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Abstract. 
Sensors often exhibit nonlinear responses that can be approximated by cubic polynomial transformations-

balancing complexity and accuracy. The inverse problem of recovering the physical input from the sensor 

output is critical in medical diagnoses, control systems and environmental monitoring. The recovery is 

challenging due to ambiguity in reconstructing the input, error propagation and parameter estimation in the 

presence of noise or limited data points. The paper proposes a regularized Bayesian framework to ensure stable, 

unique solutions using machine learning (ML) algorithms to select the physically meaningful root with high 

accuracy and low computational cost. The ML algorithms achieve over 95% accuracy in root selection with 

XG Boost offering a 15% inference time than exhaustive root evaluation.  
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1. Introduction 

In the era of digital transformation powered by artificial intelligence, sensors bridge the physical and 

digital domains, converting measurable quantities into output signals via mathematical transfer 

functions. These functions are generally nonlinear and cubic polynomial transformations are generally 

used to model the nonlinearity as they provide a striking balance between   computational simplicity 

and accuracy [1]. This is particularly critical in real time applications where processing power is 

limited. Further, these transformations linearize outputs for compatibility with systems like analogue-

to- digital converters and effectively capture moderate deviations from linearity without over fitting 

or amplifying noise [2]. The inverse problem of determining the input physical input quantity from 

the sensor output is ubiquitous in science, engineering and technology. The inverse problems can 

generally be categorized into two categories: parameter estimation and input reconstruction. 

Parameter estimation involves determining the parameters of a model based on observed input and 

output while input reconstruction is about figuring out the input of a system when you have the output 

and a model [3].In situations, where the measurements we require to probe a system are infeasible, 

dangerous or difficult to obtain the reconstruction problems are considered. These applied inverse 

problems are challenging because, they are often ill-posed and/or ill-conditioned [4]. An ill 

conditioned problem can be well posed but may be difficult to solve due to its unstable nature. A 
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problem is said to be well posed in the sense of Hadamard [5] if there exist a unique solution to the 

problem that continuously depends on the data. By ill-posedness, we mean that a solution to be 

problem (i) may not exist (ii) may not be unique or (iii) is sensitive to measurement noise thereby 

being unstable [6]. 

Barinov et al [2] highlight that the inverse problem of approximation for a cubic transformation related 

to the sensor is more often incorrect due to violation of solution uniqueness, particularly when 

multiple real roots or Complex roots arise. However, with the Machine Learning (ML) advancements 

in recent years, the inverse problem of cubic transformation can be dealt with in a simple manner. 

Ensemble learning, a cornerstone within the ML landscape is an approach that improves the precision 

of the models in ML.  Among the ensemble techniques, bagging models such as Random Forest and 

boosting model such as eXtreme gradient boosting (XG Boost) stand out as principal techniques, each 

designed to bolster the model accuracy through distinct mechanisms [7]. Random Forests are an 

effective tool in prediction as they do not overfit and injecting the correct kind of regressors makes 

them accurate classifiers and regressors [8]. The development of boosting was advanced by Friedman 

[9] and building on this, the introduction of XG Boost by Chen and Guestrin [10] marked a major 

leap forward in the efficiency and scalability of gradient boosting algorithms [11].  

The Bayesian Framework is a versatile methodology for tackling inverse problems, the solution of 

the problem being the posterior distribution of the unknown. This framework allows us to incorporate 

prior information about the input into the solution and also yields a probabilistic solution to the inverse 

problem that quantifies uncertainty about the input [3].This paper proposes a hybrid approach 

combining a regularized Bayesian framework for robust inverse solutions and two ML models-

Random Forest and Gradient boosting (XG Boost) -to select the correct root efficiently. The 

combinations of the work include: 

1. A regularized Bayesian framework that ensures unique solutions and quantifies uncertainty. 

2.  Comparison of Random and XG boost for efficient root selection 

We validate these methods on synthetic mimicking real-time sensor applications. 

 

2. Theory 

In general, the transformation of a measurable physical quantity as the output of a sensor is represented 

by the equation 𝐴(𝑓) = 𝑔, 𝑓 ∈ 𝐹, 𝑔 ∈ 𝐺                                                       (1) 

where 𝑓can be one - dimensional, two - dimensional or three - dimensional or more and 𝑔 can also be 

one - dimensional, two - dimensional or three - dimensional or more. Here 𝐴 is a mathematical 

operator and 𝐹, 𝐺 are metric spaces. According to Hadamard [5], the problem is said to be correctly 

posed or well - posed if the following conditions hold: 

a) For each 𝑔 ∈ 𝐺, the equation (1) has a unique solution. 

b) The operator 𝐴−1 is defined on all of 𝐺 and is continuous. 

 

Otherwise, the problem is said to be incorrectly posed or ill posed. In general, we have limited discrete 

values of g and inferring f from the data is an ill-posed problem. 

In the case of a cubic transformation for sensor, we have 𝐴(𝑥) = 𝑦                                (2) 

Where 𝐴(𝑥) = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2 + 𝑏3𝑥3and min max0 1x x x=   = , ib  are coefficients. 

The inverse problem lies in recovering the input 𝑥 given the sensor output 𝑦 i.e., finding x such that     

𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2 + 𝑏3𝑥3 − 𝑦 = 0                                                                                     (3) 

The difficulty lies in  

i) Mechanism to select the physically meaningful root from the three roots  
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ii) Uncertainty and measurement noise is the coefficients 0 1 2 3, , ,b b b b  

Machine learning methods can enhance the solution to the inverse problem by addressing challenges 

like non-linearity, noise, parameter estimation and root ambiguity. Further ML enables models that 

generalize beyond the cubic form. To ensure unique solution and to quantity uncertainty a regularized 

Bayesian framework is used together with the techniques of Random Forest and Gradient boosting. 

We assume that the observed 𝑦 given 𝑥 is distributed according to  

𝑦/𝑥, 𝑓1(⋅) ∼ 𝑝(𝑦/𝑥, 𝑓1(⋅))                                                                                                              (4) 

where the likelihood, 1( / , ( ))p y x f  is known up to a normalizing constant. 

The Bayes rule states that 𝑝(𝑥 𝑦⁄ , 𝑓1(⋅)) ∝ 𝑝(𝑦/𝑥, 𝑓1(⋅))𝑝(𝑥)                                                     (5) 

and it is the formal solution to the inverse problem using Bayesian formalism called the posterior 

distribution [12]. As the posterior is not available analytically, the only way forward is through 

sampling techniques. Here we use Markov chain Monte Carlo to sample 𝑝(𝑥/𝑦) providing a point 

estimate and a 95% credible interval. 

3. Proposed Methodology 

We propose a two-pronged approach consisting of regularized Bayesian framework [13] for solving 

the inverse problem and a machine learning based root selector. 

 

3.1. Regularized Bayesian Framework  

The framework formulates the inverse problem as an optimization task with a regularization term to 

ensure stability. 

The objective function is 𝑚𝑖𝑛𝑥‖𝐴(𝑥) − 𝑦‖2 + 𝜆‖𝑥‖2                                                                 (6) 

Where 𝜆 is the Tikhonov regularization parameter [14]. 

Here ‖𝐴(𝑥) − 𝑦‖2 measures how well the model fits the observed output and 𝜆‖𝑥‖2 promotes 

solutions that are physically meaningful and numerically stable. 

To handle the uncertainty and noise, the coefficients 𝑏𝑖are modeled as Gaussian random variable 

i.e., 𝑏𝑖 ∼ 𝑁(𝜇𝑖, 𝜎𝑖
2) 

 

where 𝜇𝑖is the mean and 𝜎𝑖
2 the variance of the coefficients 𝑏𝑖. 

This approach allows the model to account for variations in the sensor behavior. The inverse problem 

now lies in estimating the posterior distribution 𝑝(𝑥/𝑦) 

𝑝(𝑥/𝑦) ∝ 𝑒𝑥𝑝 (
−1

2𝜎2
‖𝐴(𝑥) − 𝑦‖2 − 𝜆‖𝑥‖2) 𝑝(𝑥)                                                                       (7) 

where 𝜎2  represents the variance of measurement noise. 𝑝(𝑥)is a uniform prior over a bounded 

interval [0, 𝑥𝑚𝑎𝑥] reflecting the normalized range of physical inputs.  

Here  𝑒𝑥𝑝( − 𝜆‖𝑥‖2) incorporates the Tikohonov regularization as a penality in the framework. 

To estimate 𝑝(𝑥/𝑦) , the Markov chain Morte Carlo (MCMC) sampling is used.MCMCis 

computational technique that generates samples from probability distributions by constructing a 

Markov chain that converges to the target distribution. In this particular case, MCMC samples 

possible values of 𝑥 that satisfy cubic equation while accounting for noise and coefficient uncertainty. 

The MCMC sampling is carried out through the Metropolis Hastings algorithm [15]. 

 

1. Initialize 𝑥0 ∈ [0,1], 𝑠𝑒𝑡𝜎𝑝𝑟𝑜𝑝 = 0.1 

2. For 𝑡 =  1 to 𝑁 do 

3. Propose 𝑥′ ∼ 𝑁(𝑥𝑡−1, 𝜎2
𝑝𝑟𝑜𝑝) 

4. Compute acceptance ratio: 𝛼 = 𝑚𝑖𝑛 (1,
𝑝(𝑥′/𝑦)

𝑝(𝑥𝑡−1/𝑦)
) 

5. Draw 𝑢 ∼ 𝑢𝑛𝑖𝑓𝑜𝑟𝑚(0,1) 

6. If 𝑢 < 𝛼then  
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Set𝑥𝑡 = 𝑥′ 
else 

set𝑥𝑡 = 𝑥𝑡−1 

end if  

end for  

Return samples {𝑥𝑡} 

 

The samples are used to compute the posterior mean and credible intervals. We train Random Forest 

and XG boost classifiers to predict the index of the correct root. 

 

3.2. Random Forest Classifier  

A random forest classifier is a collection of 𝐾 tree structure classifiers 

{(𝑋, 𝜃𝑘1
), 𝑘1 = 1, . . . 𝐾} where 𝜃𝑘1

are independent identically distributed random vectors and each 

tree casts a unit vote for the most popular class at input X. The random vector 𝜃𝑘1
 governs the 

randomness in tree construction such as boot strap selection sampling and feature selection.  

 

3.2.1. Tree Construction  

 

In Bootstrap sampling, each tree is grown on a boot strap sample 𝑇𝑘1
, drawn with replacement from 

the learning sample 𝐿 and at each node of the tree, a subset of 𝐹 features are randomly selected from 

the  𝑀  input features and the best split is chosen among these using the CART methodolgy. The split 

minimizes an impurity measure, Gini impurity is given by  

𝑖(𝑡) = 1 − ∑ 𝑝(𝑗/𝑡)2𝐽
𝑗=1                                                                                                                (8) 

Where 𝑝(𝑗/𝑡) is the proportion of class j examples in node 𝑡. The best split s at node 𝑡 maximizes the 

impurity decrease 

𝛥𝑖(𝑠, 𝑡) = 𝑖(𝑡) − 𝑝𝐿𝑖(𝑡𝐿) − 𝑝𝑅𝑖(𝑡𝑅)                                                                                             (9) 

Where 𝑝𝐿  and 𝑝𝑅   are the proportion of examples sent to the left and right child nodes 𝑡𝐿 and 𝑡𝑅 

respectively. 

The Trees are grown to maximum size without pruning ensuring each terminal node is either pure or 

meets a strapping criterion such as a minimum node size 

 

3.2.2. Prediction 

 

For an input X  each tree 
1

( , )kh X   predicts a class (root index) 

The Random forest’s prediction is the majority role 

𝑦̂(𝑋) = 𝑎𝑟𝑔 𝑚𝑎𝑥
𝑗

∑ 𝐼(
1

( , )kh X  = 𝑗)𝐾
𝑘1=1                                                                                   (10) 

where 𝐼 is the indicator function. 

 

3.3. XG boost classifier 

XG Boost (eXtreme Gradient Boosting) is an ensemble learning method based on gradient-boosted 

decision trees. 

XG boost constructs an ensemble of T decision trees, where the prediction is the sum of the outputs 

from identical trees. For classification, the model outputs a score for each class, and the predicted 

class is determined through a softmax function 

The general objective function for XG boost is  

𝐿(𝑡) = ∑ 𝑙(𝑦𝑖, 𝑦𝑖̂
(𝑡−1) + 𝑓𝑡(𝑋𝑖)) + 𝛺(𝑓𝑡)𝑁

𝑖=1                                                                             (11) 
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Here 𝑙(𝑦𝑖, 𝑦𝑖̂
(𝑡−1) + 𝑓𝑡(𝑋𝑖)) is the loss function measuring the error between the true label 𝑦𝑖and the 

predicted score at iteration 𝑡. 

𝑓𝑡(𝑥𝑖) is the output of the 𝑡𝑡ℎ tree. 

 

𝛺(𝑓𝑡)is the regularization term to prevent overfitting and 

𝑦𝑖̂
(𝑡−1) = ∑ 𝑓𝑘(𝑥𝑖)𝑡−1

𝑘=1 is the cumulative prediction up to the (𝑡 − 1)𝑡ℎ tree. 

For a multi-class classification task such as three root indices, let the model output a vector of scores 

𝑆𝑖 = [𝑠𝑖1, 𝑠𝑖2, 𝑠𝑖3] for the three classes at example 𝑖 
The predicted probabilities are  

3

1

exp( )

exp( )

ij

ij

ik

k

s
p

s
=

=


                                                                                                                         (12) 

where 𝑠𝑖𝑗 = ∑ 𝑓𝑡(𝑋𝑖)𝑗
𝑇
𝑡=1 is the score for class j  at example i  and  𝑓𝑡(𝑋𝑖)𝑗  is the t-th tree’s 

contribution to class  𝑗. The cross- entropy loss is  

𝑙(𝑦𝑖, 𝑆𝑖) = − ∑ 𝐼(𝑦𝑖 = 𝑗) 𝑙𝑜𝑔( 𝑝𝑖𝑗)3
𝑗=1                                                                                        (13) 

where 𝐼(𝑦𝑖 = 𝑗) is 1 if 𝑦𝑖 = 𝑗 otherwise 0 

The regularization term for the tth  tree is  𝛺(𝑓𝑡) = 𝛾𝑇𝑡 +
1

2
𝜆‖𝑤𝑡‖2                                           (14) 

where tT  is the number of leaves in 𝑡𝑡ℎ tree 

tw is the vector of leave scores for the 𝑡𝑡ℎ tree and 

𝛾 and 𝜆 are penalty coefficients controlling tree complexity and leaf weight magnitude respectively.  

XG boost minimizes the objective function iteratively using gradient boosting. At iteration t, the 

model adds a new tree tf   to minimize  

𝐿(𝑡) ≈ ∑ [𝑙(𝑦𝑖, 𝑦𝑖̂
(𝑡−1) + 𝑔𝑖𝑓𝑡(𝑋𝑖) +

1

2
ℎ𝑖𝑓𝑡(𝑋𝑖)

2)]𝑁
𝑖=1 + 𝛺(𝑓𝑡)                                                    (15) 

𝑔𝑖 = 𝜕
𝑦𝑖̂

(𝑡−1)𝑙(𝑦𝑖 , 𝑦𝑖̂
(𝑡−1)

)&ℎ𝑖 = 𝜕2
𝑦𝑖̂

(𝑡−1))
𝑙(𝑦𝑖, 𝑦𝑖̂

(𝑡−1))                                                               (16) 

are the first and second order gradients of the loss with respect to the previous prediction 

Each tree tf is constructed by greedily splitting nodes to maximize the reduction in the objective 

function  

For a node split, XG Boost evaluates the gain 

Gain=
1

2
[

(∑ 𝑔𝑖𝑖∈𝐼𝐿
)2

∑ ℎ𝑖+𝜆𝑖∈𝐼𝐿

+
(∑ 𝑔𝑖𝑖∈𝐼𝑅

)2

∑ ℎ𝑖+𝜆𝑖∈𝐼𝑅

−
(∑ 𝑔𝑖𝑖∈𝐼 )2

∑ ℎ𝑖+𝜆𝑖∈𝐼
] − 𝛾                                                                           (17) 

where𝐼𝐿 and 𝐼𝑅are the sets of examples in the left and right child nodes and  

𝐼 = 𝐼𝐿 ∪ 𝐼𝑅. The split with the highest gain is chosen and  acts as penalty to prevent excessive splits.   

For a new input X, the XG boost classifier computes the score for each class  

𝑆𝑗(𝑋) = ∑ 𝑓𝑡(𝑋)𝑗
𝑇
𝑡=1                                                                                                                    (18) 

The predicted class is 

𝑦̂(𝑋) = 𝑎𝑟𝑔 𝑚𝑎𝑥
𝑗∈{1,2,3}

𝑝𝑗 = 𝑎𝑟𝑔 𝑚𝑎𝑥
𝑗∈{1,2,3}

𝑒𝑥𝑝(𝑆𝑗(𝑋))

∑ 𝑒𝑥𝑝(𝑆𝑘(𝑋))3
𝑘=1

                                                                   (19) 

 This selects the root index with the highest probability for the present work. 

 

4. Numerical experiment 

We train Random Forest (RF) and Extreme gradient (XG) Boost classifiers to predict the index (0,1 

or 2) of the correct root within [0,1]. The features of the problem include  

(i) Parameters and discriminant of a cubic solver such as the Cardano’s Method , Lagrange’s method 

or Lebedev’s Method. 
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(ii)  Monotonicity to check if the derivative  
2

1 2 3'( ) 2 3A x b b x b x= + + has roots in [0 1] indicating non monotonicity. 

4.1. Data Generation  

We generate 10000 synthetic sampling by  

(i) Sampling Coefficient 0 1 2 3, , ,b b b b to reflect the sensor behavior. The values of the coefficients 

determine the roots, curvature and behavior of the cubic equation, which in turn affect the difficulty 

in solving the inverse problem. The range of these coefficients also influence the accuracy of the 

machine learning models.  

We generate three data sets that lead to different levels of difficulty for the models. The data sets are 

generated by sampling the coefficients in different ranges as follows: 

Data set 1:𝑏0 ∈ [−2.0,2.0]; 𝑏1 ∈ [0.0,0.5]; 𝑏2 ∈ [−2.0,0.0]; 𝑏3 ∈ [0.1,1.0]; 
Data set 2 :𝑏0 ∈ [−1.0,5.0]; 𝑏1 ∈ [−2.0,1.0]; 𝑏2 ∈ [−4.0,2.0]; 𝑏3 ∈ [0.01,0.5]; 
Data set 1:𝑏0 ∈ [−2.0,2.0]; 𝑏1 ∈ [0.0,5.0]; 𝑏2 ∈ [−1.0,4.0]; 𝑏3 ∈ [0.5,2.0]; 
 

We make some observations on the ranges of the coefficients with respect to its significance  

Data set 1, Data set 3 have the same range for 0b  while Data set 2 has a wider asymmetric range. The 

larger  range for 0b  in Data set 2 increase the variability in y- intercepts making the inverse problem 

harder. 

Data set 1 has a small non negative range for 1b  limiting the linear terms influence. Data set 2 wider 

range for 1b  allows for both positive and negative slopes increasing complexity while data set 3’s 

range can lead to steep linear contribution but the dominant 3b term is likely to overshadow it. 

The quadratic term coefficient 𝑏2has widest range in data set 2, leading to complex polynomial shapes 

with marked local maxima/minima. Though the data set-3 also has a wider range, the domination of 

3b  term reduces its relative impact. The range of 2a in data set 1 which is a negative range adds 

complexity. 

The cubic term coefficient 3b ’s range in Data set 3 he is wide and has largest values leading to fewer 

real roots and easier to predict. The range of 3b  in data set 1 has a moderate range leading to complex 

behavior but data set 2’s small range reduces the cubic terms dominance allowing other coefficient to 

play a larger role and increased complexity. 

 

4.2. Bayesian Inference  

The MCMC sampling with Tikhonov regularization is carried out to sample the posterior and estimate 

the mean x  and credible intervals. The coefficients 𝑏𝑖 ∼ 𝑁(𝜇𝑖, 𝜎2)and  

𝑥 ∼Uniform (0 1).  The likelihood function is defined with 2 3

0 1 2 3y b b x b x b x= + + +  and a 

regularization term 2( 0.01 )x−  is added to sample the posterior ( / )p x y . We use 0.05 = and 

obtain Bayesian data. It is to be noted that the Bayesian data uses the mean from the Bayesian 

inverse to compute labels.  The Bayesian data is used to test how well the Random Forest and 

XG Boost generalized to data where the target value comes from Bayesian inference.  The 

features derived from Bayesian estimated values are used for uncertainty quantification in RF, 

XG Boost classifiers. 

5. Results and Discussion 

The generated data is split into 80% train, 10% for validation and 10% for testing. The classification 

results on the data is tabulated for the three data sets 
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RANDOM 

FOREST 

(ACCURACY %) 

XG BOOST 

(ACCURACY %) 

Data set 1 
ORIGINAL TEST DATA 87.80 87.80 

WITH BAYESIAN TEST 

DATA 
82.80 84.80 

Data set 2 

ORIGINAL TEST DATA  

 

 

90.80 92.00 

WITH BAYESIAN TEST 

DATA 
89.40 90.20 

Data set 3 

ORIGINAL TEST DATA  

 
99.60 99.60 

WITH BAYESIAN TEST 

DATA 
99.60 99.60 

 

The data set 1 contains polynomials with moderate complexity. Around 15% to 20% of the generated 

samples contain three real roots.  The negative 2b  coefficient and moderate 3b coefficient makes the 

inverse problem harder. 

It is observed that both RF and XG Boost perform similarly on this data set. However Bayesian 

optimization reduces the accuracy for both RF and XG Boost suggesting that Bayesian tuning is not 

well suited for this dataset’s parameter ranges, possibly overfitting or getting stuck in local optima. 

For the data set 2, the accuracy has increased with XG boost achieving the highest accuracy of 92% 

XG boost is more robust to wide ranges in the values of the coefficients 𝑏1, 𝑏2 and the Bayesian tuning 

does not improve the performance further. It is to be noted that around 35% to 40% of the samples 

have three real roots for the samples generated in this data set. The accuracy is considerably good 

compared to the multiple roots and complexity of the inverse problem. 

For the data set 3, both the classifiers achieve near perfect accuracies in all cases. The dominant cubic 

term (𝑏3) makes the inverse problem easier for both ML models and Bayesian optimization. 

Considering the computational cost of Bayesian optimization, it is not worthwhile to utilize the 

Bayesian framework to improve accuracy. 

To make the samples more complex and to simulate situations where there are more real roots, we 

further test the algorithm on the data set where the coefficient takes random values in the intervals as 

given below: 

𝑏0 ∈ [−1.0,1.0]; 𝑏1 ∈ [−2.0, 20. ]; 𝑏2 ∈ [−5.0, 5.0]; 𝑏3 ∈ [0.01, 0.2]; 
In this situation the samples lead to a situation in which 80% - 85% of the cases have three real roots. 

On the application of the algorithm, we observe that both Random Forests and XG boost classifier 

give an accuracy of 90% and the Bayesian Optimization in both the cases reduce the accuracy by 2%. 

 

5.1. Model  performance  

The discriminant and Bayesian posterior probabilities are the predictive features for RF, the Gini 

importance of the discriminant averages to around 0.45 across data sets, while for XG Boost, the gain 

metric prioritizes posterior probabilities to around 0.38 across the data sets. The monotonicity 

indicator aids in distinguishing unimodal cases. 

The XG Boost performs better across all the data sets due to its ability to model nonlinear interactions 

via the second order gradients which informs tree splits. Its effectiveness in capturing the interaction 

leads to an improvement of 1.2% accuracy over RF. The inference time is found to be 15 - 20% faster 

due to optimized tree construction and pruning with computational complexity 𝑂(𝑇. 𝑝. 𝑙𝑜𝑔𝑝) versus 

RF’s 𝑂(𝐾. 𝑝. 𝑑)  where 𝑇, 𝐾  are the number of trees, ‘𝑝’  is the number of samples and ‘𝑑’  is the 

maximum tree depth. 
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6. Conclusion 

The hybrid approach presented in the paper, combines a regularized Bayesian framework with 

Random Forest and XG Boost to effectively address the inverse problem for cubic sensor 

transformations. The XG boost is found to perform relatively better due to its robust handling of 

feature interactions and faster inference. The Bayesian Optimization marginally brings down the 

accuracy in multimodal cases and is computationally expensive and it is opined to be confined to 

cases where uncertainty quantification is required. The future work could explore adaptive 

regularization schemes or deep learning models to further enhance root selection accuracy. 
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