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ABSTRACT

In the study of atmospheric pollutant transport, traditional diffusion models fall short in accurately
characterizing sub-diffusive behavior, where particles demonstrate non-Gaussian dispersion and
extended retention due to memory effects and anomalous dynamics. To address this limitation, we have
developed both analytical and numerical solutions for a three-dimensional time-fractional advection-
diffusion equation in the Caputo sense, employing Dirichlet boundary conditions. This approach
effectively captures the anomalous transport behaviors and memory-dependent dynamics present in the
atmosphere. The analytical solution, obtained through eigenfunction expansion and Laplace transform,
results in a closed form that incorporates Mittag—Leffler functions to represent temporal memory
effects. Furthermore, a finite-difference method based on the Grunwald—Letnikov discretization was
devised to numerically solve the fractional derivative. The proposed scheme’s consistency, stability,
and convergence were thoroughly evaluated. The simulation results demonstrate that fractional orders
within the range a = 0.5 to 0.8 significantly improve the precision of the model, achieving absolute
error reductions of 42 %- 89% compared to the classical case (o = 1.0), particularly at vertical levels
below 500 m. Under sub-diffusive conditions, the persistence of pollutant was extended by
approximately 30 %- 50%. These findings underscore the efficacy of fractional modeling in precisely
describing atmospheric pollutant dispersion.
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1. Introduction

Modeling atmospheric pollutant dispersion is crucial due to its impact on public
health, environmental policy, and climate systems [35, 36, 37]. Conventional methods
often struggle to capture the complex dynamics of pollutant transport [1, 2]. Factors such
as turbulent wind patterns [38, 39], vertical stratification, and lingering effects from prior
emissions challenge the assumptions of classical diffusion models [3, 4]. Overcoming
these limitations requires integrating physical processes with advanced mathematical
frameworks that accurately reflect real-world dispersion [5, 7]. Among these, the
advection-diffusion equation (ADE) remains a fundamental model describing the
interaction between atmospheric motion and dispersion driven by concentration gradients
[6, 8, 9]. However, classical ADEs do not address phenomena such as sub-diffusion and
long-range temporal dependencies [10]. To address this, fractional calculus, which
generalizes differentiation to non-integer orders is employed [12, 13]. This approach
effectively models memory dependent transport [40], where past atmospheric states
influence current pollutant behavior, and captures non-Fickian diffusion [42]. By
incorporating inherent spatio-temporal structures, fractional derivatives overcome the
shortcomings of traditional integer-order models [15, 40]. Time-fractional derivatives,
defined via Caputo or Griinwald—Letnikov formulations, enhance modeling of
subdiffusive processes with delayed transport [9, 12], representing particle spread slower
than predicted by classical diffusion [16]. Extending the model to three dimensions further
improves its ability to represent pollutant concentration variations both vertically and
horizontally over time [17, 18]. The 3D time-fractional advection-diffusion equation [41]
(3D-TFADE) pro- vides a robust model for pollutant transport, aiding urban planning,
environmental monitoring, and public health decisions.

This advancement addresses the shortcomings of traditional modeling approaches
[38, 42]. Understanding pollutant dispersion in complex atmospheric systems has long
relied on classical advection-diffusion equations (ADEs), which assume Gaussian plume
behavior and Fickian transport [35, 39]. However, in real-world environments, especially
turbulent and heterogeneous settings, pollutant movement often deviates from these
assumptions, exhibiting anomalous dispersion patterns [38]. Three-dimensional time-
fractional advection- diffusion models (3D-TFADESs) have emerged as a powerful tool to
describe such irregular transport phenomena by incorporating memory and non-local
spatial effects [8, 9, 22]. These models effectively overcome the limitations of traditional
Eulerian and Lagrangian representations by capturing subdiffusive dynamics, where the
plume width evolves with time as * for a < 1, or even superdiffusive with a > 3,
depending on the medium [22, 24, 25]. Fractional calculus has become a powerful tool
for capturing the complexities of environmental systems, especially in describing non-
standard pollutant dispersion behaviors within heterogeneous media [13, 15]. Continuous
time random walks (CTRW), first introduced by Montroll and Weiss (1965) [23], have
been widely used to model non-Fickian transport phenomena in diverse media such as
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fractured rocks, soils, and turbulent atmospheric flows [8, 11, 43]. Berkowitz et al. (1998) [24]
advanced this framework by linking CTRW to fractional-order operators, thereby enhancing
its theoretical foundation and practical relevance in describing anomalous diffusion processes
[35, 44]. The pioneering studies by Podlubny (1999) [21] and Metzler & Klafter (2000) [22]
rigorously established the theoretical foundation of fractional calculus for characterizing
memory-driven and non-Fickian transport processes, demonstrating its superiority over
classical models in capturing anomalous diffusion dynamics [13, 15]. Advancing this
framework, Zhang et al. (2017) [30] and Odibat (2023) [20] demonstrated the
effectiveness of fractional-order models in capturing gaseous contaminant retention
dynamics, while Liu et al. (2019) [31] provided experimental validation in real-world
dispersion scenarios. The Caputo fractional derivative is widely favored in environmental
modeling because it aligns well with physical initial conditions, reflects observed data
trends, and effectively captures memory-driven behaviors, as demonstrated in the works
of Chen & Liang (2017) [15] and Ahmed & Haq (2024) [28]. These developments
demonstrated the ability of fractional calculus to capture the spatio-temporal correlations
present in environmental processes, including pollutant dispersion over complex terrain
[17]. Fractional advection-diffusion equations (FADEs) later became widely used in
modeling pollutant transport, as studies by Meerschaert et al. (1999) [25] and Deng et
al. (1993) [26] highlighted their improved accuracy over classical integer-order models in
representing subsurface and surface irregularities [18]. Recent advancements in
computational techniques such as wavelet-based solvers (Yadav, 2024) [27], adaptive
Griinwald—Letnikov schemes (Ahmed, 2024) [28], and finite element approaches (Gao &
Liu, 2023) [29] now allow for efficient handling of complex boundary conditions and
terrain-induced turbulence, particularly relevant for regions with complex topography like
Kathmandu [45, 47]. These developments establish fractional calculus as a vital
framework for high-resolution environmental modeling where classical ADEs often fall
short.

Pariyar et al. [9] proposed a 1D time-fractional model for NHiz, CO, and CO
dispersion, but it could not capture complex urban topography. Despite these
advancements, few studies have explored the full three-dimensional structure of pollutant
dispersion using time-fractional models, especially in relation to vertical stratification in
the planetary boundary layer. Moreover, the error characteristics and physical
interpretations across varying heights and fractional orders remain insufficiently analyzed.
The computational challenges associated with solving three dimensional FADEs have
also hindered their practical deployment in high-resolution simulations, leaving a critical
gap in predictive capability for air quality assessment. This work addresses the gap by
developing and analyzing a three-dimensional time-fractional advection-diffusion equation
(3D-TFADE) that accounts for anomalous subdiffusive behavior and memory effects
in atmospheric transport. We derive an exact analytical solution using separation of
variables, Fourier series, and the Mittag-Leffler function, and validate it against a novel
finite difference scheme based on the Griinwald— Letnikov approximation. Our
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hypothesis is that lower fractional orders a < 1 yield improved accuracy in representing
real pollutant behavior, particularly in the lower atmosphere. The model is tested across various
heights and fractional parameters, with the aim of establishing its accuracy, stability, and
physical relevance for environmental applications. By capturing memory effects and
non-Fickian transport mechanisms, the proposed 3D-TFADE framework offers substantial
improvement over classical models in forecasting pollutant dispersion. The analytical-
numerical validation provides insights into plume retention, stratified behavior, and the
computational feasibility of fractional modeling. This work contributes not only to the
theoretical foundation of fractional transport but also to the development of more reliable and
policy-relevant air quality assessment tools. It opens pathways for advanced simulation
capabilities in regulatory, urban planning, and environmental health contexts.

The paper is organized as follows: Section 1 presents Introduction, Section 2 covers the
basic principles of Fractional Calculus. Section 3 presents the 3D Analytical Plots of
Fractional Advection-Diffusion Pollution Dispersion at Various Orders. Section 4 3D
Analytical Plots of Fractional Dispersion at Varying Orders. Section 5 Consistency,
Stability and Convergence. Section 6 compares the analytical and numerical results to
validate the model. Finally, Section 7 highlights the advantages of combining both
analytical and numerical methods for environmental modeling.

Nomenclature

C: Pollutant concentration [ug/m?]

V'm,1p: Numerical solution at grid point [ug/m?]
D: Diffusion coefficient [m?%/s]

ux: Velocity components in x-directions [m/s]
uy : Velocity components in y-directions [m/s]
u-: Velocity components in z-directions [m/s]

A : Decay coefficient [s!]

O : Source/sink term [ug/(m>-s)]

a : Fractional order [dimensionless]
0%/0t*:Caputo time-fractional derivative
Eo.p : Mittag—Leffler function

I'() : Gamma function

L : Domain dimensions in x-directions [m]
L, : Domain dimensions in y-directions [m]

L- : Domain dimensions in z-directions [m]
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hy : Spatial step sizes in x-directions [m]
hy, : Spatial step sizes in y-directions [m]
h- : Spatial step sizes in z-directions [m]
k : Temporal step size [s]

y: Separation constant [m 2]

V2 : Laplacian operator

Abbreviations

L : Laplace transform operator

FAD : Fractional Advection-Diffusion

ADE : Advection-Diffusion Equation

3D: Three dimensional

PDE : Partial Differential Equation

FPDE : Fractional Partial Differential Equation
CTRW : Continuous Time Random Walk
GL : Griinwald—Letnikov

PM; s : Particulate matter with diameter < 2.5
pm [ug/m’]

PBL : Planetary Boundary Layer

MLF : Mittag—Leffler Function

FDM : Finite Difference Method

LTE : Local Truncation Error

CFL : Courant-Friedrichs-Lewy

2. Preliminaries

Definition 1 /33] The Riemann—Liouville fractional integral of order oo > 0 is
defined by

1

JE(t) = py So (8 — D)@ V(D

Where I'(a) denotes the Gamma function, a continuous extension of the factorial to real
and complex numbers. This operator generalizes the classical notion of integration and
provides the groundwork for defining fractional-order derivatives.

inition 2 [20] The Riemann—Liouville fractional derivative of a function f(t), for a
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fractional order a>0, is defined as

Qpper _ A™ (1t £@
D f(t) - dacm (r(m_a) fo (t_,[)(ot+1—m) dT)l

Where m = [a] represents the smallest integer not less than o. In the special
case where a

is an integer, that is a = m, the formula reduces to the classical m™ order
derivative:

am

pyey f(r).

D%f(t) =
Definition 3 /34] The Caputo fractional derivative of a function f(t), for an order
o > is defined as
DE f1) = J "™ D" fi1),
Where m is the smallest integer such that m-1 < a <m. This definition can be written

explicitly as

1 ft £f™(7)
D& f(t — r(m-a) 7o (¢—z)(@ti-m

dr, if m—1<a<m

dm
o f(t), a =m.

Definition 4 /21] In fractional calculus, the Laplace transform of the
fractional derivative of order o. > 0 is expressed as

LD (@0} (s) = s* L (1) (s) -
7,;)12—01 sa—k—1 f(k) (O)

Where m = |a| denotes the smallest integer not less than a. For the fractional
integral of order o, the Laplace transform takes the form

LTS (D} (s) = LD

sa

These Laplace transform rules allow fractional differential equations to be transformed
into algebraic equations in the s-domain, facilitating their analysis and solution.

Definition 5 /34] The Mittag-Leffler function is defined as Eop (z) =

AL

200 Tamapy

o and B are parameters. Its inverse function E”op (W) satisfies Eap (z)
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but is typically evaluated numerically due to the absence of a closed-form
expression.

3. Mathematical Description
The three dimensional time fractional advection diffusion equation for the domain

= [0, LeJX[0, Ly]*[0, L]

ac 2 2
d a%c ac)_ ac ac uz —QC AC

ot _D(axz oy Toz2) Wox Woay
()

Where, C = C(x, y, z, ) be the concentration field. The initial and boundary
conditions for the three- dimensional case are as follows: C(x, y, z, 0) = f(x, y, z);

C@O,y, z, )y=C(Lx, ¥, z, )=0,C(x, 0, z, 1)=C(x, L,, z, 1)=0, C(x, y, O,
=C(x, y, Lz, t)=0.

The pollutant concentration C(x, y, z) varies with spatial coordinates x, y, z and time ¢.
The fractional time derivative a (0 < a < 1) captures memory effects in diffusion. The
velocity components uy, u,, and u. in the x-, y-, and z-directions are constants. The
diffusion coefficient is D, the pollutant source term is O, and the decay term is AC. For
simplicity, the source term is taken as Q(C) = 0

C,y,2,t) = Xpe1 Xim=1 2p=1 Xn ()Y (V) 2, (2) T n p (1)
2

From the equations (1) and (2)

i i i Xy ()Y () Z, (2 )Lp(t)

- Z%ozlZgzzl22090:1D(X"n(x)ym(Y)Zp(Z)T(t) + X0, Y (W Zp (2T () — 2)

Separating variables,

l aaTm.n.p(t) _ Xn”(x) Ym”(l") Zp (Z) Xn (x) Ym’(ZV) +
T ore o e | %@ U S T V)
Zp (2)
Uz Zp(Z)] A
1 0%Tmnp(®) [Xn”(x) Ym"' ) Zp”(z)] [ Xn'@) o Y )
1 9Tmnp® 4 5 _p
T ate Xn(x) + Ym () Zp(z) U Xn() y Ym () +
Zp,(Z) -
Z Zp(Z) - yl
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where y is the separation constant. The time-dependent term depends only on ¢, while the
spatial terms depend separately on x, y, and z. For the equality to hold for all variables,
both sides must equal the same constant, denoted by — y. Since each spatial term is a
function of a single variable, they are set equal to constants —k>, —k>, and —k.°,
satisfying y = k> +k,* + k.*. This separation reduces the original equation into one time-
fractional ordinary differential equation and three spatial ordinary differential equations.

0%Tmnp(t)

Tap + (/1 + Y) Tm.n.p(t) =0. (3)

DX, -ux X, + kX, =0, (4)
DY " - Uy + ky2Y O (5)

DZp" U Z,' +k2Z, =0, (6)

From (4) Xa(x) = exp (”x ) (Acos(uyx) + Bsin(p,x)) with ué= k-
k%
5.

Applying boundary Conditions, X(0) = X(Lx) = 0; Xn(0) =0
Hoc X
=  Xux)= Bexp( )sm(uxx)
X(Lx) =0 = Bexp (”x )sm(uxx) 0 = sin(uLx)=0

nm

= MUy :E, neN.

Thus, Xa(x) = exp (425 )sin(), 7)
W=t (5 = k= () ()
Similarly,  Ym(Y)= exp (%)sm(%yy) (8)
201 o (2. 0

wing= (2 + (2 k- (2~
From the equation (3)

0% Tim.np(t)

9t +(A+ V) Tm.n.p (0 = (10)
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6D Trnnp )+ (A + V) T p () =0, (11)
Applying Laplace Transform,
LD Ty (O]+ LI (A + V) Trnnp ()] = L[0],
where Ty, , , (s)is the Laplace transform of Ty, , , (£).
=5 Tnnp(8) - 725 s Ty 1, Y9 (OO Ay p Trnm o (8)=0,
This gives, Ty p(s) — Zp—o sV Tm,n,p(k)(O)} + (Apmp +5) Trnnp(5)=0,

st@-1 Tmn,p(0)

. Applying inverse Laplace transform,

a=p
Tnnp (s)= Tnnp 0)L™ (Za_g)z XB_lEa,ﬂ(exa) =p=1,0=—1— .

Tnnp(®) =Tmnyp (O)t(“‘l)Eaﬁ(— A — y)t%, Here, Eq1denotes the Mittag-Leffler
function.

The constant Tomp (0) is determined by the initial condition and ¢(x, y, z) =
UxX +Uyy+UzZ
2D

Therefore, equation (2) can be expressed as

Clx,y,zt) =
Yin=12im= IZp 1Anmpexp(¢(x y Z))Sln( )Sln( Lny) sin (p Z)_
Ea,l(_ (/1 + Yn,m,p)ta)- Where, Yn,m,p (( ) ) ( ) X +Z;Z+uzz) and

Apm.p (t) are the Fourier coefficients determined by the initial condition, determining
coefficient Anm,p; Using the condition C(x, y, z, 0) =f(x, vy, z);
fx,y,z) =
y\ . pTtzZ
D=1 Xm=1 Zp 14nm. pexp(q)(x y,z))sin ( ) sin ( Iy ) sin ( )

Lz

The Fourier coefficients Anmp (0) are determined by applying the initial condition C(x, y, z,
0)= f(x y, z) and utilizing the orthogonally property of sine functions Apmp(0) =

nLL fo fLy fLZf(x y,z)exp (— d(x,y,2)) sm( ) sin (L—y) sin (%)dz dy dx.

y

The analytical solution is obtained by applying the separation of variables, breaking the
problem down into spatial and temporal parts. Spatial solutions consist of exponential and
sine functions that satisfy boundary conditions and incorporate advection effects. The
temporal component is a fractional differential equation solved using Laplace transform
techniques, resulting in a Mittag-Leffler function that models anomalous diffusion
behavior. The eigenvalues of each spatial dimension combine into a separation constant,
while Fourier coefficients are calculated by a projection of the orthogonal projection of
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the initial condition. This approach provides an exact, closed-form solution useful for
benchmarking numerical methods and exploring how parameters such as flow velocity and
fractional order influence dispersion. The solution effectively captures asymmetric
advection, memory effects, and non-standard diffusion patterns relevant to environmental

and biological transport processes.

4. Plots of Pollution Dispersion at various Orders Using Analytical Solution
AP M2.5ata=0.2 BP M2.5 at o = 0.4

Pollutant Concentration at Pollutant Concentration at height
height 500 m 500 m

Concentration

X

m"”"/ues ~

C PM2.5at o = 0.8 D PM2.5ata=1.0

Pollutant Concentration at Pollutant Concentration at height
height 500 m 500 m

Concentration

Figure 1: Three Dimensional Plot of PM2.5 with D = 10, AP M2.5 at o
=0.2,

BPM2.5ata=04, CPM2.5at a=08 DPM25ata=1.0.

Figure 1 illustrates the pollutant distribution over the horizontal x—y plane at a vertical

level at height of
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500 meters, as derived from the analytical solution of a three-dimensional time-fractional
advection-diffusion equation (FADE) with fractional order & = 0.4. The simulated
domain covers 100m x 100m laterally and rises up to 1500m in altitude. A uniform
advection speed of 0.1m/h is assumed in all spatial directions, along with a diffusion
coefficient set to D = 10. The initial condition adopts a trigonometric function that
aligns with the boundary constraints, simulating a localized emission point. Time-dependent
behavior is modeled through the Mittag-Leffler function to reflect the memory effects
inherent in fractional-order transport. At a representative location (0.2L,, 0.3L,, 500,
m), the pollutant level at + = 12 hours is approximately 5.618 x 107! for a = 0.4.
Varying the fractional order reveals a notable decline in concentration: from
5.804x10! for a =0.2 down to 4.961x10"! for & = 0.8, and further to 4.430x10"" in the
classical diffusion case (a = 1.0). This trend confirms that lower a values correspond
to stronger memory effects, resulting

in slower dispersion and prolonged pollutant presence. The roughly 24% drop in
concentration between a = 0.2 and o = 1.0 highlights the critical role of anomalous
transport. Moreover, intermediate a values (e.g., a = 0.4) yield persistent concentration
gradients and non-Gaussian plume profiles, reflecting time- varying diffusivity and
complex transport pathways. These results underscore the need to include fractional
dynamics in models dealing with environmental transport, particularly in heterogeneous or
turbulent systems. The result for o = 0.4 at 12 hours provides a key reference point for
comparison with observed data. Overall, fractional modeling indicates that pollutant
removal times may be extended by 30-50% in subdiffusive conditions, suggesting
regulatory policies should integrate such models for more reliable assessment and
management strategies.

5. Numerical Simulation of Three-Dimensional FADE
5.1 Numerical Simulation
The 3D-TFAD for the domain Q = [0, L] X [0, L,] X [0, L:] is given by:

O%C(xm, Y1, Zp, ) -D 9%C(xm, Y. Zp, ) + 9%C(xm, Y. Zy, ¢n) + 3%C(xm, Y. Zy (n)
at« ox?2 oy? 0z2

OC@m Y12, n)  OC(tm, Y7, ) OC(Xm, VI, Zpt™)
— W — U
dx y dy z 0z

Ux

—Q C(xmr Yu Zp, t") _Ac(xm' Vi Zp, t")- (12)

The initial and boundary conditions for the three-dimensional case are as follows: C(x,
1,z 0)=f(x92),C0, vz t)=CLx, v,z 1) =0, Cx0,z1¢t =C L,z t) =
0, C(x,»00)=C,y L,1t)=0.

To approximate the Caputo fractional time derivative of order a (0 < o < 1) within a
three-dimensional domain, the Griinwald—Letnikov discretization is applied using a

Received: August 05, 2025 1475



International Journal of Applied Mathematics

Volume 38 No. 12s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

time step of size k. This approach is well-suited for initial value problems in
multidimensional spaces. The Caputo fractional derivative can be expressed in an
approximate form as:

O%C(xm, Y1, Zy, n) _ 1 n a By
ot* C r(i-a) Z]'=OVVj (]) Comr Yo Zp‘tn 1. (13)

Here, C(xn, yi, zp, t") represents the concentration at spatial coordinates (x., y;, zp) and
time ¢". Here, the weights w; are derived as:

_ _(=1)ra+e
J T rg+1) ria—j+1)°

For non-integer orders of a, these weights stem from the binomial coefficient. The
summation must be changed in the following ways in order to apply the caputo

definition
0%Clxm Yuzp 1) _ 1 n (n —jt+a-— 1) Cxm 1 2pt)~Clxm yuzp 1)
ata  rz-a) <4J=0 n—j e ’
, nnn—j+a—1)_m
with Zj=0( n—j T r(@rn-j-1)"

Spatial derivatives are approximated using central finite differences as follows:

0*C(Xm, Y1, Zpt™) _ Clxmer, Yo 2pt™) —2C(xm, Y1, 2pt™) + C(Xm—1, Y1, Zpt")

0x? h%
02C(xXm, Yu Zpt") C(xm, Yitr Zpt™) —2C(xm, ¥ 2pt™) + Como1, Vi1, Zpt™)
dy? h2
02C(Xm, Vi, Zp, t") Clxm: Vi Zper, t™) — 2C(xm, Vi, Zpt™) + C(Xm, Vi Zp—1,t)
0z? hZ

C(Xm+1, Y1 2p t™)—2C(xm, Y1, 2p,t")+C(Xm—1, Y1, Zp,t™)
h%

V2C(xm 1, z, th) =

C(xm, Vit zp,tn)—ZC(xm, Vi zp‘tn)+C(xm_1, Vi1, zp‘tn)

2
hy

+

N C(xm, Vis Zps1, tn) — ZC(xm, Vi, zp,t") + C(xm, i, zp_l’t")
hZ

Here, hx, h, and h. are the spatial step sizes along the x, y, and z directions,
respectively.

For x— direction:

ac(xmr Vi Zp,tn) _ C(xm+1: Yu Zp,tn) B C(xm—li Yu Zp,tn)
ox 2h,
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For y— direction:

6C(xm, Vi Zp,tn) _ C(xm' Yi+1 Zp,tn) - C(xml Yi-1 Zp,tn)
dy 2h,

For z— direction:

6C(xm, Yu Zp,tn) _ C(xm' Yu Zp+1,tn) - C(xm' Y Zp—l,tn)
0z 2h,

The total advection term in three dimensions is given by the sum of these components.

C(Xm+1, Y1 Zp,t™)—C(Xm—1, Y1, 2p,t™) + C(xm, Yir1 2pt™)=Clxm, yi_1, 2pt™)
2hy 2h,

V.C=

(15)
Equation (12) reduces

1 n n—j+a—1\ c(xm v 2p,t))=C(xm, Y1, 2p /1)
r@-a) <4J=0 n—j ke

C(xm+1, Y zp,tn)—ZC(xm, Y Zp.tn)"'c(xm—l; Y Zp,tn)
h%
_ C(xm, Y141, 2p,t™)—2C(xm, Y1, 2p,t")+C(xm—1, Vi1, Zp,t")
=D |+ >
hy
+ C(xms Y1 Zpa1, t™)—2C(xm Y1 2p t™)+C(Xm Y1 Zp-1,t™)
B hZ _
C(xm+1' Vi Zp,tn)_c(xm—lr Yu Zp,tn) —u C(xmr Vi+1 Zp,tn)_c(xmr YVi-1, Zp,tn)
x 2hy Y 2hy,

Clxm, Y1 Zp+1,t™)—Clxm, Y1, Zp—1.,t™)

—q, P o e Qum.p— AC(Xm, Y1, Zpt™). (16)

Using Vptl= C(xm, ¥i+1, 2pt"™*') ), we account for the source term O and
approximate the concentration at the next time step. The discretized equation for three-
dimensional fractional partial differential equations with a source term is:

1 «n (M—J+a—1\ YmipViup
r(z-a) <J=0 n—j ke

n n n n n n n n n
_ Vm+1,l,p_ZVm,l,p+Vm—1,l,p Vm,l+1,p_2Vm,l,p+Vm,l—1,p Vm,l,p+1_ZVm,l,p+Vm,l,p—1
=D + +

2 2 2
hy hy hy
n n n n n n
. Vm+1,l,p_Vm—1,l,p —u Vm,l+1,p_ Vm,l—l,p —u VM,l,p+1_Vm,l»P—1 + Q Lp— A VTL
X 2hy y Zhy Z 2h, m,l,p m,lp-

Where, Q is the source term (positive for sources, negative for sinks) at the grid point (x.,
i, zp). Other parameters remain as previously defined, D: diffusion coefficient, uy, uy, u::
velocity components, a: fractional order of the time derivative, I'(2 —a): Gamma function
for the fractional term, A: reaction rate coefficient. Thus we have
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n n n n n n
Vn+1 _yyn + D Vm+1,l,p_ZVm,l,p+Vm—1,l,p + Vm,l+1,p_ZVm,l,p+Vm,l—1,p +
mlp~ Vmip T Al n2 n2
n n n n n n n n n
Vm,l,p+1_ZVm,l,p+Vm,l,p—1 _ﬂ Vm+1,l,p_Vm—1,l,p _ﬁ Vm,l+1,p_ Vm,l—l,p _ﬁ Vm,l,p+1_Vm,l,p—1
h} x 2hy y 2h, z 2h,
: J Jj-1
1 1 n n—j +a—-1 Vm,l,p_Vm,l,p +K
- (1-a) rez-a) <J7=0 n—j ke Q
J

m’l’p—k ﬂVrﬁ‘l‘p . [ 1 7]

5.2 Consistency, Stability and Convergence

The consistency, stability, and convergence characteristics of the implicit finite difference
scheme are rigorously examined, wherein, as indicated by (16), the scheme incurs a;
local truncation error denoted by R;".

Consistency: The numerical scheme for the three-dimensional FADE maintains
consistency with the continuous equation, achieving a local truncation error (LTE)
that vanishes as k, hx, hy, h, = 0. The Caputo fractional derivative is discretized via
the Griinwald-Letnikov method, as in (13), with an error of O(k* %) for 0 < a < 1.
Diffusion terms are approximated using central differences, as shown in (14), leading
to an error of

O (W« +h?, + h°-). Similarly, advection terms discretized by (15) yield the same error
order. The source term Q and reaction term —AC are evaluated exactly at grid points (m, 1,
p) and discrete time t", introducing no additional error. At these points, the truncation
error is O(1), reflecting precise computation. Overall Consistency: The total LTE is:
LTE = O(k* %)+ O(hs®) + O(h%, ) + O(h?, ). As k, hx, hy, h, — 0, the scheme remains
consistent. For a — 1, the formulation converges to the classical advection-diffusion.

Stability: The, stability of the numerical scheme is analyzed using the von
Neumann method under Dirichlet boundary conditions. For the homogeneous case
(O = 0, 4 = 0), the solution is represented as a Fourier mode, V)
Enei(m9x+19y

Lo~
+P92) with stability requiring the amplification factor & to satisfy
|&] < 1. Spatial discretization terms are defined for diffusion ( D, D, D:) and
advection (4x, A,, A-) such that

Ux n n uy n n Uz n
A~ (Viiimp = Vimp)- A~ (Vims1p — Vimp) and A~ (Vimp+1 —

Vlr,lm;p ) )

with the total operator £ incorporating these contributions. The amplification

. (1_5—1)1—11
equations becomes ¢=1 + a1 L + ( 1+ ai) [(2—a)k?

advection-diffusion),Dirichlet boundary conditions impose stability constraints
such that

. For a; = 1( explicit
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. [(h? h? h .. . -
k < min (—x,—y,—z ,—,—,—Z) . For a1 = 0 (explicit fractional term), stability
2D " 2D |ux| |uy| |uz|

is satisfied if &* <T'(2 —a) C(a). The scheme is unstable for a1 < 1 due to explicit
fractional handling, whereas conditional stability is ensured for a1 = 1, subject to CFL
and diffusion conditions. Implicit treatment of the fractional derivative is recommended
for improved stability under Dirichlet boundaries.

Convergence: To prove the convergence of the three-dimensional numerical
solution,

let C(x;, ym, zp, t.) be the exact solution at the mesh point (x;, ym, zp, t,) and
Cl'mp be

the numerical solution. Define the error as el’:‘m‘p = C(x1, Ym, Zp, tn) — C{fm,p,

where /, m, p index the spatial grid in x, y, and z, respectively, and » represents the
time step. The numerical scheme results in the error equation

Liel'm p=Lael'mit Rl'mp-
Where L; and L are numerical operators, and R" | is the local truncation error(LTE).Taking
the L norm of the error, extended to three spatial dimensions, gives: [|e™||=max 1m €], -
L™ oot IR ]]co-
lle" !|s. The local

Using the error equations, the norm of the error satisfies: ||e"|l <
For a stable numerical scheme, it is assumed that ||L,e™ 1|, <
truncation error for a

Three-dimensional scheme scales as R}y, ,, = O(At?> ™) + O(Ax?) + O(Ay?) + O(Az?), where
AXx, Ay, Az are the spatial step sizes, and At is The temporal step size. If the spatial grid is
uniform (Ax = Ay = Az = h), the truncation error simplifies to: R,"™P = O(At? %) + O(h?).
Thus, the maximum truncation error is bounded as: IR,loo < C_R (At?™® + h?), where Cr is a

constant. Using this in the error equation, we obtain: lealo < ley 1l + Rmax <...<le%% + Ruax.

By recursion, this yields:

lealo < le™ e + Rimax < lenalo + 2Rmax < -+ < leols + n Rmax. Since the initial error is zero

(e, = 0) it follows that: le"l. < n Rmax. For n = T/At, substituting Rmax, we have: le"l,, <
(T/At) Cr (At + h2). Simplifying, this becomes: le"l.. < T C_R At "% + (T h?)/At. To ensure
convergence as At, h — 0, the temporal and spatial errors should balance, i.e.,h*/At = O(At
(%) By choosing h and At accordingly, both terms vanish as the grid is refined, proving
that:le"l.. — 0 as At, h —0. At the boundaries of the region, Dirichlet boundary conditions
are imposed for the one-dimensional case, ensuring the pollutant concentration
remains zero at both spatial endpoints for any time ¢, expressed as C(0, 1) = C(Lx, t)
= 0, and similarly for higher dimensions C(0, ) = C(L,, t) =0, C(0, ¢ = C(L-,
t) = 0. The pollutant concentration at the boundaries of the domain is maintained at
zero, signifying no pollutant escapes the region. Non reflective boundary conditions are
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applied, ensuring the pollutant does not re-enter the domain from opposing boundaries.
Initially, the pollutant is localized at the center of the domain. In the one-dimensional
case, the pollutant concentration is set to 1 within the central region of the spatial
domain, specifically between 0 and Ly, at the initial time, while being zero elsewhere.
For two-dimensional and three-dimensional cases, the pollutant is similarly localized
in the central part of the domain. Along the y-axis, the concentration is 1 within 0 < y
< L, and zero outside this range. Similarly, along the z-axis, the concentration is 1
within 0 < z < L. and zero elsewhere. These conditions simulate the dispersion of a
pollutant from a confined source, which is a typical setup for analyzing advection-diffusion
phenomena in atmospheric studies. Numerical simulations were conducted using the
parameters outlined in Table 1.

6. Results and Discussion

6.1Multidimensional Pollutant Dispersion via Fractional Advection-
Diffusion

Fig. 2 presents the simulation results of one-dimensional pollutant dispersion governed by
fractional advection- diffusion dynamics. The  asymmetric  evolution of the
concentration profile is influenced by advection (ux = 0.5 m/s) and subdiffusion (a
= 0.8), causing the peak to shift rightward while dissipating slower than in classical
diffusion. Larger time steps (A7 = 72 sec) introduce numerical oscillations and peak
dis- placement artifacts, whereas finer resolutions (At <40 sec) yield stable and accurate
solutions, highlighting the sensitivity of fractional PDEs to temporal discretization.
The subdiffusive regime (a < 1) captures anomalous transport, where memory effects
and medium heterogeneity slow dispersion, in contrast to classi- cal Fickian behavior (a
= 1.0). For a = 1, the dispersion follows classical Fickian diffusion, characterized by
symmetric spreading and faster dissipation, with reduced sensitivity to temporal
discretization and minimal oscillations, even for larger time steps. These results underscore
the critical role of fractional calculus in modeling pollutant transport across varying
diffusion regimes, offering valuable insights for environmental risk assessment and
remediation. The graphs illustrate the differences in one-dimensional pollutant dispersion
for classical @ =1 and fractional a = 0.8 diffusion models. When a = 1, the pollutant
follows a Gaussian distribution with a distinct peak, signifying rapid and uniform spread.
Advection moves the peak concentration to higher x— values, and reducing the time step
size enhances the smoothness of the profile. On the other hand, for a = 0.8, the dispersion
is slower, with a broader spread and lower peak concentration. The profile exhibits heavier
tails, representing the pollutant’s delayed movement and retention within the domain.
Fractional diffusion also shows greater sensitivity to time step changes due to its
nonlocal characteristics. These results demonstrate the efficiency of classical diffusion in
modeling fast transport, while fractional diffusion better captures slower, anomalous
dispersion behaviors. This simulation models the spread of pollutants in a two-dimensional
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domain of 15 km by 15 km over one hour using a fractional advection-diffusion framework
with fixed concentration boundaries. The time-fractional derivative is approximated via
the Grunwald Letnikov method, capturing the influence of past states on current
dispersion. For the fractional order o = 1.0, the model reduces to the classical advection-
diffusion

equation, producing an elliptical pollution pattern influenced by uniform wind velocities.
When «a is de- creased (e.g., a = 0.8), memory effects slow and localize the spread,
reflecting anomalous diffusion. This approach effectively demonstrates how fractional
dynamics combined with diffusion and advection govern pollutant transport within the
domain

Pollution Dispersion for Different Time Steps Pollution Dispersion for Different Time Steps
. 1.6 Time Seep Suze (secenss)
w— T= 72 seconds
1.4 — T 51 nds
w— T= 40 seconds
= 1.2 — Tw 33 seconds
S 1.0
[
b=
Zo.s
(]
v 0.6
5
O 0.4
0.2
0.0
[ 2000 4000 6000 8000 10000 12000 14000 [ 2000 4000 6000 8000 10000 12000 14000
X (meters) X (meters)

Figure 2: Diffusion coefficient D = 4 x 107> m?/s, advection velocity ux = 0.5
m/s, domain length L, = 15,000 m, and initial condition sin(zx/Lx). (A) Classical
diffusion (a = 1.0): Sharpens the expected advection-diffusion balance, with
concentration profiles aligning with theoretical predictions. (B) Subdiffusion (a = 0.8):
Exhibits anomalous dispersion—reduced peak decay and broader spreading—due to memory
effects, with stronger dependence on time discretization (N; = 50, 70, 90, 110).

© (D)

2D Pollution Dispersion

2D Pollution Dispersion

y (meters)

x (meters)

 x(meters)

Figure 3: Two-dimensional pollutant dispersion in a 15 km x 15 km domain over one
hour using FADE models. (C) Classical diffusion (a = 1.0) shows standard spread
with advection and diffusion balance. (ID) Subdiffusion (a = 0.8) exhibits slower,
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localized dispersion due to memory effects. Parameters: D = 4 x 10712 m?/s, ux = uy
= 0.5 m/s, initial condition sin 7zx/Lx sin xy/L, , and fixed boundary concentrations.

Plot of Pollution Dispersion at various orders using Numerical Solution

The numerical simulation implemented focuses on the three-dimensional time-fractional
advection-diffusion equation (FADE) to investigate pollutant dispersion within a defined
spatial domain. The domain measures 100 meters in both the x- and y-directions, and
1500 meters along the vertical z-axis. It is discretized using a uniform grid of 30 x 30 x
50 nodes. The simulation spans a total of 24 hours, divided into 100 uniform time steps.
The initial concentration is defined through a smooth trigonometric function compatible
with Dirichlet boundary conditions on all boundaries. To account for memory effects, the
fractional time derivative of order o is approximated using the Griinwald—Letnikov
method, which computes contributions from all previous time levels using fractional
binomial weights. Spatial derivatives for both diffusion and advection terms are handled
using central difference schemes. A constant velocity field is assumed with u, = u, =
u:=0.1 m/h, and the diffusion coefficient is fixed at D = 10 m%*/h. The simulation evaluates
the pollutant concentration at the spatial location (x, y, z) = (0.2Ly, 0.3L,, 500 m), i.e., at
(20 m, 30 m, 500 m), after one hour for different values of a. The computed
concentrations are as follows: 7.058180 x 10! for @ = 0.2, 2.005027 x 10° for a =
0.4, 6.231037 x 10° for & = 0.6, 1.887117 x 10! for & = 0.8, and 4.875885 x 10! for
the classical case a = 1.0. The results show that increasing the value of a leads to
higher pollutant concentrations at the selected location, indicating a faster dispersion
process due to reduced memory effects. Conversely, lower values of a correspond to
slower diffusion and longer retention of pollutants, representing subdiffusive transport
behavior. This analysis emphasizes the capability of fractional-order models in capturing
complex dynamics of pollutant transport in realistic environmental scenarios.
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Apmaosata = 0.2 Bprvosat o = 0.4

Pollution Dispersion (a=0.4)

Pollution Dispersion {a=0.2)
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Pollution Dispersion (a=0.8) Pollution Dispersion (a=1.0)

Figure 4: Three Dimensional Numerical Plot of PM> s with D = 10, Apm2sat a =
0.2, Bemasata = 0.4; Cpmasata = 0.8, Dpmasata = 1.0.

8. Evaluation of Solutions Across Vertical Profiles and Fractional
Orders

The table 1 presents the absolute error in approximating the function C(x, y, zo) at
the fixed grid point (x, y) = (3.448, 3.448) across varying heights zo from 200m to
600m, comparing three fractional orders: o = 0.5, 0.8, and 1.0. For a = 0.5, the errors
are consistently small (all below 0.05) and show minimal variation with height, with
the lowest values occurring at 500m and 600m (both 0.0073). At o = 0.8, errors are
moderate, starting at 0.28497 at 200m and generally increasing to 0.48043 at 600m, though
not strictly monotonically. The largest errors occur at ¢ = 1.0, where values rise from
0.6964 at 200m to 1.38883 at 600m, indicating a clear upward trend with height, except
for a slight dip to 1.08396 at 450m. This demonstrates that lower fractional orders (e.g., a
= 0.5) yield significantly higher accuracy than classical derivatives (a = 1.0), and errors
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for a = 1.0 amplify substantially as height increases, suggesting heightened numerical
instability or modeling challenges at larger zo values for integer-order approximations.

Table 1: Absolute error at various heights for different fractional order

Height |Absolute error at o = Absolute error at o =/Absolute error at a =
(m) 0.5 0.8 1.0
200 0.0398 0.28497 0.6964
250 0.0438 0.28497 0.7959
300 0.0483 0.34309 0.95419
350 0.0475 0.36801 1.03031
400 0.0376 0.40662 1.16302
450 0.0118 0.42596 1.08396
500 0.0073 0.42801 1.30191
550 0.0449 0.42780 1.36210
600 0.0073 0.48043 1.38883

The three-dimensional Fig. 5 illustrates the variation in absolute error between analytical
and numerical solutions of the time-fractional advection-diffusion equation across heights
ranging from 200 m to 600 m for fractional orders a = 0.5, 0.8, and 1.0. Each surface is
generated using a narrow band around the fixed a value and smoothed through cubic spline
interpolation. For a = 0.5, the error remains low and stable, indicating strong agreement
between the two approaches. In contrast, at o = 0.8, the error increases gradually with
height, and at o = 1.0, it reaches its highest values. These results suggest that the numerical
scheme yields improved accuracy for fractional cases (a < 1), particularly for o = 0.5, and
that the fractional model more effectively captures the behavior of pollutant dispersion in
complex atmospheric conditions compared to the classical model.
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Figure 5: Three Dimensional Numerical Plot of PM> 5 with D =10, Apam2.5 ata
=0.5, Bpm2.5 ata=0.8, Cpa2.5 at a = 1.0.

GPU-accelerated solvers for real-time prediction. Extending this framework to variable-
order operators could further bridge theoretical advances and environmental protection
imperatives in our evolving climate landscape.

9. Conclusion

This work has advanced the modeling of atmospheric pollutant dispersion through a
comprehensive three-dimensional time-fractional advection-diffusion framework. We derived
an exact analytical solution using separation of variables, Fourier series expansion, and the
Mittag-Leffler function, explicitly incorporating memory effects inherent in sub-diffusive
transport. The solution was enhanced through exponential transformations to account for
advection velocities in all spatial dimensions. Complementing this, we developed a robust
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finite difference numerical scheme discretized via the Grunwald—Letnikov approach, with
rigorous analysis confirming its conditional stability under standard CFL conditions and
O(At>—a)+O(h?) convergence properties. Validation studies revealed critical insights: lower
fractional orders (a = 0.5—0.8) demonstrated 42—89% smaller absolute errors compared to
classical diffusion (o= 1.0), with optimal agreement occurring below 500m altitude where
memory effects dominate transport dynamics. Sub-diffusive regimes consistently exhibited
prolonged pollutant retention (30% —50% longer than classical models) and non-Gaussian
plume morphology, aligning with real atmospheric observations. Notably, fractional models
showed heightened sensitivity to temporal discretization, requiring At < 40s to maintain
numerical stability—a constraint absent in integer-order formulations. These findings establish
fractional calculus as essential for next-generation air quality management. Regulators gain
accurate tools for pollution source attribution, exposure risk assessment, and emergency
response planning through memory-aware forecasting. The demonstrable superiority of
fractional models in capturing historical dependencies and anomalous dispersion provides
mathematical justification for their adoption in operational forecasting systems. Future work
will incorporate wind shear profiles and terrain-dependent diffusivity, validate models against
atmospheric LIDAR datasets, and develop GPU-accelerated solvers for real-time prediction.
Extending this framework to variable-order operators could further bridge theoretical advances
and environmental protection imperatives in our evolving climate landscape.
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