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Abstract

Our research focuses on determining the equitable chromatic number associated with a
defined operation G*¥?, where {x,y,z € {—}}, applied to a variety of graph classes.
Specifically, we analyze the behavior of this parameter across path, cycle, wheel, umbrella,
tadpole, sundat, and octopus graphs. Our results provide insights into the structural implications
of the G*¥* transformation on equitable coloring properties within these graph families.
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1 Introduction

An equitable h-coloring of a graph H is a proper vertex coloring in which the cardinality of
any two color classes differs by at most one. The concept, introduced by Meyer [8], includes
the result that every tree admits an equitable A-coloring.

One of the cornerstone results in equitable coloring is the Hajnal et al. [5], which guarantees
that every graph with A admits an equitable (A + 1)-coloring. This concept can be viewed as
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a refinement of Brooks' Theorem [2], which establishes an upper bound on the chromatic
number of a connected graph. Unlike Brooks' Theorem, which guarantees the feasibility of
proper coloring, equitable coloring requires that the vertex set be divided into color classes of
nearly equal size.

Several well-established results support the theory of equitable coloring. Trees are equitably
A-colorable, consistent with Meyer's original result [8]. In the case of complete bipartite graphs
K n, an equitable 2-coloring exists if and only if the sizes of the partite sets differ by at most
one [8]. Every cubic graph is equitably 3-colorable, with the sole exception of the complete
graph K, [3]. Furthermore, it has been shown that planar graphs with maximum degree A > 9
admit equitable A-colorings [6].

2 Preliminaries

Definition 1. The transformation graph G*¥? [7, 12], where {x,y,z € {—}} of a graph G is
defined on the vertex set V(G) U E(G). Two vertices u’ and v’ in G~~~ are connected if and
only if one of the following conditions holds:

. u',v' € V[G] and u' and v’ are not adjacent in G,
. u',v' € E[G] and the edges u' and v’ are not adjacent in G,
one of u’ and v’ lies in V[G] and the other in E[G], and u’ and v' are not incident in G.

Definition 2. A path graph P, [11] consists of a sequence of g vertices connected consecutively

by g — 1 edges, with no repeated vertices or edges.

Definition 3. A cycle graph C,,, [11] is a closed chain such that each vertex has degree 2, and
the first and last vertices are the same.

Definition 4. An octopus graph O, 4 [1] is constructed by joining a star graph K; . and a fan
graph F; (d = 2) at a common vertex: O, 4 = K1 . + Fy.

Definition 5. A wheel graph W; [11] is generated by placing a hub vertex at the center of the
cycle Cs_, and connecting it to each vertex on the rim.

Definition 6. An umbrella graph U, ;, [10] is obtained by joining a path F, to the central vertex
of a fan graph F,.

Definition 7. A tadpole graph T . [9] consists of a cycle Cg with a path P, appended to one of
its vertices, forming a tadpole-like configuration.

Definition 8. A sundat graph St [4] has the vertex set V(Sty) = {i} U {k,, L, m, 1 <n <
h}.
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Figure 1: An example of Stg

Proposition 2.1: For any graph H, we have
Y(H) < y_(H)<AH)+1
3 Results

Theorem 3.1. Let g > 4 be an integer. Then the equitable coloring of the G~~~ transformation
of the path F, is given by

(e =[]

Proof. Let the vertices of P, be defined as V(F;) = {u, | 1 <n < g}, and its edge set as
E(P) ={u, 1 1 <n' < q— 1}, where each u;, corresponds to the connection between the

consecutive vertices u_, and u’
utive v n' n +1°

Under the G™7~ transformation, the vertex set of the resulting graph is formed by combining
the original vertex and edge set, which is formally expressed as

V(G (R))=V({P)U{u, 11<n' <q-1}
Consider a color function 9:V[G™""(F,;)] = C, where the color set is defined as C =

w2, ., |22]

The function ¥ maps each vertex of G~~~ (F,;) to a color set C according to the following rules.

Ifg>4
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(121 :
[?J, ifn = 0 (mod 3),
2n+1
ﬂ(uh)=<[ 3 J ifn=1(mod3),1<n<gq
n+2 )
kn—l 3 J, ifn = 2 (mod 3),

!

n
19(u;:,)=n’—l§ ,1<sn"<q-2

I(ug-1) =9(uqg),n' =q—1

Thus, the vertices of G~~~ (F,) are equitably colored by the coloring function defined above.
This immediately yields the upper bound

L 2q+1
x=(G=7(R)) < l 3 |az4
Furthermore, by Proposition 2.1, we obtain the lower bound
L L 2q +1
x=(GT(B)) = x(6T(RY) = 3 J,q > 4

Combining the upper and lower bounds, it follows that

x=(G"""(R)) = [Zq; 1],q > 4

Theorem 3.2. Let m > 4 be an integer. Then the equitable coloring of the G~~~ transformation
of the cycle C,, is given by

X6 () =m - | 5]

Proof. Let the vertices of C,, be defined as V(C,;,) = {d,, | 1 <n < mj}, and its edge set as
E(Cp) ={dn | 1 <n <m}, where each edge d; corresponds to the connection between
consecutive vertices dp, and d,,,; for 1 <n <m — 1, and the final edge d;, completes the
cycle by joining d, to d;.

Under the G~ transformation, the vertex set of the resulting graph is formed by combining
the original vertex and edge set, which is formally expressed as

V(G (Cp) =V(C) UL 11 <n<m}

Consider a color function 9:V[G~~"(C,,)] = C, where the color set is defined as C =
{12, m— 31}

The function ¥ maps each vertex of G~~~ (C,,) to a color set C according to the following rules.

Forl1<n<m
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(|2n _
[?J, ifn = 0 (mod 3),
2n+1
9(dp) = - [ n3 J ifn = 1 (mod 3),
n+2 )
kn—l 3 J, ifn = 2 (mod 3),

9(d) =n 3]

Thus, the vertices of G~~~ (C,,,) are equitably colored by the coloring function defined above.
This immediately yields the upper bound

o m
1= <m— |7 m=4
Furthermore, by Proposition 2.1, we obtain the lower bound
L L m
1= E) 2 2(ET(C) =m— 5| m =4
Combining the upper and lower bounds, it follows that
L m
1= (C) =m—|5|m =4

Theorem 3.3. Let s > 4 be an integer. Then the equitable coloring of the G~~~ transformation
of the wheel W is given by

- _(s—1, ifs=1(mod3),
x=(GT(W0) = {s, if s = 0,2 (mod 3)

Proof. Let the vertex set of the wheel graph W; be defined as V(W) = {e}U{e, | 1 <n <
s — 1}, and its edge set as E(W;) = {en, ey | 1 <n < s— 1}, where e is central hub vertex,
each edge e, corresponds to the connection between consecutive vertices e, and e, for 1 <

m

n <s— 2, and the final edge e;_; completes the cycle by joining e;_, to e;, and ey
corresponds to the connection between vertices e and e;,.

Under the G~~~ transformation, the vertex set of the resulting graph is formed by combining
the original vertex and edge set, which is formally expressed as

VG (W) =V(W,) Ufel el I1<n<s—1}

Consider a color function 9:V[G~~~(W;)] = C, where the color set is defined as C =

(1,2 {5—1, if s = 1 (mod 3),
s, if s = 0,2 (mod 3)

color set C according to the following rule

}. The function ¥ maps each vertex of G~~~ (W) to a
Ifs=4

J(e) =9(e,) =1,1<n<s-1

J(ep) =2,1<n<s-1
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J(e,)=3,1<n<s-1

Fors =5
9(e) =9(e,
1<n<s-1
(12n _
l?J, ifn = 0 (mod 3),
2n+1
19(67'1)=<l 3 J, ifn = 1 (mod 3),
n+2 )
kn—l J, ifn = 2 (mod 3),

9(ex) =n - 5]

. Ifs=12(mod3)&1<n<s-1

" n—1 s—1
ﬁ(e"):l 3 +S_l 3 J
. If s =0 (mod 3)

9(el’) = bel-y
" n—1 S
9(em) = [T]+2(§),2£nSs—1

Thus, the vertices of G~~~ (W) are equitably colored by the coloring function defined above.
This immediately yields the upper bound

— s—1, ifs =1 (mod 3),
x=(GT(W0) < {s, if s = 0,2 (mod 3)

We establish the lower bound by contradiction.

s—2, ifs =1 (mod 3),

Claim: (G~~~ (W) = {S —1, ifs=0,2(mod 3)

Let us attempt to color the graph using the coloring function defined earlier, up to the claim.
After applying this coloring scheme, a subset of vertices remains uncolored:

mn

If s = 0,2 (mod 3): the uncolored vertices are {e, e;;}.

If s = 1 (mod 3): the uncolored vertices are {e, e; 1, €45, e 3}.

Now, observe that each color used so far has already been assigned to either exactly 3 vertices
or exactly 2 vertices. Since equitable coloring requires that no color class exceeds the allowed
size, none of the existing colors can be reused for the remaining uncolored vertices.
Consequently, we are forced to introduce additional distinct colors to complete the coloring.
This contradicts the assumption.
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Ilustrative Example: Consider the graph W;;, where s = 11 = 2 (mod 3). Suppose we
attempt to equitably color all vertices using only s — 1 = 10 colors, following the previously
defined coloring function. After coloring, the vertices {e, e{y} remain uncolored. In the current
coloring, each of the 10 colors has been used exactly three times, except for color 7, which
appears only twice at {e;,, e1o}. Since e is adjacent to ey, assigning color 7 to e would violate
the proper coloring condition. Assigning any other existing color would exceed the equitable
limit of three vertices per color class. Therefore, an additional color is required to complete the
equitable coloring, implying that y_ (G~~~ (W;,)) = 11.

Hence, we obtain the lower bound

— s—1, ifs =1 (mod3),
PRG5BS M i, V5 = 4

Combining the upper and lower bounds, it follows that
—— s—1, ifs =1 (mod3),
- = . =
x=(G Ws)) {s, if s = 0,2 (mod 3), Vs =4
Theorem 3.4. Let a, b = 2 be integers. Then the equitable coloring of the G~~~ transformation
of umbrella U, , is given by

a
a+b—l§J—1, ifb>2anda = 0,1 (mod 3),

X=(G___(Ua,b)) = a
a+b—[§], ifb > 2and a = 2 (mod 3).

Proof. Let the vertices of Ug j, be defined as V(U,p) = {v;,w; | 1 <i < a,1 <) < b}, where
v; be the vertices of path graph and w; be the vertices of fan subgraph. And its edge set as
EUap) =y 11<i"<a-13U{wy |1<j'<b-13U{x;11<j<b}, where each
edge vl.', corresponds to the connection between consecutive vertices v; and v; 4 for 1 < i <
a — 1, the edge Wj', corresponds to the connection between vertices w; and wj,, and the edge

x; connects the vertices v, and wy_(j_1).

Under the G~ transformation, the vertex set of the resulting graph is formed by combining
the original vertex and edge set, which is formally expressed as

a
a+b—l§J—1, ifh>2anda = 0,1 (mod 3),

X:(G___(Ua,b)) = a
a+b—[§], ifb > 2and a = 2 (mod 3).

Consider a color function 9: V[G™"~ (U, )] = C, where the color set is defined as

a
a+b-— [§J —1, ifb>2anda = 0,1 (mod 3),
c={12,.., }

a
a+b—[§], ifb > 2and a = 2 (mod 3).
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The function ¥ maps each vertex of G~ (U, ) to a color set C according to the following

rules.
Ifa=1(mod3),b=>2

i
i — lEJ, ifi = 0,1 (mod 3),
19(vi) = i
i— [5]' ifi = 2 (mod 3)

i’

19(17{,) =i - l§|,‘v’1 <i'<a-1

I(v;) =9(wyp),ifi =a,b =1 (mod 3)
I(v;) =9(xp),1ifi = a,b =0,2 (mod 3)
. Ifb=2(mod3),1<j<bh

9(x;) = D(wy) + []5]

. Ifhb=01(mod3),1<j<b-1

9(x;) = 9(wp)

8(502) = Dws) + [4]
If a = 2 (mod 3)

i— EJ ifi = 0,1 (mod 3),

I(v;) = vVi<i<a

- [%] ifi = 2 (mod 3)
IWh) =i’ — E|,v1 <i'<a-1
CIfb=2(mod3),1<j<bh
805 = 00wy) + [2]

. Ifb=01(mod3),1<j<b-1
9(x;) = 9(wp)

8(xy2) = 00w) + 2]

Ifa = 0 (mod 3)
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i
i— I§J ifi = 0,1 (mod 3),

I(v) = Vi<i<a-1

[
i— H ifi = 2 (mod 3)
i’
I(w)) =i — [§|,v1 <i'<a-2

I(v;) =I9(wp),ifi = a,b =1 (mod 3)
9(l) = 9(x),ifi' =a—1,b = 1 (mod 3)
I(v;) =9(v;) =9(xp),ifi =a\&i"=a—1,b = 0,2 (mod 3)
Ifb=2(mod3),1<j<b

9(x;) = I(wp) + [é]

2. fb=01(mod3),1<j<b-1

800 = 9wy
j
8(502) = Dws) + [4]
Forab>2,1<j<bh

9(wy) = + L‘ [é] ifj = 0,1 (mod 3)

a—2
o(wy) =+ LJ‘ [] —1 if j = 2 (mod 3)

Fora,b > 2
a_l_la—ZJ
I(w;) =j' + {|1<]<b 1

Thus, the vertices of G~~~ (U, p,) are equitably colored by the coloring function defined above.
This immediately yields the upper bound

a+b-— [%J —1, ifb>2anda = 0,1(mod3),
x=(G77"(Ugp)) < a
—H' ifb > 2and a = 2 (mod 3).

We establish the lower bound by contradiction.
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a+b-— Ej —2, ifb=2anda=0,1(mod3),

Claim: y_(G™" " (Ugp)) =
( o)) a+b-|3|-1 ifb=2anda=2(mod3).

Let us attempt to color the graph using only the number of colors specified in the claim. After
applying this coloring scheme, a subset of vertices remains uncolored:

If s = 0 (mod 3): there are 3 or 4 vertices being uncolored.
If s = 1 (mod 3): there are 3 or 4 vertices being uncolored.
If s = 2 (mod 3): there are 2 or 3 vertices being uncolored.

Now, observe that each color used so far has already been assigned to either exactly 3 vertices
or exactly 2 vertices. Since equitable coloring requires that no color class exceeds the allowed
size, none of the existing colors can be reused for the remaining uncolored vertices.
Consequently, we are forced to introduce additional distinct colors to complete the coloring.
This contradicts the assumption.

Illustrative Example: Consider the graph U; 5. Suppose we attempt to equitably color all
vertices using only a + b — [%J —2=7+4+5-2-2=8 colors, following the previously
defined coloring function. After coloring, the vertices {v,, x4, X5} remain uncolored. In the
current coloring, each of the 8 colors has been used exactly three times. Due to adjacency, we

cannot repeat any existing colors. Therefore, an additional color is required to complete the
equitable coloring, implying that y_ (G~~~ (U;5)) = 9.

Hence, we obtain the lower bound

a
a+b—l§J—1, ifh>2anda = 0,1 (mod 3),

X:(G___(Ua,b)) = a
a+b—[§], ifb > 2and a = 2 (mod 3).

Combining the upper and lower bounds, it follows that

a
a+b—l§J—1, ifh>2anda = 0,1 (mod 3),

X:(G___(Ua,b)) = a
a+b—[§], ifb > 2and a = 2 (mod 3).

Theorem 3.5. Let s >3, t > 1 be integers. Then the equitable coloring of the G~~~
transformation of the tadpole T, is given by

s+t .
S+t_[T]' if s = 0 (mod 3),t = 2 (mod 3)

X:(G___(Ts,t)) = s+t

s+t— l J , otherwise

Proof. Let the vertices of tadpole T be defined as V(Ts:) = {f;,g;j | 1 <i<s,1<j <t}
where f; represents the vertices of cycle subgraph and g; represents the vertices of path
subgraph. And its edge set as E(Ts,) = {fi’, g; | 1 <i <5,1 <j < t}, where g; be the edge
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that connects the first vertex f; of cycle with the last vertex of path g;, remaining g;
corresponds to the connection between consecutive vertices g; and gj,,, each edge f

corresponds to the connection between vertices f; and f;,, and the final edge f, connects the
vertices fs and f; respectively.

Under the G~~~ transformation, the vertex set of the resulting graph is formed by combining
the original vertex and edge set, which is formally expressed as

VIGTT(Ts )]l =V(Ts) U{fi,g; 1 1<i<s1=<j<t}
Consider a color function 9: V[G™~"(Ts,)] — C, where the color set is defined as

s+t .
s+t—[T], if s = 0 (mod 3),t = 2 (mod 3)

c={12.., }

s+t .
s+t— l 3 J, otherwise
The function ¥ maps each vertex of G~~~ (T;,) to a color set C according to the following
rules.
Ifs=3,t>1

j—léL ifj = 0,1 (mod 3),
ogp=_ B
j—%L if j = 2 (mod 3)

I . j .
0wﬂ=J—EL1SJSt

Forall s > 3, t = 2 (mod 3)

. Ifs = 0 (mod 3)

9(f) = 9(f) =9(f;) = 9(g0)

i
i—h} ifi = 0,1 (mod 3),
Vi<i<s—1

9(fiu) =00 +] o
i—[gL ifi =2 (mod 3)

I(fit) =9(fi) +i— EJ,l Si<s-—2
If s = 1,2 (mod 3)
I(f1) =9(f1) =9(gr)
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i
i— H ifi = 0,1 (mod 3),
vi<i<s-—1

I(fis) =9(f1) + i
i—EL ifi = 2 (mod 3)

ﬁgagzagp+i—gy13i35—1
e Fors>3,t=0(mod3)

1. Ifs=0,1 (mod 3)

i
i— H, ifi = 0,1 (mod 3),
Vi<i<s

I =) +{
i— H ifi = 2 (mod 3)

i
I(f) =9(g,) +i— ng,l <i<s

2. If s =2 (mod 3)

i
i— l§J, ifi = 0,1 (mod 3),

9(f) =9(g9:) + Vi<i<s-—1

i—[%], if i = 2 (mod 3)

19(fl-')=19(gt)+i—[§J,1SiSS

I(fe) = 9(fs)

e Ifs>3,t=1(mod3)
1. If s =0,2 (mod 3)
I(f1) = 9(g0)

19(fi+1)=19(f1)+i—l§J,1SiSs—1

i— %L ifi = 0,1 (mod3),
() =9(f) + i ViI<i<s
i— §L ifi = 2 (mod 3)
2. If s =1 (mod 3)
p—éL ifi = 0,1 (mod3),
(i) = 9(g0) + i VI<Si<s
b—gL ifi = 2 (mod 3)
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i
9(f) =8(g) +i- |5 1si=s

Thus, the vertices of G~~~ (T ) are equitably colored by the coloring function defined above.
This immediately yields the upper bound

s+t
s+t—[T], if s = 0 (mod 3),t = 2 (mod 3)

X=(G___(Ts,t)) < s+t

s+t— l J , otherwise

We establish the lower bound by contradiction.

s+t—[=| -1, ifs=0(mod3)t=2(mod3)
Claim: )(=(G"‘(Ts,t)) = cit .
S+t— [T — 1, otherwise
Let us attempt to color the graph using only the specified number of colors. After applying this

coloring scheme, a subset of vertices remains uncolored:
If s = 0 (mod 3), t = 2 (mod 3): the uncolored vertices are {g{, f1, f1, f }.
If s # 0 (mod 3), t # 2 (mod 3): the uncolored set is either {f;_4, 5, f5 } or {fs, /i }.

In each of the preceding scenarios, the neighborhood of every uncolored vertex intersects all
existing color classes. This means that for each uncolored vertex, every color currently in use
appears in its neighborhood. Assigning any of the existing colors to these vertices would violate
the proper coloring condition. Consequently, it is impossible to color the remaining vertices
without introducing at least one new, distinct color. This necessity directly contradicts our
initial assumption that the claimed number of colors would suffice to produce an equitable
coloring of the graph.

Illustrative Example: Consider the graph Tg 5. Suppose we attempt to equitably color all the

vertices using only s + ¢t — [ST”j —1=8+5—-4—-1=8 colors, in accordance with the

previously defined coloring function. Upon completion of this coloring scheme, the vertices
{fs, fg} remain uncolored. Moreover, each of these uncolored vertices is adjacent to vertices
from all existing color classes, implying that every color currently in use appears in their
respective neighborhoods. At this point, each of the 8 colors has been assigned to exactly three
vertices, thereby satisfying the equitable constraint. However, since fg and fg are adjacent to
all existing color classes, no color can be reassigned to them without violating either the proper
coloring condition or the equitable distribution. Consequently, an additional color is required
to complete the equitable coloring. To resolve this, a new color—say, color 9—must be
introduced and assigned to the pair {fg, fg}. This necessity confirms that the graph cannot be
equitably colored with only 8 colors. Therefore, we conclude that y_[G™ " (Tgs)] = 9.

Hence, we obtain the lower bound
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[S + ]
s+t— 3| if s = 0 (mod 3),t = 2 (mod 3)
X:(G___(Ts,t)) = s+t )
s+t— 3| otherwise
Combining the upper and lower bounds, it follows that
s+t
s+t— 3| if s = 0 (mod 3),t = 2 (mod 3)
X=(G___(Ts,t)) = s+t )
s+t— 3|’ otherwise

Theorem 3.6. Let h > 3 be an integer. Then the equitable coloring of the G~~~ transformation
of the sundat Stj, is given by

x=(G™""(Stp)) = 2h

Proof. Let the vertices of St, be defined as V(Sty,) = {i} U {k,,, [, m;, | 1 < n < h}, and its
edge set as E(Sty) = {p,qn T | 1 <n' <2h,1 <n<h}. Here, for 1<n' <h, py
represents the edge ik,, while for h + 1 < n' < 2h, p, represents the edge il,,. Similarly, for
1 < n' < h, g, represents the edge k,m,,, and for h + 1 < n' < 2h, q, represents the edge
[,m,. Finally, for 1 < n < h, r,, represents the edge im,,.

Under the G~~~ transformation, the vertex set of the resulting graph is formed by combining
the original vertex and edge set, which is formally expressed as

VG~ (Stp)) = V(Stn) U (P @, T | 1 < 0" < 2,1 <n < h)

Consider a color function 9:V[G™~~(Sty)] = C, where the color set is defined as C =
{1,2,...,2h}

The function ¥ maps each vertex of G~~~ (St;) to a color set C according to the following
rules.

I(m,) =9() =n1<n<h
I(k) =9(,)=h+n1<n<h
V(qn) =9(qnr4p) =n',1<n' <h

IPp) =9Ppn) =h+n,1<n" <h
() = 9(p1)

Thus, the vertices of G~~~ (St,) are equitably colored by the coloring function defined above.
This immediately yields the upper bound

x=(GT7(Sty)) < 2h,Vh =3
Furthermore, by Proposition 2.1, we obtain the lower bound
x=(G"77(Stp)) = x(G™7"(Stp)) = 2h,Vh = 3

Combining the upper and lower bounds, it follows that
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x=(G==7(Sty)) = 2h,Vh = 3

Theorem 3.7. Let ¢, d = 2 be integers. Then the equitable coloring of the G~~~ transformation
of the octopus O, 4 1s given by

x=(G"""(0ca)) =c+d

Proof. Let the vertices of O 4 be defined as V(O.q) = {a}U{b;,s; |1 <i<c1<j<d}
where b; (1 < i < c¢) are the leaf vertices of a star subgraph, s; (1 < j < d) are the vertices of
a fan subgraph, and a is the central hub vertex. And its edge set be E(O.4) = {b;,s;, Sj'i 1<
i<c1<j<d1<j <d-—1} where b; denotes the edge connecting a and b;, s;
corresponds to the connection between the vertices a and s4_(j_1), and s]f', corresponds to the

connection between the consecutive vertices s;» and ;7. 1.

Under the G~~~ transformation, the vertex set of the resulting graph is formed by combining
the original vertex and edge set, which is formally expressed as

V(6T (0c) =V(Oca) Vibis) s 1 1< i<c1<j<d 1<) <d—1)

Consider a color function 9:V[G™"7(0,4)] = C, where the color set is defined as C =
{1,2,...,c + d}

The function 9 maps each vertex of G™ (0. 4) to a color set C according to the following

rules.
J(a) = 9(by)
9(b) = 9N =i, 1<i<c
N
f[?]J ifj = 0 (mod 3),
2i+1
ﬁ(sj)=ﬂ(bc>+<[]3 j ifj=1(mod3), V1<) <d
o Jt2 o
u—l—3 J if j = 2 (mod 3),

19(51.'5) =9(b,)+j' — léJ,Vl <j’<d-1
e Ifd=0,2(mod3)
) j—1 .
I(sj) =9(sq) + lTJ,l <j<d
e Ifd=1(mod3)
9(s1) = I(sq)

1
mgﬂ)=0@D+F§—Y+L1Sde—1
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Thus, the vertices of G~~~ (0, 4) are equitably colored by the coloring function defined above.
This immediately yields the upper bound

x=(G7"7(0.0)) Sc+d,Ve,d =2
We establish the lower bound by contradiction.
Claim: y_ (G (0.4)) =c+d—1,Yc,d = 2

Let us attempt to color the graph using the coloring function defined earlier, up to the specified
claim ¢ +d — 1 colors. After applying this coloring scheme, a subset of vertices remains
uncolored:

If d = 0,1 (mod 3): the uncolored vertices {S;_5, Sg_1,Sg}-
If d = 2 (mod 3): the uncolored vertices {S;_1, Sz}

These vertices are adjacent to all the existing colors. But s]{ are not adjacent with each other,

so one can give same color to all of them. But, color 2 is repeated twice. So, no other color can
be repeated thrice. It violates the equitable coloring condition. One cannot give any colors that
are used in s; vertices. So, a new color ¢ + d has to be given to {sg_5,Sg_1,Sq} Or {Sg_1, 54}

Hence, we obtain the lower bound
x=(G77"(0.0)) = c+d,Ve,d =2
Combining the upper and lower bounds, it follows that
)(z(G“"(OC_d)) =c+d,Vc,d =2
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