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Abstract

In this paper, we evaluate two binomial transformations
of a certain product of rising and falling factorials and its
alternating analogous. We derive recurrence for these trans-
formations and derive an explicit formula for one of them.

Math. Subject Classification: 05A10, 11B65

Key Words and Phrases: Binomial transform, rising
and falling factorials, sums, recurrence relation

1 Introduction

Let the sequence {b,} is given. The sequence {h,} defined by

S0

k=0

Received: August 02, 2025 2283



International Journal of Applied Mathematics
Volume 38 No. 11s 2025,
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

is called as the binomial transform of the sequence {b,}.

For more details about the binomial transform of a sequence
and especially the relationships between the exponential generating
functions of a given sequence and its binomial transform, we refer
to the works [2, 3] and their references list.

For a positive integer m, the falling and rising factorial are de-

fined by

m

z™ = z(x —1)..(r —m+1),

" = z(x+1)..(r+m—1),

respectively, with 20 = 20 = 1.

In [4], Spivey studied binomial transformation of certain se-
quences and especially he gave some results on the binomial trans-
formations of falling factorials. He gave some relationships between
the binomial transformation of a sequence {b;} and {Ab}, where
A is the difference operator defined by Aby, = bgi1 — bx. Now we
recall the following two results (Theorems 1 and 2 in [4]): Firstly,
for all integer n, if {g,} is the binomial transform of the sequence
{ax}, then

{n+1—gn —ao[n = —1]}

is the binomial transform of the sequence {ay1}.

Let {a} and {bx} be sequences such that Aby = ax. Secondly, if
{g,} and {h,} are the binomial transform of these sequences {ay}
and {by}, respectively, then

gn = hn+1 — th — bo[n = —1]

By the result given in [4] and some known facts, Spivey showed

that .
(7} e
k=0

and
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which are the identities 11 and 17, respectively in [4].

In this paper we will obtain recurrence relations for the binomial
and alternating binomial transformation of a sequence constructed
as a certain product of falling and rising factorials. Further we
derive an explicit formula for the alternating binomial transform of
the sequence by solving its recurrence relation.

2 The main results

We give some new results including binomial transformations of
certain product of rising and falling factorials and their alternating
analogous. Let

1 fmpm 1 -
_ _ 1 .
m—1 k o1 ktm—1)

bk

Theorem 1. If h, = Y7 (%)bk, then the sequence {h,}
satisfies the recurrence relation

(n+1—m)h,11 = (3n+ 1)h, — 2nh,_;.

Proof. Let ay = Abg and g, = >, _, (Z)ak. Then by Theorem
2 in [4], we have

gn = hn+1 - 2hn — bg[n = —1]

Since by = 0, we get
On the other hand, we have

ak:Aka(k’—Fm—l)M

and
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Combining these, we have

" /n 1 " /n
= = — 1
hn Z (k) bk om — 1 2 (k) (l{ m + )ak

k=0

= le— 1 Z (Z)k‘ak — mz (Z)ak + Z (Z)ak
k=0 k=0 k=0

1 " /n
2m—1<;(k) @k mg +g>

Since (Z) = %(Zj), we write

n n n—1
n n—1 n—1
2 (k)k:ak = E (k B 1>nak = nkE:O < i )akH.

k=1

By Theorem 1 in [4], we write

n

> (Z)’fak =n(gn — gn-1 —ag[n =0]).

k=0

Since ag = 0, we write

3y (Z) kaw = n(gn — gn_1).

Thus we conclude

1
" om—1

(n(gn = gn-1) — MG + ) - (2)
By (1) and (2), we obtain the recursion for the sequence {h,}
(n+1—=m)h,11 = 3n+ 1)h, — 2nh,_,

as claimed. O
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2025,

Since the recurrence of {h,} depend on both n and m, we could
present its solution according to the cases of m by the following

table:
m Recurrence Solution
1 nhp1= (3n+ 1)h, —2nh, 1 | hy,=n2"""
2| (n—1)h, = Bn+ 1)h,—2nh,_, | h,= 22030 2
3| (n—2)h,,,=Bn+1)h,~2nh, | h,=n32r—5 )
4] (n—3)h,,,= (3n+ 1)h,~2nh,_; | h,= ni2n-7 I

As an alternating analogue of Theorem 1, we give our second

result.

Theorem 2. Let {by} be defined as before and c¢;, = (—1)b,
and s, = Y, (7)cx. Then the sequence {s,} satisfies the recur-

rence

(mn+1—=m)s,t1=(n+1—2m)s,.

1 " /n
———¢, and v, = Z ( )dk7
(2m — 2)! e~ \k

Also if
dy =

then for n > m

Proof. Let a;, = Ac¢;, =

m—1
el = —1)"
wer= ()

—ok—
k—m+

~cy. Thus

(—2k3 — 1)Ck = (I{Z —m + 1)6Lk

By Theorem 2 in [4], we have

" /n
Ty = Z (k)ak = Spi1 — 28, — co[n = —1].
k=0

Since ¢y = 0, we

get

Tn = Spt1 — 28n.
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Also

n

—2’; (Z)kck - kZ:O

—2n(8, — Sp_1) — Sn.

(5)e
(4)
On the other hand we have
(—2k — 1)eg = (E—m + 1)ay,

which, after some computations, gives us

n n

2

k=0

(Z) (—2k — 1)ey

By combining (3), (4) and (5),

(n+1—m)sp11=(n+1—2m)s,,

; (Z) (k—m+1)ag

(n—m+1)r, —nr,_q.

(5)

we have

(6)

as claimed.
For the sequence {v,}, we note that if 0 < n < m — 1, then

v, = 0 and v, = (—1)"™. On the other hand, since dj, = MC;C,
we get
" /n " /n 1 1
n — dp = = ns
=2 <k) =2 </<;) 2m—2)!1* " @m—2)”
k=0 k=0
S0 v,, satisfies the recursion in 6. Since
(n+1—2m)
Sn+1 = 77— Sny
(n+1—m)
for n > m, in n — m + 1 times step later we obtain
(n+1—=2m)(n—2m) (m+1-—2m)
Sp+1 = Sm-
nm+1—m) (n—m)  (m+1-—m)
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So
(n+1—-2m)(n—2m) (1—m)

(m+1-=m) (n—m) 1 vms
which, by v,, = (—=1)™, equals

Un4+1 =

(m—(mn—-m+1)(m—(n—m)) (m-—1)
(n+1—m) (n—m) 1

m— 1
il = —1)*H,
Vit (n—i—l—m)( )

Here we shall note that the sequence {h,} defined in Theorem
1 has the form

(=",

which gives us

]

1
2m —1
where p,,(n) is the polynomial in n of degree m — 1, satisfied the
recurrence relation

nm2n—(2m—l)pm (n>7

Pmt1(n) = (An+4m)pm (n)— (4n—2)pm(n—1)+(n—m—1)py(n-2).
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