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Abstract

In this paper, we lntroduce a new double distribution,
called double length-biased Weibull distribution. The dis-
tribution is generated using random sign mixture transform
and has support on the whole real line. The main fea-
tures of the distribution which include shape properties of
the density and distribution functions as well as moments
and related measures are presented. Entropy and extropy
measures of the distribution are derived. Parameter esti-
mates are derived using the maximum likelihood estimation
technique and the efficiency of these estimates is assessed
through a simulation study. An application to a standard-
ized car prices data is presented to highlight the usefulness
of the model.
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1 Introduction

The Weibull distribution introduced in [12] has probability density
function (PDF)

fW (x;α, θ) =
α

θα
xα−1 e−(x/θ)

α

, x > 0,

where α, θ > 0 are the shape and scale parameters, respectively. Its
mean is E(W ) = Γ(1 + 1/α) θ, where Γ(·) is the gamma function.
The Weibull distribution may be regarded as a key probability dis-
tribution in statistics due to its extensive use in social sciences,
reliability studies, and survival analysis. On the other hand, the
length-biased Weibull (LBW) distribution has PDF

fX(x;α, θ) =
x fW (x;α, θ)

E(W )
=

α xα e−(x/θ)
α

Γ(1 + 1/α) θα+1
, x > 0. (1)

For more details about LBW distribution, see [11] and [5].
To extended its applications for data on the whole real line, we

follow the procedure presented by [4] to construct a double length-
biased Weibull (DLBW) distribution using the random sign mixture
transform (RSMT) given by

Z = Y X1 − (1− Y )X2, (2)

where Y is a Bernoulli random variable (RV) with parameter β ∈
(0, 1), X1 and X2 are independent LBW RVs independent of Y.

Using the RSMT, several double distributions appeared in the
literature. For example, [3], [1], and [2] introduced double inverse-
Gaussian, double log-normal, and double Chaudhry-Ahmad distri-
butions, respectively.

The contents of this article are arranged as follows. The main
statistical features of the DLBW distribution are covered in Section
2. The maximum likelihood estimates (MLEs) and their asymptotic
distributions are provided in Section 3. A simulation study is con-
ducted in Section 4 to examine the performance of the MLEs. The
proposed DLBW distribution is fitted to a real dataset in Section
5. Lastly, in Section 6, the conclusions and remarks are discussed.
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2 Statistical properties

2.1 Density and distribution functions

The PDF of DLBW distribution is

fZ(z) =

{
β fX2(|z|;α2, θ2), z < 0,

β fX1(z;α1, θ1), z ≥ 0,
(3)

where β = 1− β and, for αj, θj > 0, j = 1, 2,

fXj(x;αj, θj) =
αj

Γ(1 + 1/αj) θ
αj+1
j

xαj e−(x/θj)
αj
, x > 0, (4)

are the PDFs of the LBW distributions.
The DLBW distribution has two modes given by

Mode(Z) = − Mode(X2) and Mode(X1), (5)

where, for j = 1, 2,
Mode(Xj) = θj, (6)

are the modes of the LBW distributions.

2.2 Cumulative distribution function

The cumulative distribution function (CDF) of DLBW distribution
is given by

FZ(z) = P (Z ≤ z) =

{
β [1− FX2(|z|;α2, θ2)] , z < 0,

β + β FX1(z;α1, θ1), z ≥ 0,
(7)

where, for j = 1, 2,

FXj(x;αj, λj) = P (Xj ≤ x)

= 1− Γ(1 + 1/αj; (x/θj)
αj)

Γ(1 + 1/αj)
, x > 0, (8)
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Figure 1: PDF and CDF of DLBW distribution: (β, α1, θ1, α2, θ2) :
(0.3, 5, 1, 2, 1)( ), (0.5, 5, 1, 2, 1)( ), (0.7, 5, 1, 2, 1)( ).

are the CDFs of the LBW distributions and

Γ(a; t) =

∫ ∞
t

ya−1 e−ydy, a, t > 0, (9)

is the upper incomplete gamma function.
Figure 1 shows the the PDF and CDF of the DLBW distribution

for selected values of the parameters. This figure also shows that
the PDF curve has two modes -1 and 1. The PDF curve on the
negative (positive) side gets lower (higher) as β increases. The CDF
curve gets lower as β increases.

2.3 Moments

The rth moment of the DLBW distribution is given by

E(Zr) = β E(Xr
1) + (−1)r β E(Xr

2), r ≥ 1, (10)

where, for j = 1, 2,

E(Xr
j ) =

(r + 1)Γ((r + 1)/αj)

Γ(1/αj)
θrj , (11)

are the rth moments of LBW distributions.
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In particular, the first two raw moments of DLBW distribution,
respectively, are

E(Z) = β
2Γ(2/α1)

Γ(1/α1)
θ1 − β

2Γ(2/α2)

Γ(1/α2)
θ2,

E(Z2) = β
3Γ(3/α1)

Γ(1/α1)
θ21 + β

3Γ(3/α2)

Γ(1/α2)
θ22.
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Figure 2: Mean, variance and coefficient of variation of the DLBW
distribution as a function inβ: (α1, θ1, α2, θ2) : (3, 3, 2, 1)( ),
(3, 2, 2, 1)( ), (2, 1, 1, 1)( ).

Figure 2 shows the mean µ = E(Z), variance σ2 = E(Z2) −
[E(Z)]2 and coefficient of variation σ/µ of the DLBW distribution

International Journal of Applied Mathematics
Volume 38  No. 11s  2025,  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

   Received: August 02, 2025 2312



as a function in β for selected values of the parameters (α1, θ1, α2, θ2).
This figure also shows that the mean (variance) is a linear (quadratic)
function in β.

2.4 Entropy and extropy

Entropies are measures of a system’s variation, instability, or un-
certainty.

For a RV V with PDF fV (v), the following are two well known
entropies:

1. Tsallis entropy: (see [10])

Ts(V ) =
1

s− 1
{1− E[f s−1V (V )]}, 0 < s 6= 1.

2. Shannon entropy: (see [8])

H(V ) = E[− ln fV (V )]} = lim
s→1

Ts(V ).

Tsallis entropy of DLBW distribution is given by

Ts(Z) = Ts(Y ) + βs Ts(X1) + β
s
Ts(X2), (12)

where

Ts(Y ) =
1− βs − β s

s− 1
, (13)

is Tsallis entropy of Bernoulli distribution and, for j = 1, 2,

Ts(Xj) =
1

s− 1

{
1−

α2s−1
j θ1−sj Γ(s+ 1/αj)

ss+1/αj [Γ(1/αj)]s

}
, (14)

are Tsallis entropies of the LBW distributions.
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Shannon entropy of DLBW distribution is given by

H(Z) = H(Y ) + β H(X1) + β H(X2), (15)

where
H(Y ) = −β ln(β)− β ln(β), (16)

is Shannon entropy of Bernoulli distribution and, for j = 1, 2,

H(Xj) = 1 + 1/αj − ln

[
αj

θj Γ(1 + 1/αj)

]
− ψ(1 + 1/αj), (17)

are Shannon entropies of the LBW distributions.
Alternative measure of uncertainty, called extropy, is given in

[6].
For a RV V with PDF fV (v), the extropy of V is given by

J(V ) = −1

2
E[fV (V )]} = −1

2
[1− T2(V )].

The extropy of DLBW distribution is given by

J(Z) = β2 J(X1) + β
2
J(X2), (18)

where, for j = 1, 2,

J(Xj) = − αj(1 + αj)

23+1/αj Γ(1/αj) θj
, (19)

are extropies of the LBW distributions.
Figure 3 shows that Tsallis and Shannon entropies of DLBW

distribution can be negative/positive but the extropy, by definition,
is always negative.
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Figure 3: Tsallis, Shannon entropies and extropy of DLBW dis-
tribution as a function in β: (α1, θ1, α2, θ2) : (6, 1, 5, 1)( ),
(5, 2, 6, 1)( ), (5, 0.5, 5, 3)( ).
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3 Maximum likelihood estimation

In this section, we derive the MLEs of the parameters of DLBW
distribution and their asymptotic distributions.

Let z1, z2, . . . , zn be a random sample from DLBW(β, α1, θ1, α2, θ2)
distribution.The log-likelihood function is given by

lnL(β, α1, θ1, α2, θ2) =
∑
zi>0

ln[β fX1(zi;α1, θ1)]

+
∑
zi<0

ln[β fX2(|zi|;α2, θ2)]. (20)

(i) MLE of β:

β̂ = n1/n, (21)

where n1 is the number of positive zi’s,
(ii) MLE of α1: α̂1 is the solution, in α1, of the equation:

1

α1
ψ(1+1/α1)+

α1C1

n1
+

1

α1
ln

[
M1(α1)

n1(1 + 1/α1)

]
−(α1+1)

L1(α1)

M1(α1)
+1 = 0,

(22)

where

C1 =
∑
zi>0

ln zi, L1(α1) =
∑
zi>0

zα1
i ln zi, M1(α1) =

∑
zi>0

zα1
i . (23)

(iii) MLE of θ1:

θ̂1 =

[
M1(α̂1)

n1(1 + 1/α̂1)

]1/α̂1

. (24)

(iv) MLE of α2: α̂2 is the solution, in α2, of the equation:

1

α2
ψ(1+1/α2)+

α2C2

n2
+

1

α2
ln

[
M2(α2)

n2(1 + 1/α2)

]
−(α2+1)

L2(α2)

M2(α2)
+1 = 0,

(25)
where n2 = n− n1 and

C2 =
∑
zi<0

ln |zi|, L2(α1) =
∑
zi<0

|zi|α2 ln |zi|, M2(α1) =
∑
zi<0

|zi|α2 . (26)
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(v) MLE of θ2:

θ̂2 =

[
M2(α̂2)

n2(1 + 1/α̂2)

]1/α̂2

. (27)

The Fisher information matrix about (β, α1, λ1, α2, λ2) is given
by

I(β, α1, θ1, α2, θ2) = diag
(
IY (β), β IX1(α1, θ1), β IX2(α2, θ2)

)
,
(28)

where IY (β) = 1
β β

is the Fisher information about β,

IXj(αj, θj) =

[
I11(αj, θj) I12(αj, θj)
I12(αj, θj) I22(αj, θj)

]
, (29)

are the Fisher information matrices about (αj, θj), j = 1, 2, and

I11(α, θ) =
(1 + α) [ψ2(2 + 1/α) + ψ′(2 + 1/α)]

α3

+
2α[α + ψ(1/α)] + ψ′(1/α)

α4
, (30)

I12(α, θ) = −1 + (1 + α)ψ(2 + 1/α)

αθ
, (31)

I22(α, θ) =
α(1 + α)

θ2
. (32)

Moreover, the asymptotic distribution of the MLEs is given by:
As n→∞,

√
n


β̂ − β
α̂1 − α1

θ̂1 − θ1
α̂2 − α2

θ̂2 − θ2

 d−→ MVN
(
0, I−1(β, α1, θ1, α2, θ2)

)
(33)

where
d−→ denotes convergence in distribution and MVN stands

for multivariate normal distribution.
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4 Simulation study

The generalized gamma (GG) distribution (Stacy, 1962) has PDF

fX(x; a, b, k) =
b

Γ(k) ab k
xb k−1 e−(x/a)

b

, x > 0, a, b, k > 0.

We understand that the GG(a = θ, b = α, k = 1 + 1/α) distribu-
tion is equivalent to the LBW(α, θ) distribution. This link is quite
beneficial for any calculations related to the LBW distribution, as
the GG distribution is available in the library(ggamma) of the R

programming language [7].
The objective of this section is to conduct a simulation study

to assess the finite-sample behavior of the MLEs of the parameters
of the proposed DLBW distribution. This study was conducted
over 10, 000 iterations. In each iteration, a random sample of sizes
n = 50, 100, . . . , 500 is drawn from the DLBW distribution with
true parameters (β, α1, θ1, α2, θ2) = (0.4, 0.5, 1, 1, 0.5), (0.5, 1,
0.5, 0.5, 1), (0.6, 2, 1, 1, 2), (0.7, 2, 1, 2, 1), using the following
procedure:

1. Generate Yi ∼ Bernoulli(β), i = 1, 2, . . . , n;
2. Generate X1,i ∼ GG(θ1, α1, 1 + 1/α1), i = 1, 2, . . . , n;
3. Generate X2,i ∼ GG(θ2, α2, 1 + 1/α2), i = 1, 2, . . . , n;
4. Set Zi = Yi X1,i − (1− Yi) X2,i, i = 1, 2, . . . , n.
The study evaluates the simulation metrics, which include av-

erage bias (AB), mean square error (MSE) of the MLEs, and the
coverage probability (CP) for the 95% confidence intervals of each
parameter.

Figure 4 shows that the average bias of the MLE of β can be
negative/positive while the biases of the remaining MLEs are posi-
tive. All average biases are small. Figure 5 shows that the MSE of
the MLEs of the parameters are small and decrease as n increases.
Figure 6 shows that the coverage probability of 95% confidence
interval of each parameter is close to the nominal level of 95%.

The last remarks about Figures 4 - 6 demonstrate that the MLEs
of the parameters of the DLBW distribution are well behaved for
point estimation and confidence intervals.
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Figure 4: Average bias of the MLEs of the parameters of
DLBW distribution: (β, α1, θ1, α2, θ2) : (0.4, 0.5, 1, 1, 0.5)( ),
(0.5, 1, 0.5, 0.5, 1)( ), (0.6, 2, 1, 1, 2)( ), (0.7, 2, 1, 2, 1)( ).
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Figure 5: MSE of the MLEs of the parameters of DLBW
distribution: (β, α1, θ1, α2, θ2) : (0.4, 0.5, 1, 1, 0.5)( ),
(0.5, 1, 0.5, 0.5, 1)( ), (0.6, 2, 1, 1, 2)( ), (0.7, 2, 1, 2, 1)( ).

International Journal of Applied Mathematics
Volume 38  No. 11s  2025,  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

   Received: August 02, 2025 2320



n

CP
 β

50 10
0

15
0

20
0

25
0

30
0

35
0

40
0

45
0

50
0

0.
93

6
0.

94
0

0.
94

3
0.

94
7

0.
95

1
0.

95
4

n

CP
 α
1

50 10
0

15
0

20
0

25
0

30
0

35
0

40
0

45
0

50
0

0.
94

7
0.

94
8

0.
95

0
0.

95
1

0.
95

3
0.

95
5

n

CP
 θ
1

50 10
0

15
0

20
0

25
0

30
0

35
0

40
0

45
0

50
0

0.
88

8
0.

90
1

0.
91

4
0.

92
7

0.
94

0
0.

95
3

n

CP
 α
2

50 10
0

15
0

20
0

25
0

30
0

35
0

40
0

45
0

50
0

0.
94

5
0.

94
7

0.
94

9
0.

95
1

0.
95

3
0.

95
5

n

CP
 θ
2

50 10
0

15
0

20
0

25
0

30
0

35
0

40
0

45
0

50
0

0.
89

8
0.

90
8

0.
91

9
0.

92
9

0.
93

9
0.

95
0

Figure 6: CP of the 95% confidence intervals of the parameters
of DLBW distribution: (β, α1, θ1, α2, θ2) : (0.4, 0.5, 1, 1, 0.5)( ),
(0.5, 1, 0.5, 0.5, 1)( ), (0.6, 2, 1, 1, 2)( ), (0.7, 2, 1, 2, 1)( ).
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5 Application

Car prices data, x1, x2, . . . , x135, in Polish currency (in thousands)
of 135 cars of Toyota Verso produced in 2013-2016 offered for sale
by Polish automotive portals are reported in[9]. We standardized
this data using the transformation zi = (xi−x̄)/s, i = 1, 2, . . . , 135,
where x̄ = 49.065 and s = 10.235 are the sample mean and standard
deviation of car prices, respectively.

Figure 7 shows the density histogram of the data z1, z2, . . . , z135.
This figure also shows that this data is bimodal with one mode on
each side of the origin.
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Figure 7: Density histogram of the standardized car prices data.

Table 1: Summary of the fitted DLBW model for the standardized
car prices data.

Parameter MLE S.E. ln L̂

β 0.504 0.043 -151.635
α1 2.668 0.297
θ1 0.883 0.048
α2 1.600 0.205
θ2 0.732 0.079
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Table 2: Goodness-of-fit tests of the fitted DLBW model.

Goodness-of-fit test Statistic p-value

Kolmogrov-Smirnov 0.060 0.717
Anderson-Darling 0.358 0.889
Cramer-von Misses 0.048 0.891

Table 1 provides a summary of the fitted DLBW model while
Table 2 shows the suitability of the fitted DLBW model. Figure 8
provides extra diagnostic plots which confirm the suitability of the
fitted DLBW model.
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Figure 8: Diagnostic plots of the fitted DLBW model.
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6 Conclusion and comments

The double length-biased Weibull model is introduced here through
a random sign mixture transformation procedure. Various statisti-
cal characteristics of the proposed model are discussed. The max-
imum likelihood estimation technique is employed to estimate the
parameters of the model. A simulation study is conducted to evalu-
ate the accuracy of these estimates. The application of the proposed
model to a real dataset consisting of standardized car prices demon-
strates a very good fit. Future research may investigate Bayesian
estimation method or address censored data. We believe that data
analysts will find the model presented here to be beneficial.
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