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Abstract

In flower-related graph struectures, it is feasible to define a hybrid labeling
scheme combining the product of total and range fuzzy edge labeling. Vertices
and edges are assigned labels such that the edge label equals the modulo prod-
uct of the total and range of incident vertices labels. Edge membership values
remain distinct based on a fuzzy function derived from the vertex labels. This
interactive framework gives an adaptable technique to the analysis of extensive
interconnected networks with uncertain or discontinuous connections by ensuring
balance, injectivity, and inconsistency.
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1 Introduction

The labels in graph labeling theory are mathematical entities that may be prime num-
bers, either group members, modular integers, or integers. Labeling graphs have been
the subject of numerous studies[1,2,9]. Finding graph classes that support a particu-
lar type of labeling has been the main focus of an analysis of graph labeling. Many
practical issues in the actual world have spurred study toward labeling a graph under
particular circumstances [5,6, 10].Fuzzy set theory is the opposite of fuzzy graphs. L.
A. Zadeh first defined a fuzzy set in 1965[7,8].Each component of the universal set
has a membership grade, which is a value between 0 and 1.A fuzzy set is created by
combining the elements of the universal set with their membership grades. In 1965,
Zadeh was the first to define fuzzy relations on a set. On G1 and G2, there are numer-
ous operations[12,13]. Union, intersection, and symmetric difference all operations on
(crisp) graphs were extended to fuzzy graphs via matching. A collection of non-adjacent
edges is called a matching. Our findings are examined here for a basic connected fuzzy
labeling graph [14,15].

Definition 1.1. The term "vertex-labeled graph” refers to a graph that has a vertex
labeling defined, which is a function of V to a set of labels given a graph G = (V, E).
Similarly, an edge labeling affects a set of labels as a function of E. The graph in this
instance is referred to as an edge-labeled graph.
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Definition 1.2. Every vertex and edge in a fuzzy graph with a membership value
between () and 1 is called a fuzzy labeling graph. To guarantee that the membership
values of vertices and edges are different, this assignment is carried out via a bijective
function. The minimum membership value of the vertices that are connected to an
edge is always greater than or equal to the edge’s membership value.

Definition 1.3. A graph & = (V, E) is said to be a product of total and range fuzzy
labeling if p:v — [0,1] and & : V' x V' — [0, 1] are bijective 6{u,v) < p(u) A p{v) and
du,v) = |plu+v) plu—v)vu,ve V.

Definition 1.4 ([3]). A vertex is added between each pair of neighboring vertices on
a shell graph’s cyele to create a stem-lotus graph.

Definition 1.5 ([11]). Every shell in the shell flower graph is referred to as a petal,
therefore it has k petals and k pendant edges. The shell C'(n;n — 3) and K5 are hoth
represented by k copies, with one vertex of Ky attached to the shell's apex.

Definition 1.6 ([4]). Zinnia flower graph Z(n) with n = 1is a graph with
V(Zin)) ={a|1=i=2n+2} U {{|7=12} U{eyllsisn, j=1,2}
and
E(Zn)) ={ady|1<i<2n+2 j=1,2}

U {aey|1<i<n, j=1,2}

U fagey [1<i<n, j=12}
Definition 1.7 ([16]). The cherry blossom flower graph in C' By and C' By 5, with
(n—1<m < 32(n — 1)). The cherry blossom graph obtained from S, by attaching

mn + 1 edges to different pairs of pendant vertices, such that the pendant vertices of
Sy is of degree no more than 2.

2 Computation of the product of total and range
fuzzy edge labelling for flower related graphs

Theorem 2.1. The lotus flower graph [Ls 5 Cy @ 51)|2F,, if n = 1 iz product of total
and range fuzzy edge graph.

Proof. The lotus flower graph [L3 ® Cy @ 51|2F; The apex a = 4n + 5 and length
I=5n+8

The set ﬂ‘{G} = {'H.: Uy, Ua, Ug, ..., Ugn, Ty, Vg, Vg, ..., Vpnyy, W, Wo, Uy, ..., wl'l} LEt':

u be the centre of vertex in flower graph, v be the stem vertex attached by cen-

tre of the vertex, (u,ua, Uz, ... Ua,) be the vertices joined by centre of the vertex u.

(11,03, Vs, ... Uaner) be the vertices attached by the vertices of (uy, ua, us, ... Usg JW0y, Wa, . . . J1lg)
be the vertices joined by the centre of the vertex in flower graph. Edge set

§(G) ={er, ez, e3,. ... 0, f1. fo. fa,. .., fom, 8,00, 0m, - -, B}
er = |ul, fi = |uswy,
B !E’.LL".. 4 = Em.uil,
(e(ny, ma))y (as defined)
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Figure 1: Lotus graph of PTRFE Graph

as shown in figure 1. The membership function for the vertices

p:V —=[0,1]
Intl

p(ve) = | J (2n + 44 + 1) - 0.001,
i=1
n

p(u) = [ J(10n + 3 + 31) - 0.001,
=1
plu) = (2n + 1) - 0.005,
plv) = (5n + 2) - 0.003 + 0.001,
Ip
p(wy) = | Jdn + 3+ 3) - 0001, ifp=3.

=1

The membership function for the Edges:

e} = (1 + ue)(u — ), 1<i<n+1,
a( fi) = [{ug + ve){ug — vy)], 1=<i<2n,
ale) = |(u+w){u — w)|,

8(ge) = (1 + we) (u — wyll, 1<i<2p,

8(ng, na) = |(v+w)(v —w).

Hence, Product of total and range fuzzy edge graph, membership value for the condition

8(eq) < plve) A p(ve)
Then the general graph for the Lotus Graph,

Example: The Lotus graph in Figure 2 is [Lz ® Cy & 51)2F; with: Apex = 17,
Length = 23

Vertex Labels:
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Edge Labels

nal i ul’- dr[ll'%"

plu) = 0.035
() = 0.036
plug) = 0.030
pluz) = 0.042
p(uy) = 0.045
pluz) = 0.048
plug) = 0.051

plwy) = 0.018
Mua) = 0.021
Hwg) = 0.024

d(e) = 0.001470
8(e1) = 0.000071
5(es) = 0.000206
5(es) = 0.00539
8(eq) = 0.0008
5(es) = 0.001079
5(eg) = 0.001376

Received: August 09, 2025

Figure 2:

8(f1) = 0.001
8( fa) = 0.0013
&( f3) = 0.0015
& } 0.0018
(fs
&

oo
I;|I;l];| &0 5 "\.I'II'III;,i.I A LEILT
3
v -ibﬁ* QF
__f_a,. ;

fa
— (.002048
fE} 0.002312

plv) = 0.052
plry) = 0.011
plre) = 0.012
plvg) = 0.013
pluy) = 0.014
plvs) = 0.015
plvg) = 0.016

plvy) = 0.017
plwy) = 0.027
plws) = 0.030
plwg) = 0.033

8(f1) = 0.0014
8(f3) = 0.01557
8(f1) = 0.001829
5(fH = 0.002079
5(fH) = 0.00224
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&(h1) = 0.000203 8(gy) = 0.000117
8{ha) = 0.000901 8(ga) = 0.000135
8(hg) = 0.000136 8(g4) = 0.0006
&(hq) = 0.0008 8(g4) = 0.000496
5(gs) = 0.000171

5(gg) = 0.000189

Theorem 2.2. The Shell-flower graph mp Ak, Amsy, is product of fotal and range

Sfuzzy edge graph.

Proof. Let mpy Ak, Amsy, be a Shell-flower graph, with apex a and length [ as:
ea=5n+1, I=5n+6

The set
p(G) = {v,v1,v9, V3, .., Vam, Uy, Uz, . .., Um }
Let v be the centre of the vertex, joined by {v, vy, va,va,. .., ‘L'm} vertices. The
vertex v is attached by m copies of pendent vertices.
Let Edge set be

é{G} i {E]_;E‘JJ...,E¢m1f1,f-],...dem_]_;h]_:hﬂ,...;hm}

oe;) = v, vy, 0(fs) = |v, vy
d(ng) = v, uyl, l<i<m

The membership function for the vertex label:

4im

) = U[Emn — 1 + 5i)0.01, if n = 4 petals, m = no. of copies
=1
m

olug) = U{Tmn + 5i — 1)0.01, if n = 4 petals, m = no. of copies
=1

plv) = 8mn + 3

The membership function for the edge label:

3er) = |(v + ve)(v — v, l1<i<mn
A f) = [{vy +1’:+1}{U1 = U:+1H1 1<i<mn
8(hy) = |(v + u(v — uy, 1<i<m

Main condition for the product of total and range fuzzy edge graph:

8lec) = plvg) A plogg)
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Figure 3: Shell-flower graph of PTRFE Graph

Example: The graph 3p; Ak A3s4 is shown in Figure 4. The Shell-Aower graph with
Apex and length are:

a=16 (=21

Vertex Labels:
plu) = 0.02 plvr) = 0.050
plug) = 0.025 plvg) = 0.055
plug) = 0.030 plug) = 0.06
plvyg) = 0.035 Hvip) = 0.065
p{vg) = 0.040 o{vyy) = 0.070
plug) = 0.045 M) = 0.075
pluy) = 0.080
plity) = 0.085
pluz) = 0.000
plv) = 0.095

Fdge Labels
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Figure 4: Shell-flower graph of 3p, Ak, A3s; in PTRFE Graph

dey) = []EHJSE'?E S(hy) = 0.002625
deq) = 0.008 b(hy) = 0.0018

&{ez) = 0.008125 &(hz) = 0.000025
deq) = 0.0078 a( fi1) = 0.000225
deg) = 0.007425 a( f2) = 0.000275
deg) = 0.007 a( fa) = 0.000325
&{e.) = 0.006525 a( f4) = 0.000425
d{eg) = 0.006 8( fs) = 0.000475
d(eg) = 0.005425 8 fe) = 0.000525
8(egn) = 0.0048 5(f+) = 0.000625
dleyr) = 0.004125 8( fz) = 0.000675
8{egn) = 0.0034 5( fa) = 0.000725

Theorem 2.3. Zinnia flower(Zy @ 4F,) , ifn > 1 is product of Total and Range fuzy

edge graph.

Proof. (Z£3=4F,) be a Zinnia flower graph. The graph Z; is ¢ycle graph with attached
n number of pedals. Then the graph apex a = mn + 4, length [ = mn + 8.
The vertex set is

pG) = {n1, 2, 23, 74, V1, V2, . .. , Van }
where the vertices {zy, 2o, 23, 21} are attached by the vertices {vy,va, ..., vn}.
The edge set is
8(G) = {e1, e, ea,€q, f1, fo, .., fan. 01,02, . .., Qan}

where
oleq) = |mza|, 8(fi) = |z,  8(ge) = |2epawi
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Figure 5: Zinnia flower graph Z34F;

The main condition for the product of Total and Range fuzzy edge graph:

d(e:) < plud) A p(vig)

Vertex Labels:
m
p(s,]=U{m+l+5f]D.DDli fm=4,i=12...,m
i=1
4m
plvy) = U{dm + 3n + 3 4+ 2i)0.001, ifm=4,i=1,2,...,4m

i=1

Fdge Labels:

8(es) = (20 4 2za1) (2 — 2041, 1<i<4
8 f1) = (2 + vo)(z — ve)l, 1<i<n
3(g,) = |{3~f+2 + Ui]{:':a-pz — u)l, l<t<n

1

Example
The graph (Z; @ 4F,), 4P, as shown in Figure 4. The apex is given by a = 20 and
the length is I = 24.

l:gd Q] 4Fn}

Vertex and Edge Labels for (£ & 4F,), 4P, Vertex Labels
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Figure 6: Zinnia flower graph of PTRFG (£;4F;)

plz1) =001 p{zm)=0015 p(z)=002 p(z)=0.025
M) =0.027  plrg) =0.043  plvg) = 0029 plvyg) = 0.045

plug) =0.031 plvy) = 0047 plyy) = 0033 plvyz) = 0.049
plvs) =0.035 plvs) = 0051 plvg) = 0.037  plryg) = 0.053
Mug) =0.039 plugs) = 0055 plug) = 0041 plvg) = 0.057
00123
Fdge Labels

Edges e;:

Sley) = 0.000125, &(es) = 0000175, &(es) = 0.000225,  d(eq) = 0.000525

Edges f;:

8(f1) = 0.000629, &(f2) = 0.000741, &(fz) = 0.000861, 5(f;) = 0.000089, &(fs) = 0.0011, &(fg) =0
8(f7) = 0.001248, &(fs) = 0.001456, &(fs) = 0.001449, &(f10) = 0.001625, &( fi;) = 0.001593, &( f1a)
3( fiz) = 0.001972, &{ f14) = 0.0021, &(f15) = 0.0024, &(f15) = 0.0025

Edges hy:

8(h1) = 0.000329, 5(hs) = 0.000441, d(hs) = 0.000561, §(khs) = 0.000624, (hs) = 0.0006, d(he) = !
8(hr) = 0.000896, &(hs) = 0.001056, &(hs) = 0.001848, 5(hyp) = 0.002024, §(hy) = D.002208, §(hy
8(hys) = 0.002376, d(hyy) = 0.002584, 8(hys) = 0.0028, 8(hys) = 0.003024

O

Theorem 2.4. Let nC By Ak AR, be a Cherry Blossom flower graph. Then if is the
product of Tolal and Range fuxzy edge graph.
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Figure 7: Cherry blossom graph in PTEFL

Proaf. Consider n”’ Ba Ak AF,; be a Cherry Blossom flower graph with apex
¢=3n+1 andlength!=4r + 1.
The vertex set is defined as
plG) = {v, vy, v, ... Uog, Uy, U, ..., Un ).
The central vertex v is attached to the vertices {'”1; R 't,'-zﬂ}, and each vertex

is further connected to the pendent vertices {uy, ta, ..., ug}.
The edge set is given by

E{G} T {EI1E?.‘"‘1—E"1I1.'I'1*"'!'fﬂ:gl1g']:'"‘!lgﬂ-:hl:-h?:"".hﬂ}?

where
& = Eﬂ:1'1+1|:
fi = |vuy,
g = [vve44],

hy = |vuy|, forl1<i<n,

as shown in Figure 7.
Vertex Labels:

n

plvg—) = | J(dn+ 3+ 9001, n>1,
i=1
mn

plva) = J(tn —9)001, n>1,

i=1
p(v) = (Tn)0.01,

n

p(ug) =| Ji7n+ 2 +4) 0.01.

i=1
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Figure 8: Cherry blossom graph 4 Ba AR AP

Edge Labels:
e} = |(ve + vepa e — vz},
8(f1) = |(vs +v){ws — v)],
8(ge) = |(vep1 + v) (Vg1 — v},
8(hy) = |(vg + ug) (v — uy)l.
Example:

The graph 4C B AK Py is a PTEFL labeling.
The apex is @ = 13 and the length 15 [ = 17.

Vertex Values:

plog) =020, p(va) =027, plvs) =021, plvy) = 0.26,
plug) =022, plug) =025, p(ve) =023, pluvg) =024,
plug) =031, plug) =032, pluz) =033, pluy) =034

Edge Values:

5(ey) = 0.0329, d(ex) = 0.0235, 8(es) = 0.0141, 8(eq) = 0.047,

5(f1) = 0.0384, &(f2) = 0.0340, &(f3) =0.0300, &(f1) = 0.0255,

5(g,) = 0.0056, &(h,) =0.0179, &(hy) = 0.0240, &(hs) = 0.0305,
8(hy) = 0.0372.

Hence, the Cherry Blossom fuzzy graph nC By Ak AP, represents the product of
Total and Range fuzzy edge graph. (|
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