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Abstract 

 In the field of engineering, The Beam equation plays a vital role in studying the vibrations and 

stability of civil structures with mechanical design. In the present work, the Laplace Bernoulli 

wavelet method is used to solve it. Due to multi resolution representation of the function along 

with accuracy of the approximate solution and minimal computational time, the method is 

effective and is one of the alternative methods compared to traditional methods. 
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1 Introduction 

Today, wavelet theory has received considerable attention in the field of engineering and other 

disciplines of science. Wavelets are used in signal processing, numerical and system analysis, 

optimal control theory, etc. The several research articles investigated solution of the beam 

equation from different perspectives. J.Camacho finds the exact traveling wave solution of a 

beam equation in [4].H.Wei and S.Ji studied the periodic solutions for a class of semi linear 

Euler-Bernoulli beam equations with variable coefficients in [6].The solution of Bidirectional 

dispersive hyperbolic equations by New revival phenomena was given in [3] by G.Farmakis. 

In[14], P.McKenna and W.Walter studied traveling wave solutions in the nonlinear beam 

equation. The solution of the nonlinear beam equation by variational proof, via the mountain 

pass lemma was given in [12,13]. The beam equation is transformed into an ordinary 

differential equation is discussed in [17]. In [2,15,16] the authors studied the beam equation by 

numerical and variational iterative methods. 

      Wavelets is a class of functions that are constructed from the dilation parameter ‘a’ and the 

translation parameter ‘b’ of the function known as ‘mother wavelet’ and are given by [1,7], 
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 ψ𝑎,𝑏(𝑥) =  
1

√|𝑎|
 ψ (

𝑥−𝑏

𝑎
)  where 𝑎, 𝑏 are real numbers and a ≠ 0. 

The continuous wavelet transform [1,7,10] of the function f is given by,   

𝑊𝑓(𝑎, 𝑏) = ∫ f(t) ψ𝑎,𝑏(𝑡)𝑑𝑡
∞

−∞
  and  

The discrete wavelet transform [7,10] is given by, 

 ψ𝑘,𝑛(𝑥) =  
1

√|𝑎|
 ψ(𝑎0

𝑘𝑥 − 𝑛𝑏0)  where  ψ𝑘,𝑛(𝑥) forms the basis of 𝐿2(ℝ). 

 The following is an outline of the paper structure: 

       An overlook of Bernoulli wavelets and approximation of function is given in Section 2. 

The method of solution of both linear and nonlinear beam equation is given in section 3. Section 

4 is about application of the Laplace Bernoulli wavelet transform method on two examples. 

Finally, the conclusion is given in section 5. 

2 Bernoulli wavelets [5,8]: 

Bernoulli wavelets  B𝑛,𝑚(𝑥) =  B(𝑘, ň, 𝑚, 𝑥) have been constructed using  four arguments =

ň = 𝑛 − 1, 𝑛 = 1,2,3, … , 2𝑘−1 , k is a positive integer and m is the order of the Bernoulli 

polynomial with normalized time ‘x’. 

 B𝑛,𝑚(𝑥) = {−2
𝑘−1

2 Ɓ𝑚(2𝑘−1𝑥 − 𝑛 + 1),
𝑛 − 1

2𝑘−1
  ≤ 𝑥 ≤

𝑛

2𝑘−1

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 

Where Ɓ𝑚(𝑥) = {

1, 𝑚 = 0
1

√
(−1)𝑚−1(𝑚!)2

(2𝑚)!

𝔅𝑚(𝑥), 𝑚 > 0 

And 𝑚 = 0,1,2, … , 𝑀 − 1 and 𝔅𝑚(𝑥)   are known as Bernoulli polynomials[9,11,18] of order 

m defined on  interval [0,1) and are given by  

𝔅𝑚(𝑥) = ∑ (
𝑚

𝑗
) 𝐵𝑚−𝑗

𝑚

𝑗=0

𝑥𝑗 

Where 𝔅𝑗 = 𝔅𝑗(0), j=0,1,…,m are the Bernoulli numbers. 

For example, 𝑚 = 0,      𝔅0(𝑥) = 1 

                      𝑚 = 1,      𝔅1(𝑥) = 𝑥 −
1

2
 

                     𝑚 = 2,         𝔅2(𝑥) = 𝑥2 − 𝑥 +
1

6
 

                     𝑚 = 3,         𝔅3(𝑥) = 𝑥3 −
3

2
𝑥2 +

1

2
𝑥  and so on. 

The Bernoulli polynomials,  𝔅𝑚(𝑥)  forms the basis over the interval [0,1) with the condition 
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∫ 𝔅𝑚(𝑥)

1

0

𝔅𝑛(𝑥)𝑑𝑥 = (−1)𝑛−1
(𝑚!)(𝑛!)

(𝑚 + 𝑛)!
𝔅𝑚+𝑛         𝑚, 𝑛 ≥ 1 

 

Operational Matrix and Approximation of function [8,19] 

A function 𝑓(𝑥) is defined in the interval [0,1] can be approximated in terms of Bernoulli 

wavelets as 𝑓(𝑥) = ∑ ∑ 𝒞𝑛,𝑚𝐵𝑛,𝑚(𝑥) = 𝐶𝑇 . 𝐵(𝑥)∞
𝑚=0

∞
𝑛=1  

In truncated form, 𝑓(𝑥) = ∑ ∑ 𝒞𝑛,𝑚𝐵𝑛,𝑚(𝑥)𝑀−1
𝑚=0

2𝑘−1
𝑛=1 = 𝐶𝑇 . 𝐵(𝑥) 

Where 𝒞𝑛,𝑚 = (𝑓(𝑥), 𝐵𝑛,𝑚(𝑥)) both 𝐶 and 𝐵(𝑥) are the matrices of size 2𝑘−1𝑀 ∗ 1 

𝐶 = [𝐶1,0, 𝐶1,1, … , 𝐶1,𝑀−1,𝐶2,0, 𝐶2,1, … , 𝐶2,𝑀−1, … , 𝐶2𝑘−1,0, 𝐶2𝑘−1,1, … , 𝐶2𝑘−1,𝑀−1]𝑇 

𝐵(𝑥) = [𝐵1,0, 𝐵1,1, … , 𝐵1,𝑀−1,𝐵2,0, 𝐵2,1, … , 𝐵2,𝑀−1, … , 𝐵2𝑘−1,0, 𝐵2𝑘−1,1, … , 𝐵2𝑘−1,𝑀−1]𝑇 

Theorem 2.1[8,9]. Let 𝐵(𝑥) be the Bernoulli wavelet vector defined above. The derivative of 

vector 𝐵(𝑥) can be expressed as  
𝑑𝐵(𝑥)

𝑑𝑥
= 𝐷𝐵(𝑥). 

The matrix 𝐷 is the 2𝑘𝑀 ∗ 2𝑘𝑀 square matrix of derivatives defined as follows 

𝐷 = [

𝐹 0 … 0
0 𝐹 … 0
⋮ ⋮ ⋱ ⋮
0 0 … 𝐹

] 

Where 𝐹 is an 𝑀 ∗ 𝑀 matrix and (𝑟, 𝑠)𝑡ℎ  the element is defined by 

𝐹𝑟,𝑠 = {2𝑘√(2𝑟 − 1)(2𝑠 − 1),  𝑟 = 2,3, … , 𝑀, 𝑠 = 1,2, … , 𝑟 − 1, 𝑟 + 𝑠 𝑖𝑠 𝑜𝑑𝑑

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 Corollary 2.2[8,9]. The operational matrix for 𝑛𝑡ℎ derivative can be obtained from  

𝑑𝑛𝐵(𝑥)

𝑑𝑥𝑛 = 𝐷𝑛𝐵(𝑥), 𝑛 = 1,2, … where 𝐷𝑛 is the 𝑛𝑡ℎ power of 𝐷. 

3 Method of Solution 

Consider the Beam equation in linear form  Ɀ𝑡𝑡 + Ɀ4𝑥 = 0 … … … … … … … (1) 

Taking the Laplace transform on both sides of Eq.(1) , we get 

𝑠2ℒ(Ɀ) − sⱿ(x, 0) − Ɀ𝑡(𝑥, 0) + ℒ(Ɀ4𝑥) = 0 

𝑠2ℒ(Ɀ) = sⱿ(x, 0) + Ɀ𝑡(𝑥, 0) − ℒ(Ɀ4𝑥) 

ℒ(Ɀ) = 𝑠−1Ɀ(x, 0) + 𝑠−2Ɀ𝑡(𝑥, 0) − 𝑠−2ℒ(Ɀ4𝑥) 

Taking inverse Laplace transform on both sides, we get 

Ɀ = Ɀ(x, 0) + tⱿ𝑡(𝑥, 0) − ℒ−1[𝑠−2ℒ(Ɀ4𝑥)] … … … … … … … … … (2) 

Here, 
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ℒ−1[𝑠−2ℒ(𝑡𝑛)] = ℒ−1[𝑛! 𝑠−(𝑛+3)] 

                                                                                  =
𝑡𝑛+2

(𝑛+1)(𝑛+2)
      , 𝑛 = 0,1,2, … 

Clearly,  

ℒ−1[𝑠2ℒ(. )] = ∫ ∫(. )

𝑡

0

𝑡

0

𝑑𝑡𝑑𝑡 

Define a new operator, 

𝛱 = ℒ−1[𝑠−2ℒ(. )] 

Now using Bernoulli wavelet method, we get 

Ɀ(𝑥, 𝑡) = 𝐶𝑇𝐵(x,t) and Ɀ + 𝑡Ɀ𝑡(𝑥, 0) = 𝑉𝑇𝐵(𝑥, 𝑡) … … … … … … … … … … (3) 

Substituting Eq.(3) in Eq.(2), we obtain 

𝐶𝑇 = 𝑉𝑇 − (𝐶𝑇𝐷𝑥
4) 𝑃𝑡

4 … … … … … … … … … (4) 

To solve algebraic system (4), we required large computational time. In order to overcome this, 

we introduce the iteration formula as, 

Ɀ𝑛+1 = Ɀ(𝑥, 0) + 𝑡Ɀ𝑡(𝑥, 0) −  𝛱 (
𝜕4Ɀ𝑛

𝜕𝑥4
) 

Now, we will start iteration with initial value, Ɀ0 = Ɀ(x, 0) + tⱿ𝑡(𝑥, 0) we get, 

𝐶𝑛+1
𝑇 = 𝐶0

𝑇 − [𝐶𝑛
𝑇𝐷𝑥

4]𝑃𝑡
4 

 

Now, we solve the Beam equation in the nonlinear form, 

Ɀ𝑡𝑡 + Ɀ4𝑥 + 𝑓(Ɀ, , Ɀ𝑥, … ) = 0 … … … … . . (5) 

Taking the Laplace transform on both sides, 

𝑠2ℒ(Ɀ) − sⱿ(x, 0) − Ɀ𝑡(𝑥, 0) + ℒ (Ɀ4𝑥 + 𝑓(Ɀ, , Ɀ𝑥, … )) = 0 

𝑠2ℒ(Ɀ) = sⱿ(x, 0) + Ɀ𝑡(𝑥, 0) − ℒ (Ɀ4𝑥 + 𝑓(Ɀ, , Ɀ𝑥, … )) 

ℒ(Ɀ) = 𝑠−1Ɀ(x, 0) + 𝑠−2Ɀ𝑡(𝑥, 0) − 𝑠−2ℒ (Ɀ4𝑥 + 𝑓(Ɀ, , Ɀ𝑥, … )) 

Taking inverse Laplace transform on both sides, we get 

Ɀ = Ɀ(x, 0) + tⱿ𝑡(𝑥, 0) − ℒ−1[𝑠−2ℒ(Ɀ4𝑥) + 𝑓(Ɀ, , Ɀ𝑥, … )] … … … . . (6) 

Now using Bernoulli wavelet method, we get 

Ɀ(𝑥, 𝑡) = 𝐶𝑇𝐵(x,t) , Ɀ + 𝑡Ɀ𝑡(𝑥, 0) = 𝑉𝑇𝐵(𝑥, 𝑡) and 𝑓(Ɀ) = 𝐹𝑇𝐵(𝑥, 𝑡) … … … … (7) 

Substituting Eq.(7) in Eq.(6), we obtain 
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∴ 𝐶𝑇 = 𝑉𝑇 − (𝐶𝑇𝐷𝑥
4+𝐹𝑇)𝑃𝑡

4 … … … … … . . (8) 

To solve the above algebraic system, we required a large computational time. To overcome 

this, we introduce the approximation formula as follows: 

Ɀ𝑛+1 = Ɀ(𝑥, 0) + 𝑡Ɀ𝑡(𝑥, 0) −  𝛱 (
𝜕4Ɀ𝑛

𝜕𝑥4
+ 𝑓(Ɀ𝑛)) 

Now, we will start iteration with initial value, Ɀ0 = Ɀ(x, 0) + tⱿ𝑡(𝑥, 0) we get, 

𝐶𝑛+1
𝑇 = 𝐶0

𝑇 − [𝐶𝑛
𝑇𝐷𝑥

4 + 𝐹𝑛
𝑇]𝑃𝑡

4 

4 Application of Laplace Bernoulli wavelet method 

Example 4.1 Ɀ𝑡𝑡 + Ɀ4𝑥 = 0,   0 < 𝑥 < 2𝜋 … … … … . . (9) 

With boundary conditions Ɀ(0, 𝑡) = Ɀ( 2𝜋, 𝑡) = 0,    Ɀ𝑥𝑥(0, 𝑡) = Ɀ𝑥𝑥(2𝜋, 𝑡) = 0 

And Initial Conditions Ɀ(𝑥, 0) = sin(𝑥) , Ɀ𝑡(𝑥, 0) = 0 

The exact solution is given by Ɀ(𝑥, 𝑡) = sin(𝑥) cos (𝑡). 

Now, we solve Eq.(9) by Laplace Bernoulli wavelet transform method, we get 

𝐶𝑇 = 𝑉𝑇 − (𝐶𝑇𝐷𝑥
4) 𝑃𝑡

4 … … … . . (10) 

To solve algebraic system Eq.(10) , the approximation formula as follows 

Ɀ𝑛+1 = Ɀ(𝑥, 0) + 𝑡Ɀ𝑡(𝑥, 0) −  𝛱 (
𝜕4Ɀ𝑛

𝜕𝑥4
) 

Expanding Ɀ(𝑥, 𝑡) by Bernoulli wavelets with following relation and given initial and boundary 

conditions,  

𝐶𝑛+1
𝑇 = 𝐶0

𝑇 − [𝐶𝑛
𝑇𝐷𝑥

4]𝑃𝑡
4 

 

𝒙 

 

𝒕 Exact Solution Approximate 

Solution 

Absolute Error 

0 0 0.0000000000000 0.0000000000000 0.0000000000000 

0.502654825 0.502654825 0.0595897113507 0.0595897114378 0.0000000000871 

1.005309649 1.005309649 0.3919143992690 0.3919178456269 0.0000034463579 

1.507964474 1.507964474 0.9353601116461 0.9353667318261 0.0000066201800 

2.010619298 2.010619298 1.2900836738539 1.2900836843615 0.0000000105076 

2.513274123 2.513274123 1.0633135104401 1.0633135121346 0.0000000016945 

3.015928947 3.015928947 0.2496781771467 0.2496781978453 0.0000000206985 
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3.518583772 3.518583772 -

0.7103981056490 

-

0.7103986314529 

0.0000005258039 

4.021238597 4.021238597 -

1.2616568681401 

-

1.2616563415240 

0.0000005266161 

4.523893421 4.523893421 -

1.1663495270710 

-

1.1663495142363 

0.0000000128347 

5.026548246 5.026548246 -

0.6571638901489 

-

0.6571634563413 

0.0000004338076 

5.52920307 5.52920307 -

0.1855337417146 

-

0.1855335469104 

0.0000001948042 

6.031857895 6.031857895 -

0.0078130501140 

-

0.0078135641790 

0.0000005140650 

6.283185307 6.283185307 0.0000000000000 0.0000000000000 0.0000000000000 

Table1: Comparison between Exact and Approximate solutions with corresponding error 

values of example 4.1 

 

Figure 1: Graphical representation of the exact and approximate solution of example 4.1 

Example 4.2 Ɀ𝑡𝑡 + Ɀ4𝑥 = sin(𝑥) ,   0 < 𝑥 < 2𝜋 … … … … (11) 

With boundary conditions Ɀ(0, 𝑡) = Ɀ( 2𝜋, 𝑡), Ɀ𝑥(0, 𝑡) = Ɀ𝑥(2𝜋, 𝑡) 

And Initial Conditions Ɀ(𝑥, 0) =  Ɀ𝑡(𝑥, 0) = 0 

The exact solution is given by Ɀ(𝑥, 𝑡) = (1 − cos(t)). sin(𝑥). 

Now, we solve Eq.(11) by Laplace Bernoulli wavelet transform method, we get 

𝐶𝑇 = 𝑉𝑇 − (𝐶𝑇𝐷𝑥
4+𝐹𝑇)𝑃𝑡

4 … … … (12) 

To solve algebraic system Eq.(12) , the approximation formula as follows  

Ɀ𝑛+1 = Ɀ(𝑥, 0) + 𝑡Ɀ𝑡(𝑥, 0) −  𝛱 (
𝜕4Ɀ𝑛

𝜕𝑥4
+ 𝑓(Ɀ𝑛)) 
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Expanding Ɀ(𝑥, 𝑡) by Bernoulli wavelets with following relation and given initial and boundary 

conditions,  

𝐶𝑛+1
𝑇 = 𝐶0

𝑇 − [𝐶𝑛
𝑇𝐷𝑥

4 + 𝐹𝑛
𝑇]𝑃𝑡

4 

𝒙 

 

𝒕 Exact Solution Approximate 

Solution 

Absolute Error 

0 0 0.0000000000000 0.0000000000000 0.0000000000E+00 

0.502654825 0.502654825 0.4221639627510 0.4221641236476 1.6089662352E-07 

1.005309649 1.005309649 0.4524135262330 0.4524125641233 -9.6210967987E-

07 

1.507964474 1.507964474 0.0626666167822 0.0626662546123 -3.6216983010E-

07 

2.010619298 2.010619298 -

0.3852566213879 

-

0.3852556612349 

9.6015300022E-07 

2.513274123 2.513274123 -

0.4755282581476 

-

0.4755282301453 

2.8002300312E-08 

3.015928947 3.015928947 -

0.1243449435824 

-

0.1243448946120 

4.8970383096E-08 

3.518583772 3.518583772 0.3422735529643 0.3422726446171 -9.0834727651E-

07 

4.021238597 4.021238597 0.4911436253643 0.4911433147843 -3.1057999966E-

07 

4.523893421 4.523893421 0.1840622763423 0.1840621751378 -1.0120450517E-

07 

5.026548246 5.026548246 -

0.2938926261462 

-

0.2938923147862 

3.1136000000E-07 

5.52920307 5.52920307 -

0.4990133642141 

-

0.4990132514637 

1.1275040007E-07 

6.031857895 6.031857895 -

0.2408768370509 

-

0.2408761234789 

7.1357200038E-07 

6.283185307 6.283185307 0.0000000000000 0.0000000000000 0.0000000000E+00 

Table2: Comparison between Exact and Approximate solutions with corresponding error 

values of example 4.2 
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Figure 2: Graphical representation of the exact and approximate solution of example 4.2 

5 Conclusion 

In the present article, Laplace Bernoulli wavelet transform method is implemented to solve the 

beam equation in both linear and non-linear form. The method is applied on given illustrative 

examples and obtained results are prescribed in tabular as well as graphical form. The 

approximate solutions obtained using the method reflect the accuracy over the exact solution. 
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