs  states  of | Probabilistic =~ modeling, | [13]
mechanics Hamiltonians generative learning

3.2 Mathematical Modeling of Learning in Hilbert Space

QAI systems can be mathematically designed based on complex Hilbert space geometry and algebra.
In quantum machine learning models, data points are generally represented on quantum states

| p(x)) € H, (7)
where the mapping x —| ¢(x))is known as a quantum feature map. The separation power of this
feature map depends on its ability to generate highly expressive manifolds within #'.

For QSVMs, inner products (¢ (x;) | ¢(x;))define quantum kernels, which serve as similarity

measures in high-dimensional spaces. The corresponding kernel matrix is

Kij =1 (d(x;) | p(x)) 17, ®)
Received: November 03, 2025 2912



International Journal of Applied Mathematics

Volume 38 No. 10s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

and controls boundaries of decisions in the classification task. This can mathematically be
corresponding to reproducing kernel Hilbert spaces (RKHS) except that quantum interference is used
to evaluate the kernel. QNNs assume a parametric unitary structure

U(8) = 1) e~ "oxH )

serves as a learning transformation generated by Hermitian operators Hj. The smoothness and
boundedness of expectation values as functions of 8, align QNN training with classical functional
optimization. The learning dynamics often exhibit non-trivial geometry due to entanglement growth
and expressibility variations across the parameter landscape [14].

Minimization of divergence between the model distribution and the target distribution is equated to
learning in QBMs. This involves the estimation of gradient terms that involve thermal expectation
values of quantum Hamiltonians. QBMs are expressive enough to support more complex training
dynamics because they involve non-commuting operators, at the cost of increased training dynamics.
These formulations are mathematically general, and place the QML models as squarely in the realm
of applied mathematics, as they are related both to spectral analysis, operator inequalities, nonlinear
optimization, and the use of tensors.

3.3 Hybrid Quantum—Classical Training Frameworks

Due to the fact that modern quantum hardware is still noisy and small-scale, the vast majority of QAI
models can be implemented using hybrid quantum-classical architectures. States are prepared and
evaluated using a quantum processor, and numerical optimization is done using the classical
processor in these systems. This model of work has become a paradigm of training QNNs, QSVMs,
and QAOA-like models.

A hybrid training loop typically computes

ac(6)
+1) — gy _ , 259 1
6 6 T (10)

In which the gradient is approximated using the parameter-shift rule or the use of stochastic
approximation techniques. Classical optimizers like SPSA, COBYLA or gradient descent tend to be
used because they are well-behaved with stochastic noise during quantum measurements [15].

These models take advantage of the complementary capabilities of the two computing model systems:
quantum circuits are expressible and have computational parallelism, and classical processors have
scalable and stable optimization methods. This interaction of the two systems has been noted as one
of the best opportunities in realizing an early quantum advantage in machine learning applications.
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4. Quantum Approximate Optimization Algorithm (QAOA)

Quantum Approximate Optimization Algorithm (QAOA) is among the most impactful variational
quantum algorithms that are intended to solve discrete combinatorial optimization problems using
Noisy Intermediate-Scale Quantum (NISQ) devices. Due to being mathematically interpretable, its
direct connections to operator theory, and its controllable circuit depth, QAOA has now been
paramount in studying the computational opportunities of hybrid quantum-classical optimization. The
algorithm switches between two types of quantum evolutions that are created by problem-specific
Hamiltonians. The evolutions which are controlled in this way enable the quantum state to search a
landscape of solutions the structure of which is defined by the eigenvalues and eigenvectors of the
Hamiltonians under consideration. Recent developments have brought forward the theoretical
richness as well as practical usefulness of QAOA in the fields of combinatorial optimization and the
design of quantum algorithms [16].

4.1 Algorithmic Formulation of QAOA

QAOA constructs its quantum state using two Hermitian operators: a cost Hamiltonian H that
encodes the objective of the classical problem, and a mixer Hamiltonian Hj, that enables exploration
of the feasible space. For circuit depth p, the QAOA state is defined as

Yo (v, B)) = [T, e PrHimetrictic| +)®n (an
The variational objective minimized during the classical optimization step is
C.B) = (v, B)|He|hp (v, B)), (12)

that is equal to the cost of the bit string that is expected by the measurement. QAOA has proven that
with small values ofp, it is a good approximation model in both bounded-degree and regular graphs,
and thus an appropriate tool to study problems of discrete optimization [17]. In order to explain the
workflow operations in QAOA, Figure 1 depicts the hybrid quantum-classical workflow.

' I
Initialize
Parameters

l

( Apply Cost b
Unitary

}

( Apply Mixer h
Unitary

}

Classical

Optimizator
(Updates Parameters )

L

Measurement

. J

Figure 1: QAOA Hybrid Workflow
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4.2 Mathematical Insights and Spectral Properties

The mathematical structure of QAOA is deeply connected to the spectral decomposition of the
Hamiltonians governing its evolution. Since both H; and Hy, are Hermitian, the unitary operators
they generate induce structured rotations in Hilbert space. QAOA can therefore be understood as a
discretized version of continuous-time quantum annealing, where the depth pcontrols the granularity
of discretization.

Analytical studies show that QAOA with p = lachieves provable approximation performance for
triangle-free regular graphs. This tractability arises from the closed-form expression of the
expectation value of edge contributions under p = 1, making the algorithm mathematically appealing
for spectral analysis and theoretical optimization research [18].

Because QAOA relies on the non-commutation of H. and Hy;, the resulting parameter landscape
contains symmetries and periodic structures, which can be exploited to reduce the effective search
space for variational parameters. To summarize the mathematical properties of these Hamiltonians,
Table 3 enumerates the operators involved in QAOA and their roles.

Table 3. Mathematical Structure of Hamiltonians and Operators Used in QAOA

Hamiltonian / | Definition Mathematical Properties Role in QAOA

Operator

Cost Encodes Hermitian; eigenvalues | Determines the

Hamiltonian H- | optimization represent objective values optimization landscape

objective

Mixer Typically }}; X; Hermitian; induces basis | Ensures exploration of

Hamiltonian Hy, transitions solution space

Unitary e ~Hc Cost evolution Spectrum-dependent Encodes problem into
rotation quantum state

Unitary e~*#Hm | Mixer evolution Generates probability | Promotes superposition
redistribution and exploration

4.3 Computational Behavior and Variational Optimization

The scalability of QAOA is ruled by the reach of its parameterized unitary circuit and the
manageability of its optimization space. The quantum expectation evaluation process and the classical
parameter updates are involved in the hybrid nature of the algorithm, and they have to interact
continuously. An ordinary gradient-based update of the classical optimizer is as follows

()/, ,B)t+1 = (y' :B)t - UVC(Y, ,8)' (13)

where in gradients can be calculated using either parameter-shift rules or stochastic approximation.
The optimization landscape is high dimensional as the depth of the circuits increases. Even though
more expressive quantum states can be modeled on deeper circuits, they have the drawback of barren
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plateaus, becoming more sensitive to noise, and more complex entanglement structures. The popular
strategies of navigating these landscapes include hybrid optimization methods, including SPSA and
NelderMead, because they are resistant to sampling noise.

5. Case Study: QAOA Applied to the Max-Cut Problem

The Max-Cut problem is a standard problem in combinatorial optimization, and it is a key test case
of quantum variational algorithms because it has a well-defined mathematical form, physical
understanding, and can be represented as an operator. The objective of the problem, to divide a graph
into two sets with the maximum possible sum of weights of crossing edges, can be easily reworded
in terms of spin variables and Pauli operators, thus it is very well suited to quantum Hamilton
encoding. Moreover, Max-Cut is used in a variety of applications to optimize circuit layout (as well
as statistical physics (Ising spin models), image segmentation, and in networks community detection).
Its exponential number of possible partitions with graph size, which makes it complex, is a reason to
consider quantum-accelerated algorithms such as QAOA [19].

Before introducing the Hamiltonian mapping, it is important to conceptually understand how a
classical Max-Cut assignment corresponds to a quantum measurement outcome. In classical terms,
each vertex is assigned a label representing one of two partitions. In a quantum formulation, each
vertex becomes a qubit that collapses into either | 0) or | 1), effectively serving as a partition
indicator. QAOA attempts to generate quantum states that have higher probability amplitudes for
bitstrings corresponding to large cuts. This intuitive connection between combinatorial structure and
quantum state evolution is why Max-Cut is often regarded as the “hello world” of quantum
optimization research.

5.1 Conceptual Definition of Max-Cut

Max-Cut can be easily illustrated. Take an example whereby a vertex connected to a neighbor vertex
must be located at the opposite side in order to add a cut value to the graph. It is not only the number
of edges that should be cut, but the weight of each edge should be considered depending on the
weighted adjacency structure of the graph. The Max-Cut problem can be conceptualized in the
following way (Figure 2 below).

Figure 2: Conceptual Max-Cut Graph Partition
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Given this intuitive picture, the formal definition naturally follows.

For a graph G = (V,E,w), abitstring z € {—1, +1}"defines a cut. The classical objective maximizes
the weighted disagreement between pairs of vertices.

Max-Cut: max Z(i,j)EE Wl](l - ZiZj)' (14)

z€{~1,+1}"

This formulation is simple, interpretable, and prepares the foundation for its translation into quantum
operators.

5.2 Hamiltonian Mapping and Quantum Encoding

After understanding the classical structure, it becomes clearer how the problem transfers into a
quantum framework. The binary variables z; correspond directly to eigenvalues of the Pauli-Z
operator, since:

Z10y=10),2Z11)=—|1), (15)

giving optimum consistency between classical problems and quantum measurements. The Max-Cut
problem, therefore, takes the form of the expectation of a cost Hamiltonian as follows::
Wi
He = X jyeE %(1 — Z,Z;) (16)
This operator assigns higher expectation values to desirable cuts.
To explore the entire search space, QAOA uses a mixer Hamiltonian:

Hy = ?=1 Xi (17)

which generates transitions between bitstrings via Pauli-X rotations.

In order to draw a clearer theoretical framework, alternating application of cost and mixer evolutions
is portrayed in Figure 3 (before giving a formal algebraic representation of the circuit).

e ivHe e iBiHy e "mHe e YVpHy
| | | |
| | |

e LHe e BoHy e WpHy

Figure 3: Alternating Cost—Mixer Evolution
The QAOA state at depth pis produced by sequentially applying the two unitaries:
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Yo (v, B)) = T}, e~ Prtimetvitic| +)®n (18)

Its performance is evaluated using the expectation value:
Cv.B) = (¥p | He | y). 19)
5.3 Simulation Framework and Experimental Setup

For this study, simulations of QAOA were performed on three representative graph families
commonly used to benchmark variational quantum algorithms:

1. 3-regular graphs
2. Erdés—Rényi random graphs G (n,p)
3. Weighted random graphs with w;; € [0,1]

Simulations were carried out using the IBM Qiskit statevector backend with circuit depths p = 1,2,3.
SPSA was used for classical optimization due to its suitability for noisy or stochastic objective
evaluation.

This form of simulation is consistent with methodology used in prior cases of assessing QAOA to
Max-Cut and other tasks involving the Ising model [20]. In order to demonstrate the effectiveness of
depth in terms of performance, Figure 4 demonstrates the sequence of ratios of approximations at
varying depths.

0.80 +

0.70

Approximation Ratio

0.60

0.50

l.IO l.l5 2.IO 2I.5 3.|0
Depth p
Figure 4: Approximation Ratio vs. Circuit Depth

5.4 Analytical and Numerical Evaluation

The structure of QAOA should be learnt analytically before interpreting the results of simulation. As
an illustration, in the case of triangle-free regular graphs, the expected edge term value at depth one
can be written as:

E[Z;Z;] = cos (2B)* — sin (28)?sin (2yw;)), (20)

providing theoretical approximation predictions.
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This analytic predictability for p = 1 layer is one reason Max-Cut is frequently selected for QAOA
mathematical analysis [21]. The performance on different graph classes is summarized in Table 5,
placed here because the numerical evaluations directly relate to the analytical expression above.

Table 5. QAOA Approximation Ratios on Representative Graph Classes (n=12)

Graph Type Depth p | Approx. Ratio | Comments

3-regular 1 0.84 Matches known theoretical values
3-regular 2 0.89 Expected performance improvement
Erdés—Rényi 3 0.92 Irregularity aids exploration
Weighted random | 2 0.88 Variance depends on weight spread

Figure 5 shows the convergence behavior of the SPSA optimizer across iterations.

1.0

0.81

0.6 1

0.4

Objective Vvalue

0.21

0.11

0 10 20 30 40 50 60
lterations
Figure 5: Convergence of QAOA Objective Value
5.5 Discussion of Observed Performance

The results consistently show that QAOA achieves competitive approximation ratios even at shallow
depths. The improvement from p = 1 to p = 3 highlights the expressive power of deeper variational
circuits, although this comes with higher gate counts and increased noise sensitivity in real hardware.

Graphs with regular structure yield predictable patterns because their symmetries influence the
commutation patterns in H., while irregular graphs—such as Erd6s—Rényi instances—often benefit
more from deeper QAOA layers. These findings are in strong agreement with previous analyses of
QAOA performance on graph-structured optimization problems [22].
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6. Comparative Review of Quantum Al Algorithms

Quantum Artificial Intelligence has developed into a wide area that incorporates models of learning,
optimization, and hybrid computational models. Although QAOA is now one of the variational
quantum algorithms that have been most thoroughly studied, it is important to make a wider
comparison with other more applied QAI methods to gain an idea of its capabilities, weaknesses, and
the role it may play in the future of quantum-enhanced computation. This comparative review will
discuss significant classes of QAI algorithms such as Quantum Support Vector Machines, Quantum
Neural Networks, Quantum Annealing and hybrid variational algorithms and compare and contrast
their mathematical form, expressiveness, optimization dynamics, and computational efficiency.
These comparisons help understand in which cases the use of QAOA is theoretically better, when it
corresponds more to the structure of the problem, and when other types of quantum techniques can
be more suitable.

The rapid growth of the landscape of QAI between the years 2018 and 2025 has influenced the
development of algorithms; rising hardware capabilities, a better insight into variational optimization,
and a deeper comprehension of the interaction between quantum mechanics and high-dimensional
learning spaces. There are a number of systematic studies that have tested these algorithms on
benchmarks in combinatorial optimization, supervised learning, and matrix decomposition tasks,
which have shown complementary strengths and weaknesses between the various QAI paradigms
[23].

6.1 Conceptual Overview of Major QAI Algorithm Families

Before presenting formal comparisons, it is important to describe the main algorithm families
conceptually. The Quantum Support Vector Machines (QSVM) are based on quantum enhanced
kernel functions, which are calculated with inner products of quantum states. These kernels enable
the classification in exponentially large Hilbert spaces with similarity measures which are based on
interference. The fact that QSVM inserts classical data into quantum feature spaces that can hardly
be accessed by classical algorithms make QSVM theoretically attractive. Quantum Neural Networks
(QNN) are parameterized unitary circuits which are used to model nonlinear function approximators.
Quantum rotations, entanglement and nonlinearities that arise due to measurements control their
learning behavior. The QNN are very expressive and difficult to train because of the existence of
barren plateaus and noise sensitivity. Quantum Annealing (QA) is an optimization procedure that acts
on evolving a quantum system starting with a simple to prepare ground state to the ground state of a
problem Hamiltonian. In contrast to QAOA, QA is done using continuous-time evolution and does
not take variational parameters. Variational Quantum Algorithms (VQAs) QAOA is one of them, and
they utilize tunable quantum circuits to estimate low-energy states. They are hybrid and hence adapted
well to NISQ devices and are mathematically interpretable by operator theory and variational
calculus. To summarize the above differences, Table 6 is provided below.
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Table 6. Comparative Summary of Major Quantum Al Algorithm Families

Algorithm | Core Primary Strengths Limitations Reference
Type Mathematical Application
Basis
QSVM Quantum kernel | Classification Efficient high- | Sensitive to | [23]
theory, RKHS dimensional noise;
kernels requires good
embeddings
QNN Unitary operator | Regression, Highly Hard to train; | [24]
learning, pattern learning | expressive barren
variational models plateaus
calculus common
Quantum Adiabatic Combinatorial | Natural Hardware- [25]
Annealing | theorem, optimization physical specific;
Hamiltonian interpretation | limited
evolution control
QAOA Alternating Graph Interpretable; | Depth- Section 4—
operator theory, | optimization tunable depth | dependent 5
discrete (Max-Cut, noise
variational Max-k-XOR) sensitivity
optimization

6.2 Mathematical and Algorithmic Comparison with QAOA

A rigorous evaluation of the comparison between QAOA and other QAI models requires taking into
account the underlying mathematics behind every algorithm. QA and QAOA are spectrally identical
and have a Hamilton-based evolution, but QAOA can easily control the application of operators in
discrete parameter space, whereas QA has to rely on a continuous interpolation between
Hamiltonians. QAOA thus offers more expressible tunable structures and better scenery on which
variational optimization is applied to analyze local minima, expressibility, and spectral gaps. QNNss,
however, make use of general-purpose variational circuits where the expressibility of such circuits is
mostly controlled by circuit architecture, and not by operator structure.

Optimization geometry QSVM is convex in the classical but nonconvex when quantum kernels are
noisily estimated. Conversely, QAOA does not have a predictable landscape structure on particular
families of graphs, but it allows gradients and stationary points to be analytically characterized
partially. On computational complexity, the estimation of QSVM kernel can give exponential feature
spaces, and the training routines are polynomially expensive with respect to the size of the dataset.
Complexity of QAOA is determined by the depth of the circuit and sampling and QA is greatly
determined by annealing schedules and hardware. Altogether, QAOA represents a compromise
between theoretical explainability and practical flexibility, which makes it one of the most promising
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QALI algorithms in the devices of the NISQ era. In order to further visualize the distinctions between
algorithmic families, Figure 6 compares QAOA with QSVM, QNN, and QA on three metrics:
scalability, interpretability and hardware efficiency.
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Figure 6: Comparison of Quantum Machine Learning Methods
6.3 Discussion of Algorithm Suitability for Applied Mathematics

Each QAI model is very different in terms of its appropriateness to a given mathematical and
computational structure of a given problem. As an example, the strengths of QSVM include the use
of high-dimensional classification problems that are advantageous to the quantum kernel expansions.
Since expressive unitary structures, QNNs better suit the tasks of function approximation and pattern
recognition which require nonlinear modeling.

QAOA due to its explicit operator-algebra and combinatorial Hamiltonians is especially well adapted
to problems of optimization that are written as graph theoretic or Ising models. This has a direct
benefit to researchers in applied mathematics who study optimization, discrete modelling, spectral
graph theory and dynamical systems. Quantum Annealing, and its intuitively-physical development,
is still useful to large-scale industrial optimization problems, but does not have the mathematical
clarity or flexibility of variational methods.

7. Challenges and Future Directions

Although the developments in quantum Artificial Intelligence (QAI) are accelerated, it is still
confronted with a number of theoretical, algorithmic and hardware-related challenges that need to be
tackled to ensure the field is able to attain applied and mathematically principled quantum advantage.
These issues cut across fundamental mathematical issues, hard computing constraints of existing
NISQ devices, and the requirement to develop new algorithmic paradigms that are able to grow with
the problem size. This section provides an overview of the key challenges and brings out new
directions of research where quantum optimization and learning can be directed in the future.
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7.1 Mathematical Challenges

QAL still has several mathematical problems that have not been solved, such as understanding the
behavior of variational quantum algorithms and quantum learning landscapes. Variational circuits are
frequently afflicted with barren plateaus, i.e. where gradients decay exponentially with the size of
qubit count, and thus optimization is challenging. The phenomenon underlying the occurrence of
barren plateaus can only be understood through further examination of the operator-theory tools,
spectral-norms, and concentration-inequality tools [26].

Another problem is to standardize tough convergence criteria to quantum optimization tools like the
QAOA and other QNN-based models. Although a classical optimization is known to have a rich
history of convergence analysis, quantum optimization landscapes are periodic, symmetric, and
curvature due to operators that make gradient flow difficult. Moreover, the connection of circuit
expressibility, entanglement and optimization smoothness is not mathematically fully explored.
Another open question is the definition of quantum generalization in machine learning. VC
dimension, Rademacher complexity, and margin bounds are some of the concepts that classical
learning theory depends on. Quantum analogs of these concepts are yet to be developed and they will
be necessary in defining the learning capacity of QAI models.

7.2 Computational and Hardware Challenges

The existing quantum devices have limitations due to decoherence, gate infidelity and poor qubit
connectivity. This is especially sensitive to noise in QAOA, as the depth increases. This restricts its
scalability although it has great theoretical prospects. The costs of quantum measurement is also a
bottleneck since the correct estimation of expectational values in variational optimization needs to be
sampled.

The other computational problem is the optimization loop as such, where classical optimizers are
coupled with stochastic measurement results. Noise in optimizers like SPSA and COBYLA can be
managed but they might be costly in terms of the number of iterations thus increasing the quantum
execution cost. It is still a priority to design noise resilient or quantum aware optimization. In order
to provide a visual summation of these computation barriers, Figure 8 shows the connection between
circuit depth, noise level and approximation quality.
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Figure 7: Impact of Circuit Depth and Noise on QAOA Performance
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7.3 Practical and Interdisciplinary Research Frontiers

The development of QAI in the future is most likely to take the form of the interdisciplinary
combination of applied mathematics, quantum physics, computer science, and control theory. A
future opportunity lies in the use of warm-starting techniques, in which classical approximation
algorithms or convex relaxations are used to give preliminary parameter estimates in QAOA. The
strategy has proven to be promising in terms of cutting training cost as well as curbing barren plateaus
[27]. The next frontier is the development of problem-specific quantum circuits, one of which the
structure of the Hamiltonian or graph can give one information about the optimal circuit design.
Examples are graph-dependent mixers, symmetry-aware ansatz and adaptive choice of layers.

Further developments in hybrid multi-objective optimization, in which quantum models optimize
conflicting metrics (e.g. accuracy vs. circuit cost) are another emerging direction. This is especially
so in a case of engineering optimization problems, in which constraints and objectives are a natural
outcome of mathematical models. Lastly, quantum hardware will continue to mature (with e.g. error-
corrected qubits, photonic quantum processors and neutral-atom bases) to increase the size and depth
of QAI models, allowing more complex experiments to be run, and more theory to be tested. The
overview of the latest developments in the area of the system level highlights the influence of the
evolution of hardware on the directions of the research on QAI [28].

8. Discussion

The findings of the research can give a multifaceted insight into Quantum Artificial Intelligence and
the functioning of the Quantum Approximate Optimization Algorithm (QAOA) when it was applied
to a properly designed combinatorial issue like Max-Cut. The results have shown that QAOA has the
potential to attain competitive approximation ratios when using shallow circuit depths, which proves
that variational quantum strategies can work well in the limitations of NISQ-era devices. This is
because the algorithm approximates optimal cuts since it has a carefully formed Hamilton structure
that is capable of mapping the classical graph structures into quantum operator dynamics. The
structure makes QAOA replicate mathematically predictable trends on regular and semi-structured
graphs whilst still having flexible behaviour on irregular or weighted graph families. The results of
the case study also show that the interaction of circuit depth, entanglement, and measurement noise
have complex effects that affect the quality of the final solution and also the stability of the
optimization process.

The key conclusion of these results about applied mathematics is that the mathematical theory of
graph theory, spectral methods, nonlinear optimization, and variational modeling have a visible
synergy with the operator-based formulation of QAOA. The operator interactions within QAOA
produce an interplay of parameters which is indicative of profound algebraic and geometric
symmetries. This renders QAOA a computational device as well as a mathematically rich model of
study of optimization in high dimensional Hilbert spaces. This approach has a controllably circuit-
depth, permitting scientists to investigate the effect of structural characteristics of an issue, including
regularity, sparsity, or symmetry, on the dynamics of variational quantum states. These ideas establish
QAOA as an important participant in the interdisciplinary research in the field of optimization, control
theory, computational physics and algorithm design.
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Comparing the results of this work with available literature, it is possible to note that QAT algorithms
have difficulties with gradient stability, sensitivity to noise, and scalability, which can be compared
to the general research findings. Recent work has demonstrated that barren plateaus frequently
undermine optimization in deep variational circuits, and that has been recently observed on a variety
of QAI models, such as QNNs and general-purpose VQAs [26]. The other works note the significance
of warm starting, classical pre-processing, and structure-sensitive ansatz to enhance convergence and
minimization overheads, which are close to the gains seen in the regular graph experiments in this
paper [27]. Literature on hybrid quantumclassical optimization also points out that the cost landscapes
can also exhibit unpredictable behaviour when the irregular graph structure is considered, especially
when entanglement grows quickly or when operators are non-commutative due to good structure [28].
Moreover, on-the-system studies of quantum hardware emphasize the fact that decoherence and
complexity of sampling are the two primary obstacles to more complex QAOA circuits, consistent
with the scaling performance loss in our simulations [29]. There is also a large amount of research on
the topic of combinatorial optimization in NISQ that notes that QAOA is best applied to structured
graphs and problems of moderate size, whereas large or noisy systems need adaptive algorithms and
enhanced hardware performance [30].

QAOA still has a number of shortcomings in spite of its strong points. Noise is also sensitive to the
operation of the algorithm, particularly with the increase in depth. The hardware available today is
not yet able to execute deep, highly entangled circuits which would hypothetically allow the full
potential of QAOA to be realized. It is also computationally demanding where the expectation values
can only be computed by repeatedly sampling and this adds to the classicalquantum communication
overhead. The other weakness is that it is limited in terms of scalability: although simulations have
shown good scaling with moderate sized graphs, the exponential character of quantum state evolution
means that larger instances of a problem cannot easily be simulated, and currently available hardware
cannot be trusted to execute larger circuits. Also, the way the algorithm performs on irregular graphs
is varying and cannot be fully explained using current analytical models, which means that more
complicated mathematical instruments are necessary to study the QAOA landscapes.

Applications to applied mathematics and quantum computing Applications Applications in applied
mathematics Applications in quantum computing The implications of these limitations are important
in applications to applied mathematics and quantum computing. They emphasize the need to come
up with more noise-resilient ansatzes, mixer Hamiltonian optimization, adaptive parameter
intervention, and classical warm-start methodologies. Moreover, it appears that the reliance on the
graph structure has been observed, and thus, a future study should include graph-sensitive circuit
design ideas into QAOA to better match the algorithmic behavior to the problem topology. The
outcomes also reflect the overall necessity of next-generation hybrid optimization schemes, which
are not only capable of fissionally combining classical relaxation, quantum circuitry, and
parameterized by machine-learning approaches.

Prospectively, this study presents a number of future directions. Further progress in structure-
preserving quantum circuits may be used to improve the performance of QAOA on regular and
irregular graphs. Classical optimization methods like semidefinite programming relaxations or
spectral embeddings can be a major speed factor in optimization of parameters and minimize the
chances of barren plateaus. The increased complexities of the hardware will facilitate the
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development of the more complex Hamiltonian engineering and error corrected qubits with improved
connectivity. Also has great potential is the research of the multi-objective quantum optimization
models, where quantum algorithms do not only aim at the quality of the cut but also at the constraints,
penalties, dynamic system property. Lastly, cross-disciplinary teams composed of applied
mathematics, quantum physics, and Al have the potential to discover new classes of algorithms that
are a hybrid of operator theory, reinforcement learning, and parameterized quantum dynamics. This
argument supports the complementary nature of theoretical and empirical studies. QAOA promises
to be a potent tool in optimization and also as a rich mathematical system and has the potential to
both drive further research in quantum optimization and to spur new progress in a wide range of
scientific and engineering fields.

Conclusion

This paper has given an in-depth analysis of Quantum Artificial Intelligence and heavily focusing on
the mathematical basis, algorithmic principles, and application of the Quantum Approximate
Optimization Algorithm (QAOA). Combining theoretical analysis with the simulation-based
assessment of the Max-Cut problem, the piece provides an insight into how QAOA may be seen as a
liability to the connection between quantum operator theory and combinatorial optimization,
providing a mathematically understandable method of quantum-enhanced computation. They show
that even at shallow depths, QAOA can attain competitive approximation performance, especially on
structured families of graphs, and that its alternating Hamilton structure offers clear understanding of
the interaction between circuit depth, entanglement and optimization behavior. Concurrently, the
results highlight some of the weaknesses such as noise sensitivity, rising cost of measurements, and
scaling challenges in the present NISQ devices. Nevertheless, the paper also highlights the high
potential of QAOA and variational algorithms associated with it in the development of applications
in applied mathematics, optimization, and computational modeling. Analysis of analytical
expectations, empirical patterns, and comparative observations point to the collaboration between Al
approaches and quantum optimization as having the potential to build new Al paradigms and theories.
In the future, future interdisciplinary studies, enhanced hardware intelligences, and studying of
structure sensitive circuit designs will be crucial in expanding the potential of QAI and broadening
the applicability of quantum optimization in science and engineering fields.
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