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Abstract

In this article two new sets associated with the ver-
tex set of a finite graph namely equitable degree set and
non-equitable degree set are derived. Furthermore, equi-
table and non-equitable number of some standard classes of
graphs identity graph is evaluated.
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1 Introduction and Basic Definitions

Graphs are mathematical structures used to model pairwise rela-
tions between objects. To study and compare graphs effectively,
several numerical parameters-known as graph invariants-are used
[2]. In graph theory, numerical parameters such as the domina-
tion number, clique number, and chromatic number play a vital
role in understanding the structural and functional characteristics
of graphs. Let P denote any property a graph G; P is said be
hereditary if, whenever a graph G has property P and G' C G,
then G’ also has property P [4]. For more definitions, notations
and terminologies not covered here,follow [1].

2 Equitable and non-equitable number
of a Graph

In this section, two new subsets of the vertex set of the given graph
satisfying some special conditions are derived.

Definition 1. Let G = (V, F) be a connected graph. A subset
U of V is called equitable degree set of G, if deg(u;) = deg(u;)
and d(u;,u;) = k, for some k € N, V i, j, u;, u; € U. The maximum
cardinality of equitable degree set of GG is called equitable degree
number of G denoted by £(G).

Non-equitable degree set of G can be defined similarly.

Definition 2. Let G = (V, F) be a connected graph. A subset
W of V is called non- equitable degree set of G, if deg(u;) #
deg(uj) and d(u;,uj) # k, for some k € N, V ¢,j,u;,u; € W.
The maximum cardinality of non-equitable degree set of G is called
non-equitable degree number of G denoted by £*(G).

Consider the example. For this graph in Figure 1, U = {vy, v3, v4, v5}
forms an equitable degree set since deg(vy) = deg(vs) = deg(vy) =
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deg(vs) = 4 and d(vy,v3) = d(vg,v4) = d(ve,vs5) = d(vs,v4) =
d(vs,vs) = d(vg,vs5) = 1. Since there is no other set having cardi-
nality greater than U satisfying the properties of equitable degree
set, we can say that £(G) = |U| = 4.

Consider the sets. W1 = {’017 U2, Uﬁ} 3 WQ = {Ul, Vs, Uﬁ} > W3 =
{Ul, V4, UG} > W4 = {Ul, Vg, U7} 5 W5 = {Ul, Vs, U7} 5 W6 = {’Ul, Vg4, U7} 5 W7 =
{UQ, Vg, U7} R Wg = {Ug, Vg, ’U7} s Wg = {U4, Vg, ’07}.

VU3 Us vy

Ve

V4

U1

Figure 1: G

Here for the set Wy, deg(v1) = 3,deg(ve) = 4,deg(vg) = 2. That
is, deg(vi) # deg(va) # deg(vs) and d(vi,v2) = 1,d(vi,v6) =
3, d(ve,vg) = 2. That is, d(v1,ve) # d(v1,ve) # d(ve,ve). Hence Wy
forms a non-equitable degree set. Similarly we can verify that the
remaining set W;,i = 2,3,4,5,6,7,8,9 also forms a non-equitable
degree set. In this case we can see that £*(G) = 3.

Let G be a simple graph with order atleast 2. Then G has
atleast two vertices of the same degree. Without loss of generality
assume that G has two vertices of the same degree. Let v; and
v9 be the vertices. Then U = {v;,ve} forms an equitable degree
set of G. This guarantees that for any graph with order n > 2,
equitable degree set exists. But existence of non-equitable degree
set cannot be guaranteed. For example, there doesnot exist any
non-equitable degree set in G, if G is regular. If the graph G is not
regular then the two vertices having different degrees will always
forms a non-equitable degree set.
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3 Equitable and Non-equitable number
of Some Standard Classes of Graphs

In this section, equitable and non-equitable degree set of some
classes of graphs viz. path, complete bipartite graph, complete
graph, cycle, r-regular graph derived. Then we evaluate £(G) and
E*(Q) of these graphs.

Theorem 3. Forn >3, E(P,) =&*(P,) =2.

Proof. Let vq,vs,...,v, be the vertices of P, in which v; is ad-
jacent to v;_; and v;41, where ¢ = 2,3,...,n — 1. Let v; and v,
be the pendant vertices and vs, vs3, ..., v,_1 be the internal vertices.

Clearly deg(vy) = deg(v,) = 1 and deg(v;) =2, Vi=2,3,...,n—1.

Consider the sets Vi = {v1,v,,} and Vo = {v;,v;} where i # j
and 7,7 € {2,3,...,n—1}. Then V] and V, forms the equitable
degree set for P, and no other set having more than 2 vertices can
satisfy the properties of an equitable degree set for P,. It is trivial
that V; has the required property. Consider the set V5. If possible,
let V5 contains three vertices say, v;, v; and vi, where ¢ # j # k and
i,j,k €42,3,...,n—1}. Clearly, deg(v;) = deg(v;) = deg(vi,) = 2.
Since, v;,v; and vy are three internal vertices of the path P, and
i # j # k, their indices must satisfy either one of the following:
1<j<kji<k<jji<i<kj<k<ik<ji<ik<i<jy.
Case 1: i < j <k

In this case, d(u;, uj) = i—j and d(u;, u) = k—j and d(w;, ug,) =
k—j.

Consider,

k—i|=|k—j+7—1
<|k—jl+1j—1il
= d(uj, ug) + d(ui, uy).

Hence in this case, the set {u;,u;,u;} doesnot form an equitable
degree set.
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In a similar manner, Case (2)-Case(6) can be proved.
Case 2: i< k<j
Case 3: j<i<k
Case 4: j < k<1
Case 5: k< j <1
Case 6: k£ <i <.

Hence £(P,) = 2.

Let us consider the sets Hy; = {v1,v;} where j € {2,3,...n — 1}
and Hy; = {v,,v;} where j € {2,3,...n — 1}. Clearly Hy; and Hy;
forms non-equitable degree set for P, and it is the only sets with
the maximum cardinality. Hence £*(P,) = 2. This completes the
proof. O

Theorem 4. For a complete bipartite graph K,,,,m,n >
2,m=#n

E(Kpmy) =max{m,n} and E"(Ky,)=2.

Proof. Let V' be the vertex set of K,,,. Then clearly, |V| =
m +n. Let V= Vi3 UV, where V| = {w;,i=1,2,...,m} and
Vo = {vg, k =1,2,...,n} be the partite sets. Consider the set V.
Here deg(u;) = deg(u;) = n and d(u;,uj) =2V i,5 € {1,2,...,m}
with ¢ # j. So V; forms an equitable degree set of K,,,. In a
similar manner we can show that V5 also forms an equitable degree
set of Ky, .

Consider the sets V;; = {u;,v;} for some ¢ € {1,2,...,m} and
j €{L,2,...,n}. Here deg(u;) # deg(v;) whenever m # n. Since
the maximum cardinality of the set with this property is 2, we can
say that E*(K,,.,) = 2. O

Theorem 5. For the complete graph K,,, n > 2, £(K,) = n.

Proof. Let vi,vs,...,v, be the vertices of K,,. Then we know
that deg(v;) =n—1Vi=1,2,...,nand d(v;,vj) =1V i # j,i,j =
1,2,...,n. Hence U = {vy,vy,...,v,} forms an equitable degree

set for G. Since |U| = n, and the subset of the vertex set of K,
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with largest possible cardinality is U, we have £(K,) = n. This
completes the proof. O

Theorem 6. For the cycle C,,,n >3

£(C,) = 3,if n=0 mod 3
" )2if n=1,2 mod 3.

Theorem 7. For an r-regular graph G, non-equitable degree
set does not exists.

In this section, the equitable and non-equitable degree set of
identity graphs of finite cyclic group is defined and hence determine
the equitable degree number and non-equitable degree number of
these graphs.

Definition 8. [3] Let G be a group. The identity graph of
group G is a graph with the elements of group G as its vertices
which satisfies these properties:

a) Two elements x,y in group G are connected by an edge if
xy = e, with e is the identity element for group G.

b) Each element of G is connected by an edge with the identity
element e.

Theorem 9. Let GG; denotes the identity graph of a group of

-1
order n, where n is odd. Then £(G;) = n—,S*(Gi) = 2.

2

Proof. Let G = {g | ¢" =1} with n is an odd integer is a
cyclic group with multiplication operation and is of the n" order.
The elements of G are {1,9,¢% ¢ ¢ ...,9"'}. We can see that
gyt =1,¢%"?=1,...,g" g = 1. Thus, for any non-identity
element g, we have ¢fg"* = 1, for k € Z* and k < n. In the
identity graph of G, the vertices of the triangle are 1, g* and ¢g"*.

Consider the following sets Uy = {g,9%,¢°,...,¢" 2} and Uy =

{9?,9% ¢% ..., ¢g"'}. Then U; and U, forms equitable degree set of
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G; since each vertex of U; and U, is 2 and distance between each

-1
vertex in the same is 2. This shows that £(G;) = z 5

For the other result, consider the set V; = {e, ¢’} where i €
{1,2,...,n—1}. Here deg(e) = n — 1 and deg(g') = 2 for any
1=1,2,...,n—1. Each of the sets V; forms a non-equitable degree
set for G;. Hence £*(G;) = 2. This completes the proof. O

Theorem 10. Let G; denotes the identity graph of a group of

M2 ey =2

order m, where m is even. Then £(G;) = 5
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