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Abstract

This paper investigates the nonexistence of global solutions for a non-
linear hyperbolic equation with a memory term posed on the Heisenberg
group. Using the modified test function method, combined with Youngs
inequality and tools from fractional calculus, we establish sufficient con-
ditions guaranteeing finite-time blow-up of weak solutions. The analysis
relies on the structure of the Heisenberg group, the properties of the sub-
Laplacian, and the interplay between nonlinear damping, source terms,
and fractional integral operators. A detailed study of auxiliary test func-
tions is developed, allowing precise estimates of all nonlinear and mem-
ory contributions. By deriving sharp integral inequalities and identifying
critical exponents, we show that global solutions cannot exist whenever
the nonlinearities exceed certain thresholds connected to the geometry of
the underlying group. Our results improve and generalize several known
blow-up criteria for fractional and ultra-parabolic models. These find-
ings highlight the significant influence of nonlinear memory kernels and
the non-Euclidean geometry of the Heisenberg group on the qualitative
behavior of solutions.

1.Introduction

Partial differential equations with nonlinear terms and memory effects play a
central role in the modeling of complex physical and engineering phenomena.
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In recent years, the study of fractional operators and their applications on non-
Euclidean structures such as the Heisenberg group has attracted significant at-
tention. These tools provide a powerful framework for analyzing the qualitative
behavior of solutions, especially regarding their existence, uniqueness, and pos-
sible blow-up in finite time. The present work is devoted to investigating the
conditions under which global solutions fail to exist, highlighting the influence
of nonlinear memory terms and the geometry of the underlying group.

To begin with, let t € (0, +00),n € H™,u = u(t,n). We look at the following
Cauchy problem with a nonlinear memory term

{u“ — Avsut (64 1) ™y = [~ 5)~ulrds W)

u(t =0,n) = g(n) , u(t=0,n) = h(n),

where u is the unknown real-valued function,n > 0,m > 1,p > 1, and r,w €
Q= (0,1), and g(x), h(z) are the initial data.

2.Preliminaries

In this section, we present some basic definitions and results that we will need
later to state and prove the main results.

Now, we present some results from fractional derivative calculus that we will
need in the last section. Like the symbol D&, denotes the fractional derivative

0|t
of order «, and it is defined as follows.

Definition 1: [Integrals fractionnaire de RiemannLiouville]

I(()l\tf(t) = %a)/ (t— s)_(l_a)f(s)ds, (2)

0

1 T
I7 - f(t) = — — )~ (=) d
t|Tf( ) F(O{) [ (8 ) f(S) S
Definition 2: [Dérivée fractionnaire de RiemannLiouville]

Let f € C'([0,00)), and let a € (0,1) a real number. The RiemannLiouville
derivative of order « of the function f is defined as follows:

d

DG 0) = 15" F0) = pry o | = @ @)

where I' is the Gamma function.

1 d

T
m%/t (s—t)“f(s)ds, t<T

d
(1) = — LI (0) = -

Definition 3: [Caputo fractional derivative]
Let f € C*(]0,00)) et a € (0,1). The Caputo derivative of the function f of
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order « is given by the formula:

DGO = i J, 4SO (1

remark 1: Il est bien connu que si f(0) = 0, alors :

D f(t) = “ DG, f(2).

Proposition 1:
For0<a<1l , —oo<t<T < +4oo we have the following identities
D), o Igju(t) = u(t), t € (0,7) (5)
Moreover, for all u € C'[0,T], T > 0, the following rule holds

(~1)'d, Djpu(t) = DiHlu(t), (6)

forl e N

Proposition 2:

Let g, h € C[0,T), if D

Hirh(t) and D, g(t) exist and belong to C[0,T7], then

t t
/0 g(s)Dg‘lTh(s)ds = /0 h(s)D(‘i“Sg(s)ds7
for all 0 <t < T. Corollary 1:

If o(t) = (1— £)7 ,t> 0,7 > 0,5 > 1 Then

Dyto(t) = T *(T - )7 a € (0,1),i=0,1,2, (7)
(Ditie) () = €T ae (0,1),i=0,1,2, ®)

Definition 4:
- The Heisenberg group :
H" =Ry x Ry xR,
with a general element
(2,7) = (2,9,7), z=(x,y) €R™

and the group law

!’ ’ !’ 2 !’ ! 1 !/ !
(z,y,7)o(x,y,7)= <w+w,y+ym+7 +§(x-y —y.x ))
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3.Main Results

In this section, we prove that the solution of system (1) blows up. We begin
with a definition that clarifies the meaning of the solution to system (1).

Definition 5:

Let T>0, r€(0,1) , 0<w<1l , a=1—-w , blt)=(+1),
and g € L}, (H") N L™ (H") , h € L} .(H"), We call u a weak solution, if

loc

we LP((0,T), LY (H™)) N L™((0,T),L]".(H")), and it satisfies

loc

v@) [ [ T Q) ednde + [ nmel0.min

1 _
*/ g(n)e(0,n)dn + */ 19| g¢(0,n)dn
n m Jyn

T 1 (T )
:/ / wppdndt — —/ / b(t)|u|™ tupdndt 9)
0 n m Jo n

1 [T T
——/ b(t)|u|m_1u<ptdndt—/ / ulAyn pdndt,
mJjo Jun 0 n

for nonnegative functions (test)
€ C*(([0,T] x H")

where
o(T,n) = @(T,n) =0

In the sequel, we have g > f and 3C' > 0 , where f < Cg¢ , and the nonnegative
constant C is supposed to be independent of T > 0.

Theorem :

Let n > 0and 0 < w < 1, and let m > p > 1. Under the following conditions
on the functions (g, h)

/n g(n)dn >0

/n h(n)dn >0

[ 1at1gta)dn > . (10)

and if
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P > inf max

4 (ntd)d B\ ¢ B
p—17" d>o0 a+d

24 A 24 (7

with

(L=m)(r+m=2)1+p)—alr+m=2) = (1-r)(1-m),

A=
B=[2m-3+r)(1+p+(1—-71)+a,
C=-m*(p+1),

(11)

Within the framework of definition (3.1), the weak solution of equation (1) is

shown not to exist globally in the time variable t.

Proof:

To prove the result by contradiction, we assume that u is a nontrivial weak

solution of problem (1), whose existence extends over all time intervals.

We

adopt the test function method, and for this purpose, for some positive number

T, we choose the test function as follows.
P = D;,X\T\I’ = (pll(n)DﬁTSDQ(t)?

where ¢1(n) = @ (@) and @o(t) = (1 — %)’i with 1 < S and 0 < 6,

® € C*°(Ry) is a cutoff nonincreasing function satisfying

1, 0<2<1,
@(z):{ 0, 2<z.

We will now reformulate the weak solution problem as follows:

) [ [ a5 Qo) Dt + [ b D0,

- [ atmoDgw .+ [ 1o gDgw(0.0)dn

/ / ud? tlT\Ildndt——/ / t)|ul™™ th‘T\I!dndt

1 /7
——/ b(t)|u|™ tud, t‘T\Pdndt—/ / uApn D Wdndt,
m.Jo Jpn n

By using the identity (6) in proposition 1, we obtain
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/ / & (|ul?) Dy Wdndt + / W) (1) DSt pa0)

1 — [
~ [ s A DGrea O+ - [ 1o g ) Dijrea(0)an

r T

@ 1 , . .

:/O /[H upl (n )Dtﬁ?cpg(t)dndt—E/O / b(t)|ul 1“80l1(77)Dt\Ts02(t)d77dt
(14)

1 /T _ N
_5/0 / b(t)|ul™ " uph () Dy 2 (t) it — / / ulyin 3 () Dij 2 (t)dndt,

Applying Corollary 1 yields

T
o) / /{H 13, (|ul?) D Wdndt + CT—° /H h(n)g} (n)dn
0 n n
+CT*“*1/ g(n)wﬁ(n)dn+CT*“/[H g™ g(m)h (n)dn

T 1 T , B
— [ [ wdopgeanndt— - [ [ 50l g () Drea(dnds
0 Hn m Jo Hn (15)

1/t _ N
L vt ot eatma [ [ uswAoDeeain,

To simplify the first term on the left-hand side of (15), we use integration by
parts, relying on Proposition 2 and relation (5). We then obtain the following

result:

) [ [ a5 oy Dgwana = [ [0 (15, (u)) wan
T
- / / ([P Wdndt, (16)
0 n

For the remaining terms, we denote by QT 4 the support of 1 such that § = T
and d > 0.
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d
Q4 zsup{n eH:nE < 2T2}

Now, using the Lebesgue dominated convergence theorem, we obtain

lim g(n)¢h (n)dn = / g(n)dn

T—+o00 QT n
Gim [ lg(n)[™ T g(n)eh (n)dy =/ g™ g(m)dn
—+o0 Qr n
Cim [ h(n)e(n)dn = [ h(n)dn
—+00 Qr Hn

We also have
lim g(n)¢}(n) = g(n)

T—+o00
Llm A (n) = hin)
m  [g(n)|[™ g(n)et(n) = lg(n)|™ g(n)

T—+o0

We assume that we have (g,h) € LT (H") x L} _(H") satisfying

/n g(m)dn >0

/n h(n)dn >0

[ ot gtnyan >0

And this leads to
/ g(m) (n)dn >0

: h(n)¢' (n)dn > 0

/n lg(m|™ g(n)} (n)dn > 0

When T > 0, we now proceed to study the right-hand side of equation (15) in
the weak formulation of solutions, based on the following identity.

2

2
Apph(n) = Apd* (';'T) = Ap®(v)

T

where (1) = '; , with &, € O

®,=1o0n0,1] and ®; =0 on [2,00).

[Ny
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Notation:
on=(z,y7)€H,
o5 =37+ = el + P
°«Q=r1"+5"

o p=nlw = Q7 s0 p* = Q,

2
e We define the horizontal vector fields X;,Y;, where X; = 0,, + 2y,0; ,
Y; =0y, — 22;0;, Ap=31, (XZ2 + Yf)

Composition formula (chain rule)
For an composition ®(¢)) we have:

An(@() = @ (1) Y (Xiw)? + (Yie)?) + @ () D (X)) + (Yiw)?)
i=1 i=1
Calculation of elementary terms
1.Partial derivatives of ¢ = % as
0z,Q = 4sx; , 0y,Q = 4sy; , 0-Q = 27,we obtain

aﬁw — 2sx; 78%1/) _

d
T2 p2 T

28y
%yz ) 67'7/} = —7

d
p2 T§p2

2.Apply X; , Vi

2
Xith = Op; ) + 2y:0:9 = 7% 2 (sw; + yiT)

2p
Yiy = 0y, — 22;0:¢ = —; (syi — xi7)
Tz p?
3.Sum of squares key simplification:
nX_2 Y_2_4n a2 2y 48
Z(( W)? + (Yip)?) = TTPALZ((Sx1+yZT) + (sy; —4;7)%) = T

i=1 i=1

The cross terms cancel after summation, and Z?zl (xf + yf) = s, hence the
4s

simplification = 3.
4.Calculation of Ayt. Recall of the calculation for p®.
An(p) = ala+ 2n)sp° 4,

By taking a = 2 (then dividing by T%):

At = Ap(p?) = ———

Final result
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By substituting into the composition formula, we obtain, for n # 0 (and
classically where @, is smooth):

" 4s / 4(n+1)s
Angl(n) = @, (1/1(77))% + @l(qp(n))m

By grouping (and using p? = Tgw ), it can also be written in the often-used
compact form:

*( Inli;
48 1" 2 (Pl d
Avgh(m = 200 (g ('”';)+<n+1>(,ﬁ;) (17)
d
T2

Note 1: Apg! () is supported in the homogeneous annulus {T% <|n3 < QT%}
(since @, and @, vanish for ¢ < 1 and for ¢ > 2).

1.Prendre la valeur absolue :

Afs(n)l
Td

‘Awﬁ(n)’ <

Note 2:

If s(n) and ®; are bounded, this estimate can be simplified to a constant C,
where

‘Awﬁ(n)‘ < %

Perfect! We will simplify the expression into a simple upper bound.
Suppose that:

e 5(n) is bounded: [s(n)| < ||s]lco

° CI)Z and @;, are bounded on their support:

2
\77\(34 from below
T2

e Moreover, since ®; has compact support, we can bound

by a constant ¢ > 0 on this support, so that
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We can define:

M
C =4|s||so <M2 + (n+ 1)cl> ,

Thus

//‘uAWl Dijrea(t ’dndt<0/ /|“|T ’Dt\wz )dndt

Using the triangle inequality, we rewrite the right-hand side of equation (15) in
the weak form of the solutions as follows:

/ / |u|p\11d77dt</ / ug (n Dﬁ;%g(t)’dndt
1 1 m, 1 ey
+— [B08)|[ul™ ¢4 ()| i pa®)|amat
O [H'n,

el [

T
+C / / |u|T’d‘D,?|T<p2(t)‘dndt
0 H

The -Youngs inequality states that, for all A, B,p,q € R

)|l ()| D2 (1) | imat (18)

AB < eA? +C(e)Bl, pg=q+p.

Now, using the -Young inequality on the terms of the right-hand side of
equation (18), we obtain:

[ [ hn]pgeaan
S R (19
q
/ [ e dnar + e / | o7 dw|pgieato]) ana

T T 1 p%l
— [ [ wpvanat v [ [ elmel 0| Dgiea(o] " ndt
0 n O n
and
m/ /n

’IU\’"% ’Dt\T@Q ’dndt
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]. T m —m
= —/ / |u|™ T U b
m 0 n
_P 2
<6—/ / |u|PTdndt+C (e) //cpl ‘b ]P*”‘D;X‘T@(t) e
Then,
AL
1 [T m o —m
m O n
<e—/ / |u|PWdndt+C (e) //901

an

£)|¢} )| Dfipat) dmat (20)

dndt

)| [ul™ @ () [ D o2 (1) | dndt

b(1) |24 (n)| Dy e (8|t (21)

LD3;1@2@)p_m

dndt

T
c/ / [ul T~ Do (1)t
0 H»
<eC’/ / |uPTdndt+C (e C’/ / ()Tp T

By choosing an estimation for small enough, from (19) — (22) with (18), we
obtain

Diippa(t)|” dndt

(22)

T
0 D—"!L

with

I = / / o (n ‘Dﬁ;2<p2( )‘pildndt

- (/nwi(n)dn> (/OT wé’%(t))DﬁfW( t)

By performing the scaling n = T %f and denoting by A the homogeneous
dimension of the Heisenberg group (for H" , A = 2n + 2), we obtain

P _
’“dt) = I (24)
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(n+1)d

T% O (|€)de =CT 2
[{|5|[H<ﬂ} (1) ¢

(25)

{isvort) = \ T3

Thus, for fixed T', finiteness follows from the second integral. If one requires
a bound uniform in both [ and T, it is necessary to control simultaneously
sup; || ®!]|o and the growth in T (the family grows like %" provided the second
integral does not depend on T'). Also,

T 1 ﬁ
= [ ot olpiten) e

! 8

= Tl—(a+2)q/ (1 — )P @F)a=55 g — o~ (e+2)a, (26)

0
Applying Corollary 1 yields the integral I? exists.
Now, by (23)(25) , we obtain

I, = CTlf(aJrQ)quL’_;l)d (27)

For I, we have

= ([ dma) ( [ e i

"Tt is clear that the estimate of I3 is the same as that of I7.
Sinse b = r(t+1)"71,0 < r < 1, we obtain

P

”’”dt) =112, (28)

7 |Diirea(®)

—Bm

1 p p D
3 = / [r(L+Ts)" Y77 [1 = s] 77 7077 (1 — 5) =77 Tds,
0

(r—1)p

1
=7 pom Tl_aﬁ/ [1+4 Ts]
0

(r—1)p
p—m

(1—s) 5w tPds (29)

Y
we split the integral fol = fOT —l—le,A into two integrals where A € (0,1),by
taking g >> 1.

we can estimate the first integral as follows,
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(r=1p

T=A
/O [1+Ts|7m (1—s) 5w tPds < CT, (30)

For the second integral, we have

(r—1)p (r—1p

[L+Ts] v =m < (1+T) 7,

Thus,

! r—1p p (r—=1)p 1 ,
/ [1+Ts) 5= (1—s) 77 tPds < (14+T) 7" / (1)~ +Pds
T-> T—X

(r=1p

S C (1 +T17}\) p—m , (31)
We set the notations
-1 -1
pot=D g pr-l) (32)
p—m —(p—m)+p(r—1)
The equation to solve is
T2+ (T + ) =17¢ (33)

We can give approximate solutions depending on the relative size of 7'~
eIf 772 > 1 (so TV +1 ~ T Mthen (TP + 1) ~ TFO=X and (33)
becomes approximately

T—)x 4 TF(l—)\) — T—G

In this case one of the two left terms dominates:
If F(1 —A) > —\ then approximately

F(l—/\)%—G:>)\~1+ZCjZp(r_pl()r__(;?_m),

If F(1 — A) < —\ then approximately

p(r—1)
p(r—1)—(p—m)’

G
—A~—G=>>\~G—F—

e If T2 <1 (so T+ 1~ 1), than (T~ + 1) ~ 1 and (33) becomes

TP 24 1=T =T ~T7¢_1
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Because T~* > 0, we need T~ > 1 than A ~ —log,(T~¢ — 1)
Now if G < 0 with large absolute value,then T-¢ = TI¢l > 1
S0
779 - 1~T17°¢
Thus
—log (T~ %) =—(-G)=G=\=G

If G =0, then T-¢ — 1 =0, and the logarithm is undefined.
If G > 0, then T7-¢ < 1. Hence T-% — 1 < 0,which is not defined for the
logarithm (in the reals).So no real approximation is possible in this case.

Set
5= p(r—1)
Pr—1) = (p—m)
Then,
T o pA-NEED
and Thus

b b1 (n+1)d
I, < CT' %5 m  =G-mtsG-D T 2

Now, for I3, we put

Iy = ( | wﬁ(n)dn> ( / Tl

It clear that the estimates for I3 coincide with the above estimate for I7.

For I2,weknow that b(t) = (¢ +1)" is a strictly increasing function for 0 < t < 1
with 0 < r < 1, Then,For all 0 < t < 1,we have b(t) < b(T) = (1 + T)". Since
p —m > 0,we obtain

P

p’”dt) =113,

(35)

J
" i eat)

P Tp

(b(t)) 7= < (T +1)7=m,

That is, when T is large enough, we get:

B=[ o= o

P

e [CT_“_l(l — S)B_a_l] ] ds

rp P P

1
< (T—|— 1)p_m CTl—(c»z+1)p_m / (1 _ 8)5—(a+1)p_mds (36)
0

< C«Tlf(ow#lfr)pfm

. Hence,
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I < CTl—(a+1—r)p,Lm+%’ (37)

Finally, for I, we have

Iy C(/ntpil”(n)dn> (/OT%?lp(t)Tpf’f

It clear that the estimates for I} coincide with the above estimate for I7.
and

Diipea(t)

Hdt) = CIM? (38)

1
I = T—<a+d>#+1/ (1—s)P~*5tids = T~ (etD 3+l (39)
0

We conclude that;

D

I, < (et iy e (40)

)

From (27), (34), (37), and (40) we obtain

T
/ / |u|p\I/d17dt <+ I+ I3+ 1y,
O n

T
/ / |u|p\I/d77dt<C<T1*(a+2)q+7(n+z =
0 n

(r-1) (n+1)d
P )+ n >

TR~ = GemEseT (41)

p_ (n41)d
Pm T3

+T1—(a+1—r)

+gv%a+dh£T+1+i@;2).

Our next goal is to make the exponents of T negative.It remains to see that

1
_latdp ntDd g, (42)
p—1 2

and
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P p(r—1) (n+1)d

L T T T m) t a1 2

<0. (43)

By taking (p — 1)g = p, 2p = (n + 1)d from (42), we obtain

2p
1 — 44
to<afat 2. (49)

and from (43) with m < p, after some calculations, we obtain

B\ C B
q> <2A> AT oA (45)
where:

A=0-m)(r+m—-2)1+p)—alr+m—2)— (1 -r)(1—m),

B=[2m—-3+r)1+p)+(1—-r)+a,
C:_mz(p+1)7

Consequently,
1+p B\> C B
q>maX{OH_n2+pl, <214) _Z_ﬂ 5 (46)
Since = ndp = W and ¢ = % , we obtain the condition
(n+1)d 2
P 14t B C B
P gt T (2 22 A7
p1>§20max{ atd <2A A 24 ( (47)

and from (41) and (47), we find the estimate

T
/0 / |ulPUdndt < CT™X, (48)

With x = x(p,n,m,r,w) So, when we take the limit at T — +oo,using the
dominated convergence Theorem, and the fact that
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TETOO =1 for0<t<T,

T
We find that / /
0 n

|u|PWdndt = 0,

This implies that u = 0, which contradicts (10).00 Conflict of Interest Statement:
The authors declare that there is no financial or personal conflict of interest that
could have influenced the content of this research.
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