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Abstract: - In this Paper we obtained certain interesting results concerning the algebraic properties
of inverse semigroup.

Introduction: - An element of a semigroup is said to be regular if there exists X € S suchthataxa =
a and the element ‘a’said to be invertible if axa = aand xax = x and is denoted by a™* . If every
element of S is regular then semigroup is said to be regular semigroup. If every element in S has an
inverse, then the semigroup is said to be an inverse semigroup.

It is to be observed that if S is a regular semigroup and if  a * is regular element of ‘S” Thenxa x =
xforsomex € S,analnverse of ‘a “as a(axa)a=axaxa=axa=a

and (xax)a(xax) =xaxa.xa.Xx=Xxax.

First it is to be observed that an inverse semigroup is a system (S,.,—1) satisfy the following
identities:

1. xy)z=x(yz)forallx,y,z €S

2. xHl=x

3.xx D (yy D=y xx1)  (idempotents commute)

4. xx"Ix=x

This shows that inverse semigroup is equationally  definable , this shows that any homomorphic
image of an inverse semigroup is again an inverse semigroup. It is also to be observed that any
subalgebra of an inverse semigroup is again an inverse semigroup and the direct product of any family
of inverse semigroups is again an inverse semigroup.

Further it is also observed that if x, y are any two elements of an inverse semigroup

‘S’ then x ™1y is an idempotent of ‘S’ if and only if the greatest lower bounded of x and y exists in the
natural order of ‘S’.  We also obtained certain equivalent conditions for every ‘a’and a™! of an
inverse semigroup to be commute is obtained.

Key words: - inverse semigroup, regular semigroup , greatest lower bound and least upper bound in
S.

First, we start with the following theorem.

Theorem- 1.1 : A system (S,., —1) is an inverse semigroup iff S satisfies the following conditions
1. xy)z=x(yz)forallx,y,z €S
2. xHt=x
3. xx Dy D=y ") &xx
4. xx Ix=x
Proof: - If S is an inverse semigroup, then clearly 1, 2, 3 and 4 holds.
Conversely suppose that (S,.,—1) is a system is satisfying 1, 2, 3, and 4 from (1) and (4) it is
observed that ‘S’ is a regular semigroup and from (2) it follows that x1is a semigroup inverse of x
Now it is sufficient to show that the inverse of x is x 1.
Assume thatxyx = x,yxy =y.
Now x~ 1 =x"1xx™1 (By (2)and (4)
= x }(xyx)x™! sincexyx = x (by assumption)

Received: November 27, 2025 1920



International Journal of Applied Mathematics

Volume 38 No. 11s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

= x'x)(yy'y) (xx™!) (sincey = yyly)
="'y Hyxx)= Gy Hx 1 (xyx)x
=@y HEx)yxx) by(3)= (yy Hx! (xyx) x7!
=@y Dxtxxt) (sincexyx=x)=(yy D& 'xx)
= (yy*'x™h (by (2)and (4)

1

Alsoy=yxy= (yy'y)(xx'x)=y(y 'y xx!) (xy)
= y&xx D) (y 'y &y) byB)=(yy 'y xx1)

= YXx‘l as yy_l y=y= (YX) (yy_l X_l) as X_1 = yy—l X—l (by the above)
= (yxy) (y'x™h)
= yy_l X_l (Since yXy = y) = X_l as X—l — yy—]_ X_l,

The following example establishes the independence of the axioms mentioned in the above axioms:
Example 1.1: let S = {e,a,b}

Define '." in‘S’a.a=b.b=e.e=e,a.b=b.a=a, a.e=e.a=a
b.e=eb=b
Define '— 1’ is‘S’bya™* =a,b™1=b , el=e
e a b
e e a b
a a e a
b a e

Thus (S,. ,—1) is a system satisfying  (2), (3) and (4) but not (1)

To show that (a.a).b #a.(a.b)

Now (a.a).b=e.b =b;Alsoa.(a.b) =a.a=¢e

Hence (a.a).b # a.(a.b), Thus (1) is not a consequence of true remaining
Example 1.2 : Consider S ={e, a,b}

Define "."in‘S‘bya.a=a, b.a=b, e.e=e, ab=b ,b.a=a
a.e—ea=e, b.e=e.b=¢e
e a b
e e e e
e e a b
b e a b

Define '—1'is‘S’bya ! = a, foralla€$
Thus (S,. ,—1) is a system satisfying (1), (3) and (4) but not (2) here
(@) 1=b1=b #a,therfore (a 1)~! # a, thus (2) is not a consequence of remaining .
Example 1.3 If' X' is any set with at least two elements
Take S =X X X;
Define '."in ‘S (x1y1). (X2,y2) = (x1,¥,) and
Define '— 1" is ‘S’ by (x4,y1) " = (y1,%1)
Thus (S,. ,—1) is a system satisfying (1), (2) and (4) but not (3)
Chose x4,%, € Xand x4 # X, and lety;,y, € X then (X1,Y1) . (xl,y_ll) . (X2,V2)
(Xz’y_lz) = (X1, ¥1)- (Y1, X1)- (X2, ¥2). (Y2, X2) = (X1,X1). (X2, ¥2) and
= (X2,¥2) - (X2, ¥2) 7" X, y1). (X, y1)

= (X2,¥2) - V2, %2) - (X1, y1)- (1, X1)
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= (X2,¥2) - (X, ¥1) = (X2,%1) # (X,%2)

Hence (3) is not a consequence of the remaining.

Example 1.4 : Let (S, .) be the semigroup of positive integers under ordinary multiplication.
Define “.”in S x Sby (a,b).(c,d) = (ac,bd) foralla,b,c,d € S

Define ' — 1’ is ‘S’ by (a,b)™! = (b,a)

Then ‘S’ satisfies (1), (2) and (3) but not (4) as 2,1)@2,Dt@,1) =
2,D).(1,2). 2,1)= 4,2+ (2,1

From the following theorem it is observed that an element of an inverse semigroup ‘S’ which is
smaller than an idempotent of ‘S’ in the partial order is itself an idempotent.

Theorem 1.2: Suppose ‘a’ is an element of an inverse semigroup ‘S’ and if ‘e’ is an idempotent of
‘S’witha < e, then ‘a’ is an idempotent.

Proof : By the definition ofa < e, impelsa~te =aa~lbut ‘e’ is an idempotent and

e2=e ande ! = eimplythatae =aa ! (since(ae)™* =ae but(a.e) t=etal =

ea lsothat, we have a.e = aa~! which is an idempotent and hence (a.e) ™1 =ae .

Thus e"'a ! =aeand hence ea ! = ae. Since aa ! =ae, we have aa~! = ea™! and hence
aa la=ea!aimply thata = aa~'a , Which is an idempotent, then ¢ a ’ is an idempotent of
(g

From the following theorem it is observed that ifa < b thenac < bcforallcin$S

2

Theorem 1.3: If ‘S ’ is an inverse semigroup and a,b € S. If a < b then ac < bc for any element
‘c’of ‘S’.

Proof: Assume a < b andletc € S, then by theorem

of Clifford [1] , we have a™! < b™! and therefore e 'a™® < e 1 b~ 50 that

(e7la ) T<(e7*b ) landhence ae <be

Theorem 1.4 : If S’ is an inverse semigroup. If a,b € S are such that infimum of ‘a’ and ‘b’ namely
a A bexists in ‘S’ then infimumu of a~! and b™! exists and is equal to (a A b)™!

Proof: Since a b <aand ab < b,Wehave (a A b)"? <a '.b™!, there fore (a A b)"lisa
lower bound of a~* and b™1. Let ‘t’ be lower bound of a~! and b™!, sothatt < a~!and
t<blandhencet™ < a and t™! < b,therefore t™1 < a A b and hence

t< (aAnb)™L

Thus (a A b)™1is the greatest lower bound of a~*and b~1.

Theorem 1.5:If ‘S’ is an inverse semigroup, and a,b € Sare such that supremum of
‘a’and‘b’. (a Vb)exists in ‘S’ then supremum of a~! and b™? exists and is equal (a vV b)™L.
Proof: Sincea,b< aVb.Wehave a=!,b™1 < (a vb)™!, there fore (a V b)~!is an upper bound
ofa—tand b~!.Let ‘t’be an upper bound of a~tand b !sothata™* <t and b~! <t and hence
a<tlandb< t!,thus (aVvb)<t! andhence (a Vvb)™! <t

sothat (a Vb)™1 is the least upper bound of a~!and b1

In the following theorem it is observed that an equivalent conditions on the elements of x and y of
an inverse semigroup are obtained in order that x "'y be an idempotent of ‘S ’.

Theorem 1.6 : If ‘S’ is an inverse semigroup and X,y € S then the following are equivalent
1. x~1y is idempotent of * S’.

2. y~1x isidempotent of ¢ S’.

3. yy~x <y in the natural partial order on ¢ S’

4. xx~1y < xin the natural partial order on ¢ S’
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5. Greatest bounded of x and y exists and is equal to x x~ly

6. Greatest bounded of x and y exists and is equal to yy~1x

7. Greatest bounded of x~1 and y~?! exists and is equal to y " 1x x~
8. Greatest bounded of x !andy™! existsandisequalto x lyy~?!
9. x lyyl<y?

10.y 1xx 1 < x7L.

1

Proof:(1) => (2).

Assume that x~ 'y is an idempotent of * S and hence its inverse  (x 'y)~! = y~!x is an idempotent

of < S’.

2)=>@Q) .

Assume that y~1x is an idempotent of ¢ S °, so that yy ™ 'x =y (y " !x) <y, henceyy x <y.

(3) => (4).

Assume that y y~'x < yin the natural partial order in * S > and hence y lyy !x <yy~?!, thus

yx <y~ !y which is an idempotent since y~1x is an idempotent of ‘S °, therefore
xxly=x(x"1y) <x

(4) => (5).
Assume that (4) holds (i.e.) xx~ 'y < x in the Natural partial order on * S ’ then
xx“ly= (xxHy<y, thus xx 1y is lower bound of  xandy,

let 't be a lower bound of xandythen t < x,t<y so that tx ! =tt 1=ty !(ast <
ximpliesthat tx 1 =tt™!, t<y=>ty 1=tt1).

Nowt(xx ly) 1 =t(y xx ) =(ty™) xx1) = (tx ) (xx1)

(as ty '=tx1) =t(xxx 1) =tx1Isothatt < xx7ly

(5) =>(6).

Assume that (5) holds (i .e) greatest lower bound x and y exists and is equal to xx~ !y so that
xx 1y <x andhence x™1x x71ly < x71x, thus x™'y < x71x, which is an idempotent by
using theorem 1.2, we have x~ 1y is an idempotent of * S *. Hence inverse y~! x s also an idempotent
of ¢ S’ and hence by symmetry , greatest lower bound of x and y exists and equal to yy~ ! x.

(6) => (1).

Assume that (6) holds (i .e) greatest lower bound x and y exists and equal to yy~! x so that
yy 'x <yandhence y lyy !x < yly and hence y 'x < y~ly which is an idempotent , by
using theorem 1.2, y~! x is an idempotent and hence its inverse x~'y is an idempotent of

(g

(D) => ().

Assume that (1) holds then x~ 'y is an idempotent of * S * from this it is observed that greatest lower
bound of x and y exists and is equal to xx~ 'y , by using theorem 1.4, greatest lower bound of
x~tand y~?! exists and is equal toy "t xx71 .

(7) => (2).

Assume that (7) holds then greatest lower bound of x~!andylexists and is equal to
y!x xTandhence y™'x x™! < x7!,thus y"1x x7'x x7!x

sothat y"'x < x7'x, which is an idempotent and hence y~! x is an idempotent of * S ’ by
theorem 1.2.

we have (2) => (6) imply that greatest lower bound of x and y exists and is equal to y y~! x and
hence again by theorem 1.4 , we have greatest lower bound of x~! and y~lexists and is equal to
x Ixy~1

clearly (8) => (9) holds.

(9) => (10) .
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Assume that (9) holds (ie) x 'yy™ < y landhence x *yy !y < y~lyandhence x™y <
y~ 1y, which is an idempotent ¢ S ’ by using theorem 1.2, x~! is also an idempotent of * S ’, hence
its inverse y~!x is an idempotent of ¢ S’ imply that y 'xx™! = (y 1x)x ! < x7!

(10) => (1).

Assume that (10) holds then y~'yx™! < x7!and hence y 'x x 1x < x7x imply that y~ly <
x~1 x, which is also an idempotent of ‘S’ and hence by using theorem 1.2, y~?! xis also idempotent
of ¢ S *and hence its inverse x~! y is also an idempotent of © S’.
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