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Abstract 

 The proposed model is a novel Multi-Criteria Decision-Making (MCDM) approach that 

modifies the neutrosophic Z-numbers set using the α-cut technique, referred to as α-cut 

Neutrosophic Z-numbers (αNZN) model. This method generalizes different classical 

fuzzy set approaches. This study also introduces the fundamental explanations of union, 

intersection, and complement of the α-cut sets of neutrinos called z-numbers, and 

explores their properties associated with arithmetic operations. This work presents a 

prosecution of relevant examples to enhance the clarity and the comprehension of the 

subject. Additionally, two new aggregation operators, namely; the α-cut Neutrosophic Z-

numbers Weighted Average (αNZN-WA) and α-cut Neutrosophic Z-numbers Weighted 

Geometric (αNZN-WG) are proposed using the α-cut method to incorporate uncertainty 

represented as interval numbers. Furthermore, a scoring scheme is also formulated to 

rank alternatives more effectively. 

Keywords: α-cut, Neutrosophic Set Theory, Z-numbers, α-cut Neutrosophic Z-numbers 

Weighted Averages, α-cut Neutrosophic Z-numbers Weighted Geometric 

 

Introduction 

In recent years, a wide variety of systematic procedures and techniques have been 

proposed to address complex and non-linear issues, bridging the gaps and overcoming 

fuzziness, challenges, incompleteness, and discontinuity. Every new method attempts to 

overcome the deficiencies of the old ones by narrowing the gap between uncertainty 

modelling and efficient decision-making procedures [1]. 

Fuzzy set theory, which was developed by Zadeh [2], is one of such contributions in this 

regard as it has played a significant role in different scientific and engineering fields 

because of its capability of making interpretations of inaccurate data. It is on this basis 

that Zadeh later developed the concept of z-numbers that he represents as 2 fuzzy 

numbers capturing a value constraint and a reliability measure [3]. This binary is a 

representation of human operations under uncertainty the numbers have been applicable 

in different areas such as sensor fusion and MCDM [4]. 

The introduction of z-numbers gave rise to the concept of neutrosophic sets which was 

developed by Smarandash [6] as a more descriptive tool to solve uncertain and 
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incomplete choices. Neutrosophic set builds upon the fuzzy method by introducing three 

different functions of membership: Truth (T), Indeterminacy (I) and falsity (F). 

Traditional neutrosophic sets have more descriptive abilities, but still does not consider 

as an expression of the representation of reliability [7]. To deal with this limitation in a 

better manner, the reasoning behind the concept of z-numbers was merged with that of 

the neutrosophic system thereby coming up with neutrosophic z-numbers. The principle 

of reliability increases in each dimension with the aid of these hybrid representations 

through fuzzy ordered pairs that contribute to the interpretation precision associated with 

the modelling of uncertainty [8]. In addition, use of α-cutting, an important technique in 

fuzzy logic, has been adopted, which can further be used to interpret this framework by 

making an analysis of fuzzy sets according to the degree of confidence [9]. The use of 

alpha levels further enhances this method since it helps to eliminate the less reliable 

information by making the data less ambiguous and it also helps to reduce the process of 

extracting meaning when dealing with MCDM scenarios. 

An additional key element that enhances the utility of NZNs is the concept of α-cutting. 

α-cuts, a well-known technique in fuzzy logic, allow for the filtering of data according to 

a chosen level of confidence, helping decision-makers to disregard unreliable or less 

certain information. By applying α-cuts to fuzzy sets, the data can be sliced at different 

confidence levels, allowing for more focused and less ambiguous analysis. In decision-

making, especially in multi-criteria decision-making (MCDM) problems, α-cutting 

becomes an essential technique for narrowing down the decision space to include only 

those alternatives that meet the desired confidence level, thus eliminating less relevant or 

unreliable information [9]. This process reduces ambiguity and sharpens the decision-

making process, ensuring that only the most relevant data is used in the final analysis. 

Building on these developments, this study proposes a novel approach called αNZNs (α-

cut Neutrosophic Z-numbers). This new model combines the expressiveness and 

flexibility of neutrosophic z-numbers with the filtering capabilities of α-cuts, offering a 

powerful tool for handling uncertain, incomplete, and contradictory data in decision-

making processes. By slicing through fuzzy membership functions at different α-cut 

levels, the αNZN model enables the separation of data based on its reliability, ensuring 

that only the most reliable and relevant information is considered. This dual focus on 

reliability and uncertainty allows for multi-layered, multi-perspective analysis of 

ambiguous data, leading to more accurate and credible decisions under conditions of 

uncertainty. 

The operationalization of this framework involves the formal definition of αNZNs, 

including the introduction of relevant arithmetic operations and a score function for 

ranking alternatives. Additionally, we propose two aggregation operators: the αNZN-WA 

(Weighted Averaging) and the αNZN-WG (Weighted Geometric) operators, which are 

designed to facilitate effective data aggregation within the αNZN environment. These 

operators allow for the synthesis of multiple uncertain data sources into a single, 

coherent result, making them especially useful in MCDM scenarios. The framework is 

then demonstrated through a comprehensive case study, showcasing the practicality and 

effectiveness of the αNZN model in real-world decision-making applications. 

This study proposes a new integrative construction called αNZNs. It is a fusion of the 

expressiveness of the neutrosophic z-numbers and the sifting property of α-cuts. The 

model can separate out the data that fits certain criteria in reliability by cutting across 
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fuzzy membership functions at present alpha levels. This leads to dividing information 

into layers and generating multi-perspective analysis of ambiguous and contradictory 

data resulting in more accurate and credible decisions under uncertainty. 

To operationalize this framework, we formally define the concept of αNZNs, along with 

the associated arithmetic operations and a score function to facilitate ranking. Two 

aggregation operators’ αNZN-WA and αNZN-WG operators are introduced to enable 

effective data aggregation within the αNZN environment. These tools are then applied to 

develop a robust MCDM methodology, which is demonstrated through a comprehensive 

case study to illustrate both its practicality and effectiveness. 

The key contributions of this study are summarized as follows 

This study introduces several significant contributions to the field of multi-criteria 

decision-making (MCDM) within uncertain and imprecise environments. The key 

contributions can be summarized as follows: 

(a) The αNZN model allows for simultaneous expression of truth, falsity, and 

indeterminacy values along with their respective reliability measures using three ordered 

fuzzy number pairs then filter the values using α-cut level. This feature enables effective 

modelling in ambiguous and inconsistent environments. 

(b) The defined operations and αNZN-WA and αNZN-NWG operators of αNZN s are to 

realize the aggregation problem soft the αNZN information and then the score function 

of αNZN is to rank NZNs, which provide the use full mathematical tools for MCDM 

problems in αNZN setting. 

(c) The developed MCDM approach not only enhances the MCDM reliability but also 

provides a new effective way for MCDM problems in αNZN setting. 

 The study is organized as the following structures: Section “α-cut Neutrosophic Z-

number”set presents the notion of a αNZN set, operations of αNZNs, and a score 

function of αNZN and their properties. Weighted aggregation operators of αNZN 

propose the αNZN-WA and αNZN-WG operators, lastly, conclusion. 

 

The study is organized into several key sections. The section titled “α-cut Neutrosophic 

Z-number Set” provides a detailed introduction to the concept of the αNZN set. It covers 

its mathematical formulation, defines important operations applied to αNZN elements, 

and introduces the proposed score function for ranking purposes. Additionally, this 

section discusses the theoretical properties and implications of the αNZN constructs. 

Following this, the section on weighted aggregation operators explores the development 

of the αNZN-WA and αNZN-WG operators. It includes formal definitions, practical 

examples, and an analysis of how these operators can be applied to real-world decision-

making problems, highlighting their utility in the aggregation of imprecise data. 

 

Literature Review 

Handling uncertainty has long been a central concern in multi-criteria decision-making 

(MCDM). Traditional methods rely on sets of fuzzy, [2] where elements have partial 
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membership levels in [0,1]. A pivotal technique in fuzzy computation is the α-cut, defined as 

the crisp which facilitates computation by transforming fuzzy sets into interval-valued 

representations [2]. α-cuts underpin stability and tractability in fuzzy inference, 

defuzzification, and especially in type-2 fuzzy or hierarchical aggregation methods [9]. 

Although fuzzy sets and their generalizations such as intuitionistic fuzzy sets [11] (At have 

been widely applied, they face challenges when handling information that is not only 

imprecise but also inconsistent or indeterminate. To address this, neutrosophic sets (NSs) 

were proposed by [6], specifying three separate membership degrees: truth (T), 

indeterminacy (I), and falsity (F). This triadic representation allows explicit modelling of 

vague, conflicting, or incomplete information scenarios, not possible with sole truth 

membership [6]. Single-Valued Neutrosophic Sets (SVNSs) constrain each component to 

[0,1], enabling practical application via defined aggregation, ranking, and similarity operators 

[11]. Extended forms like interval or trapezoidal neutrosophic sets have also been employed 

in MCDM with weighted arithmetic/geometric operators, integrating α-cuts for 

computational simplicity [12] 

An additional dimension of uncertainty arises from reliability or credibility of information, 

which classical fuzzy frameworks do not capture. [13], a pair (A, B), This construct 

decouples what is stated from how certain it is and has been adopted in fuzzy MCDM, 

control systems, and computing-with-words methodologies. Various computational strategies 

such as expected utility-based reduction or conversion to fuzzy numbers enable practical 

usage of z-numbers in decision frameworks [13]. 

More recently, researchers have fused the conceptual strengths of neutrosophic sets and Z-

numbers into Neutrosophic Z-Numbers (NZNs). In NZNs, the standard neutrosophic triplet 

(T, I, F) is each paired with a reliability measure, thereby modeling value, indeterminacy, 

falsity, and reliability simultaneously. [14] formalized NZNs, introducing aggregation 

operators the including NZN Weighted Arithmetic Average (NZNWAA) and NZN Weighted 

Geometric Average (NZNWGA) together with score functions tailored for MCDM [15] 

These models have been successfully applied in business-partner selection and other 

illustrative scenarios [16]. Additional extensions include similarity metrics specific to NZNs 

[17] and trapezoidal NZNs in industrial robot evaluation, as well as interval-valued NZNs for 
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software development project selection and NZN aggregation using Aczél–Alsina operators 

for supplier choice [17]. 

Applications of NZNs have reported in different aspects. For instance, [18]. applied NZNs to 

the selection of business-partner, while [19] conducted similarity measures for NZNs in 

pattern recognition tasks. Other extensions such as trapezoidal NZNs for industrial robot 

evaluation [20], interval-valued NZNs for software enhancement project selection [21], and 

NZN aggregation using Aczél–Alsina operators for supplier choice. These studies indicate 

the flexibility of the NZN model across different decision-making situations. 

Uncertainty, has long been a central issue in multi-criteria decision-making (MCDM), 

especially when treating imprecise, inconsistent, or indeterminate information. The theory of 

Fuzzy set has traditionally been utilized to handle the uncertainty, where elements are 

assigned partial membership levels between 0 and 1. One of the key techniques in fuzzy logic 

is the α-cut, which transforms fuzzy sets into interval-valued representations, enhancing 

computational efficiency and supporting stability in fuzzy inference and defuzzification 

processes [2]. It has been the foundational in type-2 fuzzy systems and hierarchical 

aggregation methods, offering stability and tractability [9]. 

However, while fuzzy sets and their extensions such as intuitionistic fuzzy sets, have been 

widely applied, there occur different challenges when dealing with inconsistent or 

indeterminate data. To highlight the challenges faced, neutrosophic sets (NSs) were proposed, 

incorporating with the mentioned three membership degrees. This triadic representation 

allows for more explicit modeling of vague, conflicting, or incomplete information, providing 

a crucial advancement over traditional fuzzy sets. Single-Valued Neutrosophic Sets (SVNSs) 

were introduced to further enhance practical applications, where each element is constrained 

to the range [0,1]. This form facilitates aggregation, ranking, and similarity measures for 

MCDM tasks [11]. Further extensions such as interval or trapezoidal neutrosophic sets, have 

incorporated α-cuts for simplified computations [12]. 

A significant aspect often overlooked in traditional fuzzy frameworks or models, is the 

reliability or credibility of the information being modeled. The concept of z-numbers was 

introduced to address it. A z-number is a pair (A, B), where A represents the value and B 

shows its associated reliability. This construct decouples provide a more complete 

representation of uncertainty. Z-numbers have been utilized in fuzzy MCDM, control 
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systems, and computing-with-words methodologies, with strategies such as expected utility-

based reductions or conversion into fuzzy numbers for practical decision-making [13]. 

In recent years, researchers have merged the advantages of neutrosophic sets and z-numbers, 

which results to the development of Neutrosophic Z-Numbers (NZNs). NZNs extend the 

neutrosophic triplet by pairing with the mentioned three membership degrees in which these 

degrees with reliability measures, enabling the simultaneous modeling of value, 

indeterminacy, falsity, and reliability [14]. formalized NZNs, introducing aggregation 

operators like NZN Weighted Arithmetic Average (NZNWAA) and NZN Weighted 

Geometric Average (NZNWGA), along with score functions specifically designed for 

MCDM applications [15]. These models have been successfully applied in fields like 

business-partner selection and other decision-making scenarios [16]. 

Further extensions of NZNs include the development of similarity metrics specific to NZNs 

[17], trapezoidal NZNs for industrial robot evaluation [20], and interval-valued NZNs for 

applications like software development project selection [21] and supplier choice using NZN 

aggregation with Aczél–Alsina operators [17]. These extensions highlight the versatility and 

applicability of the NZN framework in a variety of decision-making environments, 

demonstrating its robustness in handling complex, uncertain, and contradictory data. 

PRELIMINARIES 

This section provides the related definitions that will be used in the development of the 

proposed set. 

Neutrosophic Z-numbers Operator [13] 

The general formally define the NZN set as follows 

Definition 1.  Let X be a universe set. Then an NZN set in a universe set X is defined as 

the following form:      

 𝑆𝑍 = {𝑥, 〈(𝑇 𝑉(𝑥), 𝑇 𝑅(𝑥)), (𝐼 𝑉(𝑥), 𝐼 𝑅(𝑥)), (𝐹𝑉(𝑥), 𝐹 𝑅(𝑥))〉\𝑥 ∈ 𝑋 }  

where z =(V,R), V is the role of a neutrosophic restriction, R is neutrosophic measures of 

reliability for V,  SZ is the integrate  of NZN, and the order pairs of truth T, indeterminacy 

I and falsity fuzzy values F, along with the conditions 

 0 ≤  𝑇𝑉(𝑥)+ 𝐼𝑉(𝑥)+ 𝐹𝑉(𝑥) ≤ 3 and 0 ≤ 𝑇𝑅(𝑥)+𝐼𝑅(𝑥) + 𝐹𝑅(𝑥) ≤ 3. 

α-cut Technique[10] 

The α-cut technique is a foundational method in fuzzy set theory, employed to convert 

fuzzy sets into precise intervals, thereby streamlining computational procedures and 
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analytical processes. Initially proposed by Lotfi A. Zadeh within the framework of 

classical fuzzy set theory, the α-cut approach facilitates the examination of membership 

functions at designated confidence or belief levels, represented by α ∈ [0,1]. Formally, 

the α-cut of a fuzzy set A, denoted as 𝐴𝛼, the α-cut 𝐴𝛼 is given by  𝐴𝛼 = {x ∈ X ∣ μA(x) ≥ 

α }, Let A triangular α-cut fuzzy set is defined as 𝐴𝛼 = (a, b, c) the membership of the 

fuzzy numbers at α-cut level are defined as follows  

𝜇𝐴(𝑥) =

{
 
 

 
 
(𝑥1 − 𝑎)

(𝑏 − 𝑎)
, 𝑎 < 𝑥1 < 𝑏

(𝑐 − 𝑥2)

(𝑐 − 𝑏)
, 𝑏 < 𝑥2 < 𝑐

0          ,      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 

Figure 1. Fuzzy number and α- cut level 

This transformation enables the abstraction of imprecise fuzzy data into interpretable 

interval-based formats, significantly enhancing the practical implementation of fuzzy 

systems in domains such as decision-making, optimization, and control applications [15].  

The proposed α-cut Neutrosophic Z-numbers (𝛂NZN) operator and its 

properties  

This section shows the novel integration of the α-cut with NZN framework, which aims at 

improving the effectiveness and adaptability of MCDM processes. By leveraging the 

complementary strengths of the α-cut method known for its capacity to filter uncertain 

information based on confidence thresholds and the NZN model which encapsulates both 

uncertainty and reliability the proposed approach offers a robust and scalable decision-

support mechanism. The α-cut of an NZN at a level 𝛼 is defined as follows 

𝑆̌ = 𝑆 𝑍
𝛼 = {𝑥, 〈(𝑇 𝑉

𝛼(𝑥), 𝑇 𝑅
𝛼(𝑥)), (𝐼 𝑉

𝛼(𝑥), I R
α (x)), (𝐹𝑉

𝛼(𝑥), 𝐹 𝑅
𝛼(𝑥))〉\𝑥 ∈ 𝑋 }, where 

𝑇𝑉
𝛼(𝑥): Truth value at α-cut level, with 𝑇𝑅

𝛼(𝑥) as its associated reliability at α-level, 𝐼𝑉
𝛼(𝑥): 

Indeterminacy value at α-cut level, with 𝐼𝑅
𝛼(𝑥) as its associated reliability at α-level, 𝐹𝑉

𝛼(𝑥): 

Falsity value at α-cut level, with 𝐹𝑅
𝛼(𝑥) as its associated reliability at α-level. Each value 

component lies within [0,1] for a given α ∈ [0,1] 

0 ≤ 𝑇𝑉
𝛼(𝑥)+𝐼𝑉

𝛼(𝑥)+ 𝐹𝑉
𝛼(𝑥) ≤ 3 and 0 ≤ 𝑇𝑅

𝛼(𝑥)+ 𝐼𝑅
𝛼(𝑥)+ 𝐹𝑅

𝛼(𝑥) ≤ 3 
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Let A triangular α-cut neutrosophic z-number is defined as  𝐴𝑉
𝛼(𝑥) = (𝑝1, 𝑝2, 𝑝3, 𝑝4, 𝑝5, 𝑝6, 𝑝7) 

the truth membership, indeterminacy membership, and falsity membership of the 

neutrosophic set α-cut level are defined as follows 

𝑇𝑉
𝛼(𝑥) =

{
 
 

 
 
(𝑥−𝑝2)

(𝑝4−𝑝2)
      ,      𝑝2 < 𝑥 < 𝑝4

1            ,         𝑥 = 𝑝4
(𝑝6−𝑥)

(𝑝6−𝑝4)
       , 𝑝4 < 𝑥 < 𝑝6

0             ,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠e

𝐼𝑉
𝛼(𝑥) =

{
 
 

 
 
(𝑥−𝑝1)

(𝑝3−𝑝1)
, 𝑝1 < 𝑥 < 𝑝3

0         ,             𝑥 = 𝑝3
(𝑝5−𝑥)

(𝑝5−𝑝3)
, 𝑝3 < 𝑥 < 𝑝5

1          ,      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠e

  FV
α(x) =

{
 
 

 
 
(x−p3)

(p3−p5)
, p3 < x < p5

1         ,             x = p5
(p7−x)

(p7−p5)
, p5 < x < p7

0          ,      otherwise

                                       

 

 

Figure 2: Triangular α-cut level neutrosophic z-numbers 

Basic Operations of 𝛂NZN 

 In this subsection, we introduce some basic operations on αNZN, namely, complement, union 

and intersection, subset and equal, derive their properties, derive their properties and give 

some examples.  

Definition 2.  Let  𝑆̌ =  {𝑥, 〈(𝑇 𝑉
𝛼(𝑥), 𝑇 𝑅

𝛼(𝑥)), (𝐼 𝑉
𝛼(𝑥), 𝐼 𝑅

𝛼 (𝑥)), (𝐹𝑉
𝛼(𝑥), 𝐹 𝑅

𝛼(𝑥))〉\𝑥 ∈ 𝑋 }   

𝑆̌1={𝑥, 〈(𝑇  𝑉1
𝛼 (𝑥), 𝑇  𝑅1

𝛼 (𝑥)) , (𝐼  𝑉1
𝛼 (𝑥), 𝐼  𝑅1

𝛼 (𝑥)) , (𝐹 𝑉1
𝛼 (𝑥), 𝐹  𝑅1

𝛼 (𝑥))〉\𝑥 ∈ 𝑋 }    and 

𝑆̌2= {𝑥, 〈(𝑇  𝑉2
𝛼 (𝑥), 𝑇  𝑅2

𝛼 (𝑥)), (𝐼  𝑉2
𝛼 (𝑥), 𝐼  𝑅2

𝛼 (𝑥)), (𝐹 𝑉2
𝛼 (𝑥), 𝐹  𝑅2

𝛼 (𝑥))〉\𝑥 ∈ 𝑋 }, be three 𝛼NZN. 

Then, 

 

The complement of  Š  is denoted by (Š)C and defined as follows: 

(𝑆̌)𝐶=〈⋃ {1 − 𝑇(𝑉,𝑅)
𝛼 }𝑇 𝑉

𝛼∈𝑆̌ ,⋃ {1 − 𝐼(𝑉,𝑅)
𝛼 }𝐼 𝑉

𝛼∈𝑆̌ , ⋃ {1 − 𝐹(𝑉,𝑅)
𝛼 }𝐹 𝑉

𝛼∈𝑆̌ 〉 

=〈(⋃ {1 − 𝑇 𝑉
𝛼}𝑇 𝑉

𝛼∈𝑆̌ , ⋃ {1 − 𝑇𝑅
𝛼}𝑇 𝑅

𝛼∈𝑆̌ ),(⋃ {1 − 𝐼 𝑉
𝛼 }𝐼 𝑉

𝛼∈𝑆̌ , ⋃ {1 − 𝐼𝑅
𝛼}𝐼 𝑅

𝛼∈𝑆̌ ),(⋃ {1 −𝐹 𝑉
𝛼∈𝑆̌

𝐹 𝑉
𝛼}, ⋃ {1 − 𝐹𝑅

𝛼}𝐹 𝑅
𝛼∈𝑆̌ )〉 

0

0.2

0.4

0.6

0.8

1

p1 p2 p3 p4 p5 p6 p7

truth

indeterminacy

falsity
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i) Union 

 The union of tow αNZN is defined by     

 𝑆̌1 ∪

𝑆̌2 =〈(⋃ max {𝑇 𝑉1
𝛼 , 𝑇 𝑉2

𝛼 }𝑇  𝑉1
𝛼 ∈𝑆̌1,

𝑇  𝑉2
𝛼 ∈𝑆̌2

,⋃ max {𝑇 𝑅1
𝛼 , 𝑇 𝑅2

𝛼 }𝑇  𝑅1
𝛼 ∈𝑆̌1

𝑇  𝑅2
𝛼 ∈𝑆̌2

),〈(⋃ min {𝐼 𝑉1
𝛼 , 𝐼 𝑉2

𝛼 }𝐼  𝑉1
𝛼 ∈𝑆̌1,

𝐼  𝑉2
𝛼 ∈𝑆̌2

,

⋃ min  {𝐼 𝑅1
𝛼 , 𝐼 𝑅2

𝛼 }𝐼  𝑅1
𝛼 ∈𝑆̌1

𝐼  𝑅2
𝛼 ∈𝑆̌2

), 〈(⋃ min  {𝐹 𝑉1
𝛼 , 𝐹 𝑉2

𝛼 }𝐹  𝑉1
𝛼 ∈𝑆̌1,

𝐹  𝑉2
𝛼 ∈𝑆̌2

, ⋃ min  {𝐹 𝑅1
𝛼 , 𝐹 𝑅2

𝛼 }𝐹  𝑅1
𝛼 ∈𝑆̌1

𝐹  𝑅2
𝛼 ∈𝑆̌2

) 〉 

 

ii)  Intersection 

 The intersection of tow αNZNis defined by     

𝑆̌1 ∩ 𝑆̌2 =〈(⋃ min {𝑇 𝑉1
𝛼 , 𝑇 𝑉2

𝛼 }𝑇  𝑉1
𝛼 ∈𝑆̌1,

𝑇  𝑉2
𝛼 ∈𝑆̌2

,⋃ min {𝑇 𝑅1
𝛼 , 𝑇 𝑅2

𝛼 }𝑇  𝑅1
𝛼 ∈𝑆̌1

𝑇  𝑅2
𝛼 ∈𝑆̌2

),〈(⋃ max {𝐼 𝑉1
𝛼 , 𝐼 𝑉2

𝛼 }𝐼  𝑉1
𝛼 ∈𝑆̌1,

𝐼  𝑉2
𝛼 ∈𝑆̌2

, 

⋃ max  {𝐼 𝑅1
𝛼 , 𝐼 𝑅2

𝛼 }𝐼  𝑅1
𝛼 ∈𝑆̌1

𝐼  𝑅2
𝛼 ∈𝑆̌2

), 〈(⋃ max  {𝐹 𝑉1
𝛼 , 𝐹 𝑉2

𝛼 }𝐹  𝑉1
𝛼 ∈𝑆̌1,

𝐹  𝑉2
𝛼 ∈𝑆̌2

, ⋃ max  {𝐹 𝑅1
𝛼 , 𝐹 𝑅2

𝛼 }𝐹  𝑅1
𝛼 ∈𝑆̌1

𝐹  𝑅2
𝛼 ∈𝑆̌2

) 〉 

 

iii) Subset 

The subset of tow αNZN is defined by 

 𝑆̌1⊇  𝑆̌2  ⇔ 𝑇 𝑉1
𝛼  ≥ 𝑇 𝑉2

𝛼 , 𝑇 𝑅1
𝛼  ≥ 𝑇𝑅

𝛼, 𝐼 𝑉1
𝛼  ≤ 𝐼 𝑉2

𝛼 , 𝐼 𝑅1
𝛼  ≤𝐼 𝑅2

𝛼  , 𝐹 𝑉1
𝛼  ≤ 𝐹 𝑉2

𝛼 , and 𝐹 𝑅1
𝛼  ≤ 𝐹 𝑅2

𝛼 . 

 

iv) Equal  

The equal of tow αNZN is defined by 

 𝑆̌1=  𝑆̌2   ⇔ 𝑆̌1 ⊇  𝑆̌2 and  𝑆̌2 ⊇  𝑆̌1.     

 

Example 1. Let 𝑆̌1=〈(0.8,0.9),(0.3,, 0.7),(0.2,0.8) 〉and   𝑆̌2=〈(0.6,0.8),(0.4,0.7), (0.1,0.9)〉.  

Are tow αNZN, then 

 

i) Complement  

(𝑆̌1)
𝐶 = 〈(0.2,0.1),(0.7,, 0.3),(0.8,0.2)〉 

 

ii) Union 

 𝑆̌1 ∪  𝑆̌2  = 〈(0.8, 0.9), (0.3, 0.7), (0.1, 0.8) 〉 
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iii) Intersection 

            𝑆̌1 ∩ 𝑆̌2 = 〈 ((0.6,0.8), (0.4,0.7), (0.2,0.8)) 〉 

 

Proposition 1. Given three αNZN,  𝑆̌, Š1 and 𝑆̌2 then 

1) 𝑆̌ ∪  𝑆̌=  𝑆̌ 

2) 𝑆̌ ∩  𝑆̌=  𝑆̌  

3) 𝑆̌1 ∪  𝑆̌2 = 𝑆̌2 ∪ 𝑆̌1 

4) 𝑆̌1 ∩  𝑆̌2 = 𝑆̌2 ∩ 𝑆̌1 

5) 𝑆̌ ∪ (𝑆̌1 ∩  𝑆̌2) = (𝑆̌ ∪  𝑆̌1)  ∩  (𝑆̌ ∪   𝑆̌2) 

6) 𝑆̌ ∩ (𝑆̌1 ∪  𝑆̌2) = (𝑆̌ ∩  𝑆̌1)  ∪ (𝑆̌ ∩   𝑆̌2)  

7) (𝑆̌)𝐶)𝑐 = 𝑆̌ 

8) (𝑆̌)𝐶 ∪ (𝑆̌1)
𝐶 ∪  𝑆̌2)

𝐶) =(𝑆̌ ∩ 𝑆̌1 ∩ 𝑆̌2)
𝐶  

9) (𝑆̌)𝐶 ∩ (𝑆̌1)
𝐶 ∩  (𝑆̌2)

𝐶) =(𝑆̌ ∪ 𝑆̌1 ∪ 𝑆̌2)
𝐶 

 

Proof 1): Using the set  𝑆̌ defined in Definition 2 and  

Let 𝑆̌1= {𝑥, 〈(𝑇  𝑉1
𝛼 (𝑥), 𝑇  𝑅1

𝛼 (𝑥)) , (𝐼  𝑉1
𝛼 (𝑥), 𝐼  𝑅1

𝛼 (𝑥)) , (𝐹 𝑉1
𝛼 (𝑥), 𝐹  𝑅1

𝛼 (𝑥))〉\𝑥 ∈ 𝑋 }   and 

𝑆̌2= {𝑥, 〈(𝑇  𝑉2
𝛼 (𝑥), 𝑇  𝑅2

𝛼 (𝑥)), (𝐼  𝑉2
𝛼 (𝑥), 𝐼  𝑅2

𝛼 (𝑥)), (𝐹 𝑉2
𝛼 (𝑥), 𝐹  𝑅2

𝛼 (𝑥))〉\𝑥 ∈ 𝑋 }, be three αNZN 

Then, 

𝑆̌ ∪

 𝑆̌=〈(⋃ max {𝑇 𝑉
𝛼, 𝑇 𝑉

𝛼}𝑇  𝑉
𝛼 ∈𝑆̌ , ⋃ max {𝑇 𝑅

𝛼, 𝑇 𝑅
𝛼}𝑇  𝑅

𝛼 ∈𝑆̌ ),(⋃ min {𝐼 𝑉
𝛼 , 𝐼 𝑉

𝛼 }𝐼  𝑉
𝛼 ∈𝑆̌ ,⋃ min {𝐼 𝑅

𝛼 , 𝐼 𝑅
𝛼 }𝐼  𝑅

𝛼 ∈𝑆̌ ), 

(⋃ min {𝐹 𝑉
𝛼, 𝐹 𝑉

𝛼}𝐹  𝑉
𝛼 ∈𝑆̌ , ⋃ min {𝐹 𝑅

𝛼 , 𝐹 𝑅
𝛼}𝐹  𝑅

𝛼 ∈𝑆̌ ) 〉 

=〈(⋃  𝑇 𝑉
𝛼

𝑇  𝑉
𝛼 ∈𝑆̌ , ⋃  𝑇 𝑅

𝛼
𝑇  𝑅
𝛼 ∈𝑆̌ ), (⋃  𝐼 𝑉

𝛼
𝐼  𝑉
𝛼 ∈𝑆̌ , ⋃   𝐼 𝑅

𝛼
𝐼  𝑅
𝛼 ∈𝑆̌ ), (⋃   𝐹 𝑉

𝛼
𝐹  𝑉
𝛼 ∈𝑆̌ , ⋃   𝐹 𝑅

𝛼
𝐹  𝑅
𝛼 ∈𝑆̌ )〉 

⇒〈 (𝑇 𝑉
𝛼,𝑇 𝑅

𝛼), (𝐼 𝑉
𝛼 ,𝐼 𝑅

𝛼 ), (𝐹 𝑉
𝛼,𝐹 𝑅

𝛼) 〉= 𝑆̌ 

 

Proof  2):Similar to the proof of )1) . 

 

Proof 3): ): Using the set  𝑆̌1 , 𝑆̌2 in previous proof 

Then, 

 𝑆̌1 ∪
𝑆̌2 =〈(⋃  max {𝑇 𝑉1

𝛼 , 𝑇 𝑉2
𝛼 }𝑇  𝑉1

𝛼 ∈𝑆̌1,

𝑇  𝑉2
𝛼 ∈𝑆̌2

,⋃ max {𝑇 𝑅1
𝛼 , 𝑇 𝑅2

𝛼 }𝑇  𝑅1
𝛼 ∈𝑆̌1,

𝑇  𝑅2
𝛼 ∈𝑆̌2

), (⋃ min {𝐼 𝑉1
𝛼 , 𝐼 𝑉2

𝛼 }𝐼  𝑉1
𝛼 ∈𝑆̌1,

𝐼  𝑉2
𝛼 ∈𝑆̌2

,

⋃ min {𝐼 𝑅1
𝛼 , 𝐼 𝑅2

𝛼 }𝐼  𝑅1
𝛼 ∈𝑆̌1

𝐼  𝑅2
𝛼 ∈𝑆̌2

), (⋃ min {𝐹 𝑉1
𝛼 , 𝐹 𝑉2

𝛼 }𝐹  𝑉1
𝛼 ∈𝑆̌1,

𝐹  𝑉2
𝛼 ∈𝑆̌2

, ⋃ min {𝐹 𝑅1
𝛼 , 𝐹 𝑅2

𝛼 }𝐹  𝑅1
𝛼 ∈𝑆̌1

𝐹  𝑅2
𝛼 ∈𝑆̌2

)〉 
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Š2 ∪
Š1 =〈(⋃ max {𝑇 𝑉2

𝛼 , 𝑇 𝑉1
𝛼 }𝑇  𝑉1

𝛼 ∈𝑆̌1,

𝑇  𝑉2
𝛼 ∈𝑆̌2

,⋃ max {𝑇 𝑅2
𝛼 , 𝑇 𝑅1

𝛼 }𝑇  𝑅1
𝛼 ∈𝑆̌1

𝑇  𝑅2
𝛼 ∈𝑆̌2

), (⋃ min {𝐼 𝑉2
𝛼 , 𝐼 𝑉1

𝛼 }𝐼  𝑉1
𝛼 ∈𝑆̌1,

𝐼  𝑉2
𝛼 ∈𝑆̌2

,

⋃ min  {𝐼 𝑅2
𝛼 , 𝐼 𝑅1

𝛼 }𝐼  𝑅1
𝛼 ∈𝑆̌1

𝐼  𝑅2
𝛼 ∈𝑆̌2

), (⋃ min  {𝐹 𝑉2
𝛼 , 𝐹 𝑉1

𝛼 }𝐹  𝑉1
𝛼 ∈𝑆̌1,

𝐹  𝑉2
𝛼 ∈𝑆̌2

, ⋃ min  {𝐹 𝑅2
𝛼 , 𝐹 𝑅1

𝛼 }𝐹  𝑅1
𝛼 ∈𝑆̌1

𝐹  𝑅2
𝛼 ∈𝑆̌2

)〉 

∴   𝑆̌1 ∪ 𝑆̌2 = 𝑆̌2 ∪ 𝑆̌1 

Proof  4):Similar to the proof of )3) 

 

Proof  5): Let  𝑥 ∈ 𝑆̌ ∪ (𝑆̌1 ∩ 𝑆̌2). 

If  𝑥 ∈ Š ∪ (𝑆̌1 ∩ 𝑆̌2), then 𝑥 is either  in 𝑆̌ or (𝑆̌1 ∩ 𝑆̌2). 

This means  𝑥 ∈ Š or 𝑥 ∈ (Š1 ∩ Š2). 

If 𝑥 ∈ Š or {𝑥 ∈ Š1 and 𝑥 ∈ Š2}, then {𝑥 ∈ Š or  𝑥 ∈ Š1} and {𝑥 ∈ Š or  𝑥 ∈ Š2}. 

So we have, 𝑥 ∈ Š or  Š1 and 𝑆̌2 

𝑥 ∈ (Š ∪ Š1) and 𝑥 ∈ (Š ∪  Š2) 

𝑥 ∈ (Š ∪  Š1) ∩ (Š ∪  Š2) 

Hence, Š ∪ (Š1 ∩ Š2) ⇒ (Š ∪ Š1) ∩ (Š ∪  Š2) 

Therefore,  Š ∪ (Š1 ∩ Š2) ⊆ (Š ∪ Š1) ∩ (Š ∪ Š2) 

Let  𝑥 ∈ (Š ∪ Š1) ∩ (Š ∪ Š2). 

If  𝑥 ∈ (Š ∪  Š1) ∩ (Š ∪  Š2), then 𝑥 is in (Š or Š1) and (Š or Š2). 

So we have,  𝑥 ∈ (Š or Š1) and 𝑥 ∈ (Š or Š2) 

{𝑥 ∈ Š or  𝑥 ∈ Š1 } and {𝑥 ∈ Š or  𝑥 ∈ Š2} 

𝑥 ∈ Šor {𝑥 ∈ Š1 and 𝑥 ∈ Š2} 

𝑥 ∈ Š ∪ {𝑥 ∈ (𝑆̌1 and  𝑆̌2)} 

𝑥 x ∈ Š ∪ {𝑥 ∈ (Š1 ∩ Š2)} 

𝑥 ∈ Š ∪ (Š1 ∩ Š2) 

∴  Š ∪ (Š1 ∩ Š2) = (Š ∪ Š1) ∩(Š ∪ Š2)  

 

Proof  6):Similar to the proof of )5).  

 

Proof  7):Let (Š)C = 〈⋃ {1 − 𝑇(𝑉,𝑅)
𝛼 }𝑇 𝑉

𝛼∈𝑆̌ ,⋃ {1 − 𝐼(𝑉,𝑅)
𝛼 }𝐼 𝑉

𝛼∈𝑆̌ , ⋃ {1 − 𝐹(𝑉,𝑅)
𝛼 }𝐹 𝑉

𝛼∈𝑆̌  〉 We have, 

((𝑆̌)𝐶)𝑐 = 〈⋃ {1 − (1 − 𝑇(𝑉,𝑅)
𝛼 )}𝑇 𝑉

𝛼, 𝑇 𝑅
𝛼∈𝑇(𝑉,𝑅)

𝛼 , ⋃ {1 − (1 − 𝐼(𝑉,𝑅)
𝛼 )}𝐼 𝑉

𝛼, 𝐼 𝑅
𝛼∈𝐼(𝑉,𝑅)

𝛼 , ⋃ {1 −𝐹 𝑉 
𝛼,𝐹 𝑅

𝛼∈𝐹(𝑉,𝑅)
𝛼

(1 − 𝐹(𝑉,𝑅)
𝛼 )} 〉 

=〈 (⋃ 𝑇(𝑉,𝑅)
𝛼

𝑇 𝑉
𝛼, 𝑇 𝑅

𝛼∈𝑇(𝑉,𝑅)
𝛼 ), (⋃ 𝐼(𝑉,𝑅)

𝛼
𝐼 𝑉
𝛼, 𝐼 𝑅

𝛼∈𝐼(𝑉,𝑅)
𝛼 ),  (⋃ 𝐹(𝑉,𝑅)

𝛼
𝐹 𝑉 
𝛼,𝐹 𝑅

𝛼∈𝐹(𝑉,𝑅)
𝛼 ) 〉 

⇒〈 (𝑇 𝑉2
𝛼 , 𝑇 𝑅2

𝛼 ), (𝐼 𝑉2
𝛼 , 𝐼 𝑅2

𝛼 ), (𝐹𝑉2
𝛼 , 𝐹 𝑅2

𝛼 ) 〉 = Š 

∴ ((Š)C)c = Š 

Proof  8): Let 𝑥 ∈ (Š)C ∪  (Š1)
C ∪  (Š2)

C) 

⇒ 𝑥 ∈ (Š)C ∪ 𝑥 ∈ (Š1)
C  ∪ 𝑥 ∈ (Š2)

C 

⇒ 𝑥 ∉ Š  ∪ 𝑥 ∉  Š1 ∪ x ∉ Š2 
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⇒ 𝑥 ∉ (Š ∩ Š1) ∩ Š2 

⇒ 𝑥 ∉  Š ∩ Š1 ∩ Š2 

⇒ 𝑥 ∈ (Š ∩ Š1 ∩ Š2)
C 

Since for all  𝑥 ∈ (Š)C ∪ Š1)
C ∪ (Š2)

C  such that  𝑥 ∈ (Š ∩ Š1 ∩ Š2)
C 

((Š)C ∪ (Š1)
C ∪ (Š2)

C) = (Š ∩ Š1 ∩ Š2)
C  

 

Proof  9):Similar to the proof of  (8) . 

 

Arithmetic Operations for 𝛂NZN 

 

In this subsection, we introduce some basic operations on αNZN, namely addition, 

multiplication, scalar multiplication and power, derive their properties and give some 

examples. 

 Definition 3.  Let  𝑆̌ =  {𝑥, 〈(𝑇 𝑉
𝛼(𝑥), 𝑇 𝑅

𝛼(𝑥)), (𝐼 𝑉
𝛼(𝑥), 𝐼 𝑅

𝛼 (𝑥)), (𝐹𝑉
𝛼(𝑥), 𝐹 𝑅

𝛼(𝑥))〉\𝑥 ∈ 𝑋}   

𝑆̌1= {𝑥, 〈(𝑇  𝑉1
𝛼 (𝑥), 𝑇  𝑅1

𝛼 (𝑥)), (𝐼  𝑉1
𝛼 (𝑥), 𝐼  𝑅1

𝛼 (𝑥)), (𝐹 𝑉1
𝛼 (𝑥), 𝐹  𝑅1

𝛼 (𝑥))〉\𝑥 ∈ 𝑋} ,  and 

 𝑆̌2= {𝑥, 〈(𝑇  𝑉2
𝛼 (𝑥), 𝑇  𝑅2

𝛼 (𝑥)), (𝐼  𝑉2
𝛼 (𝑥), 𝐼  𝑅2

𝛼 (𝑥)), (𝐹 𝑉2
𝛼 (𝑥), 𝐹  𝑅2

𝛼 (𝑥))〉\𝑥 ∈ 𝑋}, be three αNZN 

Then, 

i) Addition  

𝑆̌1⊕ 𝑆̌2=〈(𝑇 𝑉1
𝛼 + 𝑇 𝑉2

𝛼 − 𝑇 𝑉1
𝛼 𝑇 𝑉2

𝛼 ,𝑇 𝑅1
𝛼 + 𝑇 𝑅2

𝛼 − 𝑇 𝑅1
𝛼 𝑇 𝑅2

𝛼 ), (𝐼 𝑉1
𝛼 𝐼 𝑉2

𝛼 , 𝐼 𝑅1
𝛼  𝐼 𝑅2

𝛼 ),(𝐹 𝑉1
𝛼  𝐹 𝑉2

𝛼 , 𝐹 𝑅1
𝛼  𝐹 𝑅2

𝛼 )〉 

  (1) 

 

ii) Multiplication 

 𝑆̌1⊗ 𝑆̌2=〈(𝑇 𝑉1
𝛼 𝑇 𝑉2

𝛼 , 𝑇 𝑅1
𝛼 𝑇 𝑅2

𝛼  ),( 𝐼 𝑉1
𝛼  + 𝐼 𝑉2

𝛼 − 𝐼 𝑉1
𝛼 𝐼 𝑉2

𝛼 , 𝐼 𝑅1
𝛼  + 𝐼 𝑅2

𝛼 − 𝐼 𝑅1
𝛼  𝐼 𝑅2

𝛼 ),(𝐹 𝑉1
𝛼 + 𝐹 𝑉2

𝛼 −

𝐹 𝑉1
𝛼 𝐹 𝑉2

𝛼 , 𝐹 𝑅1
𝛼 + 𝐹 𝑅2

𝛼 − 𝐹 𝑅1
𝛼 𝐹 𝑅2

𝛼 ) 〉        

                            (2) 

 Scalar Multiplication           

  𝜆𝑆̌= 〈  (1 − (1 − 𝑇 𝑉
𝛼)𝜆, 1 − (1 − 𝑇 𝑅

𝛼)𝜆), ((𝐼 𝑉
𝛼)𝜆, (𝐼 𝑅

𝛼 )𝜆), ((𝐹 𝑉
𝛼)𝜆, (𝐹 𝑅

𝛼)𝜆) 〉   (3) 

where λ > 0  

 

iii) Power 



International Journal of Applied Mathematics  

Volume 38 No. 12s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

Received: August 09, 2025  799 

(𝑆̌)𝜆 = 〈((𝑇 𝑉
𝛼)𝜆, (𝑇 𝑅

𝛼)𝜆), (1 − (1 − 𝐼 𝑉
𝛼)𝜆, 1 − (1 − 𝐼 𝑅

𝛼 )𝜆), (1 − (1 − 𝐹 𝑉
𝛼)𝜆, 1 − (1 − 𝐹 𝑅

𝛼)𝜆〉 

  (4) 

where λ > 0  

 

Example 2. Consider Example 1 and given λ = 2, then.  

 

i. Addition  

𝑆̌1⊕ 𝑆̌2= 〈 ((0.92,0.98), (0.12,0.49), (0.2,0.72)) 〉 

 

ii. Multiplication  

𝑆̌1⊗ 𝑆̌2= 〈((0.48, 0.72), (0.58,0.91), (0.28,0.98)) 〉 

 

iii. Scalar Multiplication, 2𝑆 𝑍1
𝛼  

 2𝑆̌1= 〈 ((0.96, 0.99), (0.09, 0.49), (0.04, 0.64)) 〉 

 

iv. Power, (𝑆̌1)
2 

(𝑆̌1)
2 = 〈((0.64, 0.81), (0.51, 0.91), (0.36, 0.96)) 〉 

 

Proposition 2. Given three αNZN,  𝑆̌, 𝑆̌1and  𝑆̌2, with λ = 2  then we have 

1)   ((𝑆̌)𝐶)𝜆 = (𝜆 𝑆̌2)
𝑐 

2) 𝜆(𝑆̌)𝑐 = ((𝑆̌)𝜆)𝑐 

3) (𝑆̌1⊕ 𝑆̌2)
𝑐 = (𝑆̌1)

𝑐  ⊗ (𝑆̌2)
𝑐 

4) (𝑆̌1⊗ 𝑆̌2)
𝑐 = (𝑆̌1)

𝑐 ⊕ (𝑆̌2)
𝑐 

5) 𝜆(𝑆̌1⊗ 𝑆̌2) = 𝜆(𝑆̌1)
𝑐 ⊕ 𝜆(𝑆̌2)

𝑐 

6) (𝑆̌1⊗ 𝑆̌2)
𝜆 = (𝑆̌1)

𝜆 ⊗ (𝑆̌2)
𝜆 

Proof 1) 

 Using the set  𝑆̌ , in previous definition 3,  we have, 

(𝑆̌)𝐶 =〈 (⋃ {1 − 𝑇 𝑉
𝛼}𝑇 𝑉

𝛼∈𝑆̌ , ⋃ {1 − 𝑇𝑅
𝛼}𝑇 𝑅

𝛼∈𝑆̌ ),(⋃ {1 − 𝐼 𝑉
𝛼 }𝐼 𝑉

𝛼∈𝑆̌ , ⋃ {1 − 𝐼𝑅
𝛼}𝐼 𝑅

𝛼∈𝑆̌ ), (⋃ {1 −𝐹 𝑉
𝛼∈𝑆̌

𝐹 𝑉
𝛼}, ⋃ {1 − 𝐹𝑅

𝛼}𝐹 𝑅
𝛼∈𝑆̌ )〉 

((𝑆̌)𝐶)𝜆= 〈(⋃ {(1 − 𝑇 𝑉
𝛼)𝜆}𝑇 𝑉

𝛼∈𝑆̌ , ⋃ {(1 − 𝑇 𝑅
𝛼)𝜆}𝑇 𝑅

𝛼∈𝑆̌ ),(⋃ {1 − (1 − 𝐼 𝑉
𝛼)𝜆}𝐼 𝑉

𝛼∈𝑆̌ , ⋃ {1 −𝐼 𝑅
𝛼∈𝑆̌

(1 − 𝐼 𝑅
𝛼 )𝜆}), (⋃ {1 − (1 − 𝐹 𝑉

𝛼)𝜆}𝐹 𝑉
𝛼∈𝑆̌ , ⋃ {1 − (1 − 𝐹 𝑅

𝛼)𝜆}𝐹 𝑅
𝛼∈𝑆̌ )〉 
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𝜆𝑆̌= 〈  (1 − (1 − 𝑇 𝑉
𝛼)𝜆, 1 − (1 − 𝑇 𝑅

𝛼)𝜆), ((𝐼 𝑉
𝛼)𝜆, (𝐼 𝑅

𝛼 )𝜆), ((𝐹 𝑉
𝛼)𝜆, (𝐹 𝑅

𝛼)𝜆) 〉 

(𝜆𝑆̌)𝐶 = 〈 (⋃ {(1 − 𝑇 𝑉
𝛼)𝜆}𝑇 𝑉

𝛼∈𝑆̌ , ⋃ {(1 − 𝑇 𝑅
𝛼)𝜆}𝑇 𝑅

𝛼∈𝑆̌ ),(⋃ {1 − (1 − 𝐼 𝑉
𝛼)𝜆}𝐼 𝑉

𝛼∈𝑆̌ , ⋃ {1 −𝐼 𝑅
𝛼∈𝑆̌

(1 − 𝐼 𝑅
𝛼 )𝜆}), (⋃ {1 − (1 − 𝐹 𝑉

𝛼)𝜆}𝐹 𝑉
𝛼∈𝑆̌ , ⋃ {1 − (1 − 𝐹 𝑅

𝛼)𝜆}𝐹 𝑅
𝛼∈𝑆̌ )〉 

∴ ((𝑆̌)𝐶)𝜆 = (𝜆𝑆̌)𝑐 

 

Proof 2): Similar to the proof of )1) . 

 

Proof 3) Let (𝑆̌1⊕ 𝑆̌2) =〈(𝑇 𝑉1
𝛼 + 𝑇 𝑉2

𝛼 − 𝑇 𝑉1
𝛼 𝑇 𝑉2

𝛼 ,𝑇 𝑅1
𝛼 + 𝑇 𝑅2

𝛼 −

𝑇 𝑅1
𝛼 𝑇 𝑅2

𝛼 ), (𝐼 𝑉1
𝛼 𝐼 𝑉2

𝛼 , 𝐼 𝑅1
𝛼  𝐼 𝑅2

𝛼 ),(𝐹 𝑉1
𝛼  𝐹 𝑉2

𝛼 , 𝐹 𝑅1
𝛼  𝐹 𝑅2

𝛼 ) 〉 

(𝑆̌1⊕ 𝑆̌2)
𝑐 =〈(1-(𝑇 𝑉1

𝛼 + 𝑇 𝑉2
𝛼 − 𝑇 𝑉1

𝛼 𝑇 𝑉2
𝛼 ),(1-(𝑇 𝑅1

𝛼 + 𝑇 𝑅2
𝛼 − 𝑇 𝑅1

𝛼 𝑇 𝑅2
𝛼 )), (1-𝐼 𝑉1

𝛼 𝐼 𝑉2
𝛼 ),(1-𝐼 𝑅1

𝛼  𝐼 𝑅2
𝛼 ),(1-

𝐹 𝑉1
𝛼  𝐹 𝑉2

𝛼 ,1- 𝐹 𝑅1
𝛼  𝐹 𝑅2

𝛼 ) 〉 

(𝑆̌1)
𝐶 =〈 ((1 − 𝑇 𝑉1

𝛼 ), (1 − 𝑇 𝑅1
𝛼 )), ((1 − 𝐼 𝑉1

𝛼 ), (1 − 𝐼 𝑅1
𝛼 )),((1 − 𝐹 𝑉1

𝛼 ), (1 − 𝐹 𝑅1
𝛼 ))〉 

(𝑆̌2)
𝐶 =〈 ((1 − 𝑇 𝑉2

𝛼 ), (1 − 𝑇 𝑅2
𝛼 )), ((1 − 𝐼 𝑉2

𝛼 ), (1 − 𝐼 𝑅2
𝛼 )),((1 − 𝐹 𝑉2

𝛼 ), (1 − 𝐹 𝑅2
𝛼 ))〉 

(𝑆̌1)
𝐶⊗ (𝑆̌2)

𝐶  =〈((1 − 𝑇 𝑉1
𝛼 )(1 − 𝑇 𝑉2

𝛼 ),(1 − 𝑇 𝑅1
𝛼 )(1 − 𝑇 𝑅2

𝛼 )),(( 1 − 𝐼 𝑉1
𝛼 )+( 1 − 𝐼 𝑉2

𝛼 ) −( 1 −

𝐼 𝑉1
𝛼 )( 1 − 𝐼 𝑉2

𝛼 )),(( 1 − 𝐼 𝑅1
𝛼 )+( 1 − 𝐼 𝑅2

𝛼 )−( 1 − 𝐼 𝑅1
𝛼 )( 1 − 𝐼 𝑅2

𝛼 )), (( 1 − 𝐹 𝑉1
𝛼 )+( 1 − 𝐹 𝑉2

𝛼 ) −( 1 −

𝐹 𝑉1
𝛼 ) ( 1 − 𝐹 𝑉2

𝛼 )),(( 1 − 𝐹 𝑅1
𝛼 )+( 1 − 𝐹 𝑅2

𝛼 )−( 1 − 𝐹 𝑅1
𝛼 )( 1 − 𝐹 𝑅2

𝛼 )) 〉 

(𝑆̌1)
𝐶⊗ (𝑆̌2)

𝐶=〈(1−(𝑇 𝑉1
𝛼 + 𝑇 𝑉2

𝛼 − 𝑇 𝑉1
𝛼 𝑇 𝑉2

𝛼 ),(1−(𝑇 𝑅1
𝛼 + 𝑇 𝑅2

𝛼 − 𝑇 𝑅1
𝛼 𝑇 𝑅2

𝛼 )), ((1−𝐼 𝑉1
𝛼 𝐼 𝑉2

𝛼 ), 

(1−𝐼 𝑅1
𝛼  𝐼 𝑅2

𝛼 )),((1−𝐹 𝑉1
𝛼 𝐹 𝑉2

𝛼 ,1− 𝐹 𝑅1
𝛼  𝐹 𝑅2

𝛼 )〉 

∴  (𝑆̌1⊕𝑆 𝑍2
𝛼 )𝑐 = (𝑆̌1)

𝑐  ⊗ (𝑆̌2)
𝑐 

 

Proof 4), 5) and 6): Similar to the proof of )3) . 

 

Score function, weighted averaging and weighted geometricoperator for 𝛂NZN   

 

Score function for 𝛂NZN [13] 

The ranking method is essential in the decision making procedure. Hence, we give the 

definition of score function for αNZN as follows 

Definition 4.  Using the set  𝑆̌  in previous definition be αNZN, then the score function  Y(Ši)  

is defined follows: 

                               Y(Ši)=
(4 + T  Vi

α +T  Ri
α  − I  Vi

α −I  Ri
α −F  Vi

α −F  Ri
α )

6
, for  Y(Ši) ∈ [0, 1]               (5) 
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Respectively,   if Y(Š1) > Y(Š2), then Š1 is bigger than Š2, represented by Š1 > Š2 

 

Example 3. Let Š1and Š2 be two set of αNZN as  Š1= 〈(0.6,0.8),(0.3,, 0.9),(0.2,0.8)〉,  

Š2= 〈(0.4,0.7),(0.5,0.8),(0.1,0.9)〉, then, their ranking is given as follows: 

 

Y(Š1)= 
(4 + 0.6+0.8 − 0.3−0.9−0.2−0.8)

6
 = 0.53,     Y(Š2) =

(4 + 0.4+0.7−0.5−0.8−0.1−0.9)

6
 = 0.47 

 Since  Y(Š1) > Y(Š2), their ranking is Š1 > Š2. 

 

Definition  5. Let  𝑆̌𝑗 = {𝑥,〈(𝑇  𝑉𝑗
𝛼 (𝑥), 𝑇  𝑅𝑗

𝛼 (𝑥)) , (𝐼  𝑉𝑗
𝛼 (𝑥), 𝐼  𝑅𝑗

𝛼 (𝑥)) , (𝐹 𝑉𝑗
𝛼 (𝑥), 𝐹  𝑅𝑗

𝛼 (𝑥))〉\𝑥 ∈X }  

for  j = 1,2,…,n  be αNZN. A mapping αNZN-WA is called α-cut neutrosophic z-numbers 

weighted average operator if it satisfies  

𝛼NZN-WA (𝑆̌1,𝑆̌2,..., 𝑆̌𝑛 )= ∑ 𝜔𝑗𝑆̌𝑖
𝑛
𝑗=1  

=〈 (⋃ {1 − ∏ (1 − 𝑇  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝑇  𝑉𝑗

𝛼 ∈𝑆̌𝑗
, ⋃ {1 − ∏ (1 − 𝑇  𝑅𝑗

𝛼 )
𝜔𝑗𝑛

𝑗=1 }𝑇  𝑅𝑗
𝛼 ∈𝑆̌𝑗

), 

(⋃ {∏ (𝐼  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐼  𝑉𝑗

𝛼 ∈ 𝑆̌𝑗
, ⋃ {∏ (𝐼  𝑅𝑗

𝛼 )
𝜔𝑗𝑛

𝐽=1 }𝐼  𝑅𝑗
𝛼 ∈𝑆̌𝑗

), (⋃ {∏ (𝐹  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐹  𝑉𝑗

𝛼 ∈𝑆̌𝑗
, 

⋃ {∏ (𝐹  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐹  𝑅𝑗

𝛼 ∈𝑆̌𝑗
) 〉    (6) 

 where  𝜔𝑗  is the weight of the  𝑆̌𝑗 ( j = 1, 2,. . .,n) for 𝜔𝑗 ∈ [0, 1] and ∑ 𝜔𝑗
n
j=1 = 1. 

Theorem 1.  Using the set 𝑆̌𝑗  in previous definition 5 

 Then, 

i) Idempotency  

If  𝑆̌𝑗= 𝑆̌  for all  j = 1, 2,. . .,n ,then  𝛼NZN-WA (𝑆̌1,𝑆̌2,..., 𝑆̌𝑛 ) = 𝑆̌ 

ii) Monotonicity  

If 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then      

 𝛼NZN-WA (Š1,Š2,..., Šn ) ≤ 𝛼NZN-WA∗ (𝑆̌1
∗
,𝑆̌2

∗
,..., 𝑆̌𝑛

∗
 ) 

iii) Boundedness  

min
 j = 1,2,...,n

 {Šj} ≤ 𝛼NZN-WA (Š1,Š2,..., Šn ) ≤ 
max

 j = 1,2,...,n
 {Šj} 

Proof  i) (Idempotency):  
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Using the set 𝑆̌𝑗  in previous definition 5, we have  

𝛼NZN-WA = ∑ 𝜔𝑗𝑆̌𝑗
𝑛
𝑗=1   = 〈 (⋃ {1 −∏ (1 − 𝑇 𝑉

𝛼)𝜔𝑗𝑛
𝐽=1 }𝑇 𝑉

𝛼∈ 𝑆̌ , ⋃ {1 − ∏ (1 − 𝑇 𝑅
𝛼)𝜔𝑗𝑛

𝐽=1 }𝑇 𝑅
𝛼∈ 𝑆̌ ), 

(⋃ {∏ (𝐼 𝑉
𝛼)𝜔𝑗𝑛

𝐽=1 }𝐼 𝑉
𝛼∈ 𝑆̌ , ⋃ {∏ (𝐼 𝑅

𝛼)𝜔𝑗𝑛
𝐽=1 }𝐼 𝑅

𝛼∈ 𝑆̌ ), (⋃ {∏ (𝐹 𝑉
𝛼)𝜔𝑗𝑛

𝐽=1 }𝐹 𝑉
𝛼∈ 𝑆̌ , ⋃ {∏ (𝐹 𝑅

𝛼)𝜔𝑗𝑛
𝐽=1 }𝐹 𝑅

𝛼∈ 𝑆  𝑍
𝛼 ) 〉

   

⇒ 〈 (⋃ {1 − ∏ (1 − 𝑇 𝑉
𝛼)∑ 𝜔𝑗

𝑛
𝐽=1𝑛

𝐽=1 }𝑇 𝑉
𝛼∈ 𝑆̌ , ⋃ {1 − ∏ (1 − 𝑇 𝑅

𝛼)∑ 𝜔𝑗
𝑛
𝐽=1𝑛

𝐽=1 }𝑇 𝑅
𝛼∈ 𝑆  𝑍

𝛼 ), 

(⋃ {∏ (𝐼 𝑉
𝛼)∑ 𝜔𝑗

𝑛
𝐽=1𝑛

𝐽=1 }𝐼 𝑉
𝛼∈ 𝑆̌ , ⋃ {∏ (𝐼 𝑅

𝛼 )∑ 𝜔𝑗
𝑛
𝐽=1𝑛

𝐽=1 }𝐼 𝑅
𝛼∈ 𝑆̌ ), (⋃ {∏ (𝐹 𝑉

𝛼)∑ 𝜔𝑗
𝑛
𝐽=1𝑛

𝐽=1 }𝐹 𝑉
𝛼∈𝑆̌ , 

⋃ {∏ (𝐹 𝑅
𝛼)∑ 𝜔𝑗

𝑛
𝐽=1𝑛

𝐽=1 }𝐹 𝑅
𝛼∈ 𝑆̌  )〉 

Since  ∑ 𝜔𝑗
𝑛
𝐽=1 , we have   

⇒ 〈 (⋃ {1 − (1 − 𝑇 𝑉
𝛼)}𝑇 𝑉

𝛼∈ 𝑆̌ , ⋃ {1 − (1 − 𝑇 𝑅
𝛼)}𝑇 𝑅

𝛼∈ 𝑆̌ ), (⋃ {(𝐼 𝑉
𝛼)}𝐼 𝑉

𝛼∈ 𝑆̌ , ⋃ {(𝐼 𝑅
𝛼)}𝐼 𝑅

𝛼∈ 𝑆̌ ), 

(⋃ {(𝐹 𝑉
𝛼)}𝐹 𝑉

𝛼∈ 𝑆̌ , ⋃ {(𝐹 𝑅
𝛼)}𝐹 𝑅

𝛼∈ 𝑆̌ ) 〉 

⇒ 〈 (⋃ {𝑇 𝑉
𝛼}𝑇 𝑉

𝛼∈ 𝑆̌ , ⋃ {𝑇 𝑅
𝛼}𝑇 𝑅

𝛼∈𝑆̌ ), (⋃ {𝐼 𝑉
𝛼 }𝐼 𝑉

𝛼∈ 𝑆̌ , ⋃ {𝐼 𝑅
𝛼 }𝐼 𝑅

𝛼∈ 𝑆̌ ), (⋃ {𝐹 𝑉
𝛼}𝐹 𝑉

𝛼∈ 𝑆̌ , ⋃ {𝐹 𝑅
𝛼}𝐹 𝑅

𝛼∈ 𝑆̌ ) 〉 

⇒ 〈(𝑇  𝑉
𝛼 (𝑥), 𝑇  𝑅

𝛼 (𝑥)), (𝐼  𝑉
𝛼 (𝑥), 𝐼  𝑅

𝛼 (𝑥)), (𝐹 𝑉
𝛼(𝑥), 𝐹  𝑅

𝛼 (𝑥))〉 = 𝑆̌ 

which compleates the proof  of  Proposition (3. i). 

Proof  ii) (monotonicity): 

Since Šj ≤ Šj
∗
 for all  j = 1, 2,..,n ,then we have   

  𝑇  𝑉𝑗
𝛼  ≤ 𝑇  𝑉𝑗

𝛼 ∗
 , 1 − 𝑇  𝑉𝑗

𝛼  ≥ 1 − 𝑇  𝑉𝑗
𝛼 ∗

  

⇒ ∏ (1 − 𝑇  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≥ ∏ (1 − 𝑇  𝑉𝑗

𝛼 ∗
  )
𝜔𝑗𝑛

𝐽=1  

⇒  1 − ∏ (1 − 𝑇  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ 1 − ∏ (1 − 𝑇  𝑉𝑗

𝛼 ∗
  )
𝜔𝑗𝑛

𝐽=1  

⇒ ⋃ {1 − ∏ (1 − 𝑇 𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝑇 𝑉

𝛼∈ 𝑆̌  ≤ ⋃ {1 − ∏ (1 − 𝑇  𝑉𝑗
𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1 }𝑇 𝑉
𝛼∈ 𝑆̌  

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

⇒ ∏ (𝐼  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ ∏ (𝐼  𝑉𝑗

𝛼 ∗
  )
𝜔𝑗𝑛

𝐽=1  

⇒  ⋃ {∏ (𝐼 𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐼 𝑉

𝛼∈ 𝑆̌  ≤ ⋃ {∏ (𝐼  𝑉𝑗
𝛼 ∗

)
𝜔𝑗𝑛

𝐽=1 }𝐼 𝑉
𝛼∈ 𝑆̌  

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

⇒ ∏ (𝐹  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ ∏ (𝐹  𝑉𝑗

𝛼 ∗
  )
𝜔𝑗𝑛

𝐽=1  

⇒  ⋃ {∏ (𝐹 𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐹 𝑉

𝛼∈ 𝑆  𝑍
𝛼  ≤ ⋃ {∏ (𝐹  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1 }𝐹 𝑉
𝛼∈ 𝑆  𝑍

𝛼  

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
 for all  j = 1, 2,..,n ,then we have   
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  𝑇  𝑅𝑗
𝛼  ≤ 𝑇  𝑅𝑗

𝛼 ∗
 , 1 − 𝑇  𝑅𝑗

𝛼  ≥ 1 − 𝑇  𝑅𝑗
𝛼 ∗

  

⇒ ∏ (1 − 𝑇  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≥ ∏ (1 − 𝑇  𝑅𝑗

𝛼 ∗
  )
𝜔𝑗𝑛

𝐽=1  

⇒  1 − ∏ (1 − 𝑇  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ 1 − ∏ (1 − 𝑇  𝑅𝑗

𝛼 ∗
  )
𝜔𝑗𝑛

𝐽=1  

⇒ ⋃ {1 − ∏ (1 − 𝑇 𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝑇 𝑅

𝛼∈ 𝑆̌  ≤ ⋃ {1 − ∏ (1 − 𝑇  𝑅𝑗
𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1 }𝑇 𝑅
𝛼∈ 𝑆̌  

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

⇒ ∏ (𝐼  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ ∏ (𝐼  𝑅𝑗

𝛼 ∗
  )
𝜔𝑗𝑛

𝐽=1  

⇒  ⋃ {∏ (𝐼  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐼 𝑅

𝛼∈ 𝑆̌  ≤ ⋃ {∏ (𝐼  𝑅𝑗
𝛼 ∗

)
𝜔𝑗𝑛

𝐽=1 }𝐼 𝑅
𝛼∈ 𝑆̌  

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

⇒ ∏ (𝐹  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ ∏ (𝐹  𝑅𝑗

𝛼 ∗
  )
𝜔𝑗𝑛

𝐽=1  

⇒  ⋃ {∏ (𝐹 𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐹 𝑅

𝛼∈𝑆̌  ≤ ⋃ {∏ (𝐹  𝑅𝑗
𝛼 ∗

)
𝜔𝑗𝑛

𝐽=1 }𝐹 𝑅
𝛼∈ 𝑆̌  

Based on the above analaysis, we have  

𝛼NZN-WA  (𝑆̌1,𝑆̌2,..., 𝑆̌𝑛) ≤ 𝛼NZN-W𝐴∗  (𝑆̌1
∗
,𝑆̌2

∗
,..., 𝑆̌𝑛

∗
) 

which compleates the proof of  Proposition (3 ii). 

 

Proof iii)(Boundedness): Similar to the proof of  Proposition (3. ii). 

 

Definition  6. Using the set 𝑆̌𝑗  in previous definition 5, we have  for  

 j = 1,2,…,n  be αNZN. A mapping αNZN-WG is called α-cut neutrosophic z-numbers 

weighted geometric operator if it satisfies  

𝛼NZN-WG  (𝑆̌1,𝑆̌2,..., 𝑆̌𝑛  )= ∏ (𝑆̌𝑗)
𝜔𝑗𝑚

𝑗=1 =〈(⋃ {∏ (𝑇  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝑇  𝑉𝑗

𝛼 ∈ 𝑆̌𝑗
, 

⋃ {∏ (𝑇  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝑇  𝑅𝑗

𝛼 ∈ 𝑆̌𝑗
), (⋃ {1 − ∏ (𝐼  𝑉𝑗

𝛼 )
𝜔𝑗𝑛

𝐽=1 }𝐼  𝑉𝑗
𝛼 ∈𝑆̌𝑗

, ⋃ {1 − ∏ (𝐼  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐼  𝑅𝑗

𝛼 ∈ 𝑆̌𝑗
), 

(⋃ {1 − ∏ (𝐹  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1 }𝐹  𝑉𝑗

𝛼 ∈ 𝑆̌𝑗
, ⋃ {1 − ∏ (𝐹  𝑅𝑗

𝛼 )
𝜔𝑗𝑛

𝐽=1 }𝐹  𝑅𝑗
𝛼 ∈ 𝑆̌𝑗

) 〉 (7)      

 

 where  𝜔𝑗  is the weight of the  𝑆̌𝑗 ( j = 1, 2,. . .,n) for ωj ∈ [0, 1] and ∑ 𝜔𝑗
𝑛
𝑗=1 = 1. 

Theorem 2: Using the set 𝑆̌𝑗  in previous definition 5, we have  

i) Idempotency  
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If  𝑆̌𝑗= 𝑆̌  for all  j = 1, 2,. . .,n ,then  𝛼NZN-WG  (𝑆̌1,𝑆̌2,..., 𝑆̌𝑛 ) = 𝑆̌ 

ii) Monotonicity  

If 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then      

 𝛼NZN-WG (Š1,Š2,..., Šn ) ≤ 𝛼NZN-W𝐺∗(𝑆̌1
∗
,𝑆̌2

∗
,..., 𝑆̌𝑛

∗
 ) 

iii) Boundedness 

min
 𝑗 = 1,2,...,n

 {𝑆̌𝑗} ≤ 𝛼NZN-WG (𝑆̌1,𝑆̌2,..., 𝑆̌𝑛 ) ≤ 
max

 𝑗 = 1,2,...,n
 {Šj} 

  

Proof  i) (Idempotency):  

 Since 𝑆̌𝑗 = 𝑆̌ =  {𝑥,〈(𝑇  𝑉
𝛼 (𝑥), 𝑇  𝑅

𝛼 (𝑥)), (𝐼  𝑉
𝛼 (𝑥), 𝐼  𝑅

𝛼 (𝑥)), (𝐹 𝑉
𝛼(𝑥), 𝐹  𝑅

𝛼 (𝑥))〉\𝑥 ∈X }, we have  

𝛼NZN-WG  = ∏ (𝑆̌𝑗)
𝜔𝑗𝑚

𝑗=1   =〈 (⋃ {∏ (𝑇 𝑉
𝛼)𝜔𝑗𝑛

𝐽=1 }𝑇 𝑉
𝛼∈ 𝑆̌ , ⋃ {∏ (𝑇 𝑅

𝛼)𝜔𝑗𝑛
𝐽=1 }𝑇 𝑅

𝛼∈ 𝑆̌ ), (⋃ {1 −𝐼 𝑉
𝛼∈𝑆̌

∏ (1 − 𝐼 𝑉
𝛼 )𝜔𝑗𝑛

𝐽=1 }, ⋃ {1 − ∏ (1 − 𝐼 𝑅
𝛼 )𝜔𝑗𝑛

𝐽=1 }𝐼 𝑅
𝛼∈ 𝑆̌ ), (⋃ {1 − ∏ (1 − 𝐹 𝑉

𝛼)𝜔𝑗𝑛
𝐽=1 }𝐹 𝑉

𝛼∈ 𝑆̌ , ⋃ {1 −𝐹 𝑅
𝛼∈ 𝑆̌

∏ (1 − 𝐹 𝑅
𝛼)𝜔𝑗𝑛

𝐽=1 }) 〉 

⇒ 〈 (⋃ {∏ (𝑇 𝑉
𝛼)∑ 𝜔𝑗

𝑛
𝐽=1𝑛

𝐽=1 }𝑇 𝑉
𝛼∈ 𝑆̌ , ⋃ {∏ (𝑇 𝑅

𝛼)∑ 𝜔𝑗
𝑛
𝐽=1𝑛

𝐽=1 }𝑇 𝑅
𝛼∈ 𝑆̌ ), (⋃ {1 − ∏ (1 −𝑛

𝐽=1𝐼 𝑉
𝛼∈ 𝑆̌

𝐼 𝑉
𝛼)∑ 𝜔𝑗

𝑛
𝐽=1 }, ⋃ {1 −∏ (1 − 𝐼 𝑅

𝛼 )∑ 𝜔𝑗
𝑛
𝐽=1𝑛

𝐽=1 }𝐼 𝑅
𝛼∈ 𝑆̌ ), (⋃ {1 − ∏ (1 − 𝐹 𝑉

𝛼)∑ 𝜔𝑗
𝑛
𝐽=1𝑛

𝐽=1 }𝐹 𝑉
𝛼∈ 𝑆̌ , 

⋃ {1 − ∏ (1 − 𝐹 𝑅
𝛼)∑ 𝜔𝑗

𝑛
𝐽=1𝑛

𝐽=1 }𝐹 𝑅
𝛼∈𝑆̌  )〉 

Since  ∑ 𝜔𝑗
𝑛
𝐽=1 , we have   

⇒ 〈 (⋃ {(𝑇 𝑉
𝛼)}𝑇 𝑉

𝛼∈ 𝑆̌ , ⋃ {(𝑇 𝑅
𝛼)}𝑇 𝑅

𝛼∈ 𝑆  𝑍
𝛼 ), (⋃ {1 − (1 − 𝐼 𝑉

𝛼 )}𝐼 𝑉
𝛼∈ 𝑆̌ , ⋃ {1 − (1 − 𝐼 𝑅

𝛼 )}𝐼 𝑅
𝛼∈𝑆̌ ), 

(⋃ {1 − (1 − 𝐹 𝑉
𝛼)}𝐹 𝑉

𝛼∈ 𝑆̌ , ⋃ {1 − (1 − 𝐹 𝑅
𝛼)}𝐹 𝑅

𝛼∈ 𝑆̌ ) 〉 

⇒ 〈 (⋃ {𝑇 𝑉
𝛼}𝑇 𝑉

𝛼∈ 𝑆̌ , ⋃ {𝑇 𝑅
𝛼}𝑇 𝑅

𝛼∈ 𝑆  𝑍
𝛼 ), (⋃ {𝐼 𝑉

𝛼 }𝐼 𝑉
𝛼∈ 𝑆̌ , ⋃ {𝐼 𝑅

𝛼 }𝐼 𝑅
𝛼∈ 𝑆̌ ), (⋃ {𝐹 𝑉

𝛼}𝐹 𝑉
𝛼∈𝑆̌ , ⋃ {𝐹 𝑅

𝛼}𝐹 𝑅
𝛼∈ 𝑆̌ ) 〉 

⇒ 〈(𝑇  𝑉
𝛼 (𝑥), 𝑇  𝑅

𝛼 (𝑥)), (𝐼  𝑉
𝛼 (𝑥), 𝐼  𝑅

𝛼 (𝑥)), (𝐹 𝑉
𝛼(𝑥), 𝐹  𝑅

𝛼 (𝑥))〉 = 𝑆̌ 

 

which compleates the proof  of  Proposition (4. i). 

 

Proof  ii) (monotonicity): 

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
 for all j = 1, 2,..,n ,then we have   

  𝑇  𝑉𝑗
𝛼  ≤ 𝑇  𝑉𝑗

𝛼 ∗
  

⇒ ∏ (𝑇  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ ∏ (𝑇  𝑉𝑗

𝛼 ∗
 )
𝜔𝑗𝑛

𝐽=1  



International Journal of Applied Mathematics  

Volume 38 No. 12s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

Received: August 09, 2025  805 

⇒ ⋃ ∏(𝑇  𝑉𝑗
𝛼 )

𝜔𝑗
𝑛

𝐽=1𝑇 𝑉
𝛼∈ 𝑆̌

⋃ ≤ ∏(𝑇  𝑉𝑗
𝛼 ∗
 )
𝜔𝑗

𝑛

𝐽=1𝑇 𝑉
𝛼∈ 𝑆̌

 

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

I  Vj
α ≤  I  Vj

α ∗
 

⇒ (1 − 𝐼  𝑉𝑗
𝛼 ) ≥ (1 − 𝐼  𝑉𝑗

𝛼 ∗
)  

⇒ ∏ (1 − 𝐼  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≥ ∏ (1 − 𝐼  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ 1 −∏ (1 − 𝐼  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ 1 − ∏ (1 − 𝐼  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ ⋃ {1 −∏(1 − 𝐼  𝑉𝑗
𝛼 )

𝜔𝑗
𝑛

𝐽=1

}

𝐼  𝑉𝑗
𝛼 ∈𝑆̌

≤ ⋃ {1 −∏(1 − 𝐼  𝑉𝑗
𝛼 ∗

)
𝜔𝑗

𝑛

𝐽=1

}

𝐼  𝑉𝑗
𝛼 ∈ 𝑆̌

 

Since 𝑆̌𝑗 ≥ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

𝐹  𝑉𝑗
𝛼 ≥ 𝐹  𝑉𝑗

𝛼 ∗
   

⇒ (1 − 𝐹  𝑉𝑗
𝛼 ) ≤ (1 − 𝐹  𝑉𝑗

𝛼 ∗
 )  

⇒ ∏ (1 − 𝐹  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ ∏ (1 − 𝐹  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ 1 −∏ (1 − 𝐹  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≥ 1 − ∏ (1 − 𝐹  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ ⋃ {1 −∏(1 − 𝐹  𝑉𝑗
𝛼 )

𝜔𝑗
𝑛

𝐽=1

}

𝐼  𝑉𝑗
𝛼 ∈ 𝑆̌

≥ ⋃ {1 −∏(1 − 𝐹  𝑉𝑗
𝛼 ∗

 )
𝜔𝑗

𝑛

𝐽=1

}

𝐼  𝑉𝑗
𝛼 ∈𝑆̌

 

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

𝑇  𝑅𝑗
𝛼 ≤  𝑇  𝑅𝑗

𝛼 ∗
 

⇒ (1 − 𝑇  𝑅𝑗
𝛼 ) ≥ (1 − 𝑇   𝑅𝑗𝑗

𝛼 ∗
)  

⇒ ∏ (1 − 𝑇  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≥ ∏ (1 − 𝑇  𝑅𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ 1 −∏ (1 − 𝑇  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ 1 − ∏ (1 − 𝑇  𝑅𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ ⋃ {1 −∏(1 − 𝑇  𝑅𝑗
𝛼 )

𝜔𝑗
𝑛

𝐽=1

}

𝐼  𝑅𝑗
𝛼 ∈ 𝑆̌

≤ ⋃ {1 −∏(1 − 𝑇  𝑅𝑗
𝛼 ∗
)
𝜔𝑗

𝑛

𝐽=1

}

𝐼  𝑅𝑗
𝛼 ∈𝑆̌

 

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
 for all  j = 1, 2,..,n ,then we have   
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  𝐼  𝑅𝑗
𝛼  ≤ 𝐼  𝑅𝑗

𝛼 ∗
  

⇒ ∏ (𝐼  𝑅𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ ∏ (𝐼  𝑅𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ ⋃ ∏(𝐼  𝑅𝑗
𝛼 )

𝜔𝑗
𝑛

𝐽=1

≤

𝐼 𝑅𝑗
𝛼 ∈ 𝑆̌

⋃  ∏(𝐼  𝑅𝑗
𝛼 ∗

 )
𝜔𝑗

𝑛

𝐽=1𝐼  𝑅𝑗
𝛼 ∈ 𝑆̌

 

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

𝐼  𝑉𝑗
𝛼 ≤  𝐼  𝑉𝑗

𝛼 ∗
 

⇒ (1 − 𝐼  𝑉𝑗
𝛼 ) ≥ (1 − 𝐼  𝑉𝑗

𝛼 ∗
)  

⇒ ∏ (1 − 𝐼  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≥ ∏ (1 − 𝐼  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ 1 −∏ (1 − 𝐼  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ 1 − ∏ (1 − 𝐼  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ ⋃ {1 −∏(1 − 𝐼  𝑉𝑗
𝛼 )

𝜔𝑗
𝑛

𝐽=1

}

𝐼  𝑉𝑗
𝛼 ∈ 𝑆̌

≤ ⋃ {1 −∏(1 − 𝐼  𝑉𝑗
𝛼 ∗

)
𝜔𝑗

𝑛

𝐽=1

}

𝐼  𝑉𝑗
𝛼 ∈ 𝑆̌

 

Since 𝑆̌𝑗 ≤ 𝑆̌𝑗
∗
  for all  j = 1, 2,. . .,n ,then we have  

𝐹  𝑉𝑗
𝛼 ≤ 𝐹  𝑉𝑗

𝛼 ∗
   

⇒ (1 − 𝐹  𝑉𝑗
𝛼 ) ≥ (1 − 𝐹  𝑉𝑗

𝛼 ∗
 )  

⇒ ∏ (1 − 𝐹  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≥ ∏ (1 − 𝐹  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ 1 −∏ (1 − 𝐹  𝑉𝑗
𝛼 )

𝜔𝑗𝑛
𝐽=1  ≤ 1 − ∏ (1 − 𝐹  𝑉𝑗

𝛼 ∗
)
𝜔𝑗𝑛

𝐽=1  

⇒ ⋃ {1 −∏(1 − 𝐹  𝑉𝑗
𝛼 )

𝜔𝑗
𝑛

𝐽=1

}

𝐼  𝑉𝑗
𝛼 ∈𝑆̌

≤ ⋃ {1 −∏(1 − 𝐹  𝑉𝑗
𝛼 ∗

 )
𝜔𝑗

𝑛

𝐽=1

}

𝐼  𝑉𝑗
𝛼 ∈ 𝑆̌

 

Based on the above analaysis, we have  

𝛼NZN-WG  (𝑆̌1,𝑆̌2,..., 𝑆̌𝑛 ) ≤  𝛼NZN-W𝐺∗ (𝑆̌1
∗
,𝑆̌2

∗
,..., , 𝑆̌𝑛

∗
 ) 

which compleates the proof of  Proposition (4. ii). 

The proof of iii) (Boundedness) 

It is similar to proof of Proposition (4. ii). 

In what follows, a decision-making approach was developed under α-cut t neutrosophic with 

z-numbers information. 
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Conclusions 

This study successfully introduces the concept of α-cut neutrosophic with z-numbers (αNZN) 

by combining the α-cut technique and the neutrosophic set with z-numbers. The proposed set 

provides different notable features. Firstly, it enables a more flexible judgment process, 

replacing rigid, conventional, and definitive evaluations with the more adaptable approach of 

the proposed αNZN. Secondly, fundamental properties of αNZN such as operational laws, 

union, intersection, and complement, are all examined. A proposal concerning the proposed 

properties is examined and validated. Thirdly, this article introduces two aggregation 

operators, namely, the αNZN-WA and αNZN-WG operators, which are used for aggregating 

α-cut neutrosophic sets with z-numbers (αNZN). In addition, several key desirable properties 

of the aggregation operators have been demonstrated and validated. 

The proposed αNZN model not only provides a new method for dealing with uncertainty but 

also offers significant improvements in handling inconsistent and incomplete information, 

which are commonly encountered in complex decision-making environments. The 

introduction of aggregation operators tailored to this framework further strengthens its 

applicability, making it a valuable tool for researchers and practitioners in fields ranging from 

business and management to engineering and computing. Future work can explore additional 

extensions to the αNZN framework, such as the incorporation of dynamic weighting 

schemes, adaptive α-cut levels, and the application of these models in real-time decision 

systems. Additionally, further empirical studies are needed to validate the effectiveness of the 

αNZN framework in diverse decision-making contexts, ensuring its practical utility and 

widespread adoption. 
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