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Abstract: In this paper, a new class of sets called binary 𝜋𝑔𝑠-closed sets is introduced and its 

properties are studied. Moreover the notions of binary semi limit point and binary semi-derived 

sets are introduced.  

 

1  Introduction and Preliminaries 

 Nithyanantha Jothi, et al.[2] introduced topology between two sets and also studied 

some of their properties. Topology between two sets is the binary structure from 𝑋 to 𝑌 which 

is defined to be the ordered pairs (𝐴, 𝐵) where 𝐴 ⊆ 𝑋 and 𝐵 ⊆ 𝑌. In this paper, a new class 

of sets called binary 𝜋𝑔𝑠-closed sets is introduced and its properties are studied. Moreover the 

notions of binary semi limit point and binary semi-derived sets are introduced. 

 

Let 𝑋 and 𝑌  be any two nonempty sets. A binary topology [2] from 𝑋  to 𝑌  is a 

binary structure ℳ ⊆ ℙ(𝑋) × ℙ(𝑌) that satisfies the axioms namely   

    1.  (𝜙, 𝜙) and (𝑋, 𝑌) ∈ ℳ,  

    2.  (𝐴1 ∩ 𝐴2, 𝐵1 ∩ 𝐵2) ∈ ℳ whenever (𝐴1, 𝐵1) ∈ ℳ and (𝐴2, 𝐵2) ∈ ℳ, and  

 3.  If {(𝐴𝛼, 𝐵𝛼): 𝛼 ∈ 𝛿} is a family of members of ℳ, then (⋃𝛼∈𝛿 𝐴𝛼, ⋃𝛼∈𝛿 𝐵𝛼) ∈
ℳ.  
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If ℳ is a binary topology from 𝑋 to 𝑌 then the triplet (𝑋, 𝑌,ℳ) is called a binary 

topological space and the members of ℳ are called the binary open subsets of the binary 

topological space (𝑋, 𝑌,ℳ). The elements of 𝑋 × 𝑌 are called the binary points of the binary 

topological space (𝑋, 𝑌,ℳ). If 𝑌 = 𝑋 then ℳ is called a binary topology on 𝑋 in which 

case we write (𝑋,ℳ) as a binary topological space. 

 

Definition 1.1 [2] Let 𝑋  and 𝑌  be any two nonempty sets and let (𝐴, 𝐵)  and (𝐶, 𝐷) ∈
ℙ(𝑋) × ℙ(𝑌). We say that (𝐴, 𝐵) ⊆ (𝐶, 𝐷) if 𝐴 ⊆ 𝐶 and 𝐵 ⊆ 𝐷.  

 

Definition 1.2 [2] Let (𝑋, 𝑌,ℳ) be a binary topological space and 𝐴 ⊆ 𝑋 , 𝐵 ⊆ 𝑌. Then 

(𝐴, 𝐵) is called binary closed in (𝑋, 𝑌,ℳ) if (𝑋\𝐴, 𝑌\𝐵) ∈ ℳ.  

 

Proposition 1.3 [2] Let (𝑋, 𝑌,ℳ) be a binary topological space and (𝐴, 𝐵) ⊆ (𝑋, 𝑌). 

Let (𝐴, 𝐵)1∗ =∩ {𝐴𝛼: (𝐴𝛼, 𝐵𝛼)  is binary closed and (𝐴, 𝐵) ⊆ (𝐴𝛼, 𝐵𝛼)}  and 

(𝐴, 𝐵)2∗ =∩ {𝐵𝛼: (𝐴𝛼, 𝐵𝛼)  is binary closed and (𝐴, 𝐵) ⊆ (𝐴𝛼 , 𝐵𝛼)} . Then 

((𝐴, 𝐵)1∗, (𝐴, 𝐵)2∗) is binary closed and (𝐴, 𝐵) ⊆ ((𝐴, 𝐵)1∗, (𝐴, 𝐵)2∗).  

 

Proposition 1.4 [2] Let (𝑋, 𝑌,ℳ) be a binary topological space and (𝐴, 𝐵) ⊆ (𝑋, 𝑌). Let 

(𝐴, 𝐵)1∗ =∪ {𝐴𝛼: (𝐴𝛼 , 𝐵𝛼)  is binary open and (𝐴𝛼, 𝐵𝛼) ⊆ (𝐴, 𝐵)}  and (𝐴, 𝐵)2∗ =∪
{𝐵𝛼: (𝐴𝛼, 𝐵𝛼) is binary open and (𝐴𝛼, 𝐵𝛼) ⊆ (𝐴, 𝐵)}.  

 

Definition 1.5 [2] The ordered pair ((𝐴, 𝐵)1∗, (𝐴, 𝐵)2∗) is called the binary closure of (𝐴, 𝐵), 
denoted by 𝑏-𝑐𝑙(𝐴, 𝐵) in the binary space (𝑋, 𝑌,ℳ) where (𝐴, 𝐵) ⊆ (𝑋, 𝑌).  

 

Definition 1.6 [2] The ordered pair ((𝐴, 𝐵)1∗, (𝐴, 𝐵)2∗) defined in proposition 1.4 is called 

the binary interior of of (𝐴, 𝐵), denoted by 𝑏-𝑖𝑛𝑡(𝐴, 𝐵). Here ((𝐴, 𝐵)1∗, (𝐴, 𝐵)2∗) is binary 

open and ((𝐴, 𝐵)1∗, (𝐴, 𝐵)2∗) ⊆ (𝐴, 𝐵).  

 

Definition 1.7 [2] Let (𝑋, 𝑌,ℳ) be a binary topological space and let (𝑥, 𝑦) ⊆ (𝑋, 𝑌). The 

binary open set (𝐴, 𝐵) is said to be a binary neighbourhood of (𝑥, 𝑦) if 𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵.  

 

Proposition 1.8 [2] Let (𝐴, 𝐵) ⊆ (𝐶, 𝐷) ⊆ (𝑋, 𝑌)  and (𝑋, 𝑌,ℳ) be a binary topological 

space. Then, the following statements hold:   

    1.  𝑏-𝑖𝑛𝑡(𝐴, 𝐵) ⊆ (𝐴, 𝐵).  

    2.  If (𝐴, 𝐵) is binary open, then 𝑏-𝑖𝑛𝑡(𝐴, 𝐵) = (𝐴, 𝐵).  

    3.  𝑏-𝑖𝑛𝑡(𝐴, 𝐵) ⊆ 𝑏-𝑖𝑛𝑡(𝐶, 𝐷).  
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    4.  𝑏-𝑖𝑛𝑡(𝑏-𝑖𝑛𝑡(𝐴, 𝐵)) = 𝑏-𝑖𝑛𝑡(𝐴, 𝐵).  

    5.  (𝐴, 𝐵) ⊆ 𝑏-𝑐𝑙(𝐴, 𝐵).  

    6.  If (𝐴, 𝐵) is binary closed, then 𝑏-𝑐𝑙(𝐴, 𝐵) = (𝐴, 𝐵).  

    7.  𝑏-𝑐𝑙(𝐴, 𝐵) ⊆ 𝑏-𝑐𝑙(𝐶, 𝐷).  

    8.  𝑏-𝑐𝑙(𝑏-𝑐𝑙(𝐴, 𝐵)) = 𝑏-𝑐𝑙(𝐴, 𝐵).  

 

Definition 1.9 A subset (𝐴, 𝐵) of a binary topological space (𝑋, 𝑌,ℳ) is called   

    1.  a binary semi open set [3] if (𝐴, 𝐵) ⊆ 𝑏-𝑐𝑙(𝑏-𝑖𝑛𝑡(𝐴, 𝐵)).  

    2.  a binary pre open set [1] if (𝐴, 𝐵) ⊆ 𝑏-𝑖𝑛𝑡(𝑏-𝑐𝑙(𝐴, 𝐵)). 

    3.  a binary regular open set [4] if (𝐴, 𝐵) = 𝑏-𝑖𝑛𝑡(𝑏-𝑐𝑙(𝐴, 𝐵)).  

    4.  a binary 𝜋-open [7] if the finite union of binary regular-open sets.  

 

 The complements of the above mentioned sets are called their respective closed sets.  

 

Definition 1.10 A subset (𝐴, 𝐵) of a binary topological space (𝑋, 𝑌,ℳ) is called   

    1.  a binary 𝑔-closed set [5] if 𝑏-𝑐𝑙(𝐴, 𝐵) ⊆ (𝑈, 𝑉) whenever (𝐴, 𝐵) ⊆ (𝑈, 𝑉) 
and (𝑈, 𝑉) is binary open. 

 

    2.  a binary 𝑔𝑝-closed set [8] if 𝑏-𝑝𝑐𝑙(𝐴, 𝐵) ⊆ (𝑈, 𝑉) whenever (𝐴, 𝐵) ⊆ (𝑈, 𝑉) 
and (𝑈, 𝑉) is binary open. 

 

    3.  a binary 𝑔𝑠-closed set [6] if 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) ⊆ (𝑈, 𝑉) whenever (𝐴, 𝐵) ⊆ (𝑈, 𝑉) 
and (𝑈, 𝑉) is binary semi open. 

 

    4.  a binary 𝜋𝑔-closed [7] if 𝑏-𝑐𝑙(𝐴, 𝐵) ⊆ (𝑈, 𝑉), whenever (𝐴, 𝐵) ⊆ (𝑈, 𝑉) and 

(U,V) is binary 𝜋-open. 

 

    5.  a binary 𝑟𝑔-closed set [4] if 𝑏-𝑐𝑙(𝐴, 𝐵) ⊆ (𝑈, 𝑉) whenever (𝐴, 𝐵) ⊆ (𝑈, 𝑉) 
and (𝑈, 𝑉) is binary regular open. 

 

    6.  a binary 𝜋 generalized pre closed set (briefly, binary 𝜋𝑔𝑝-closed set) [8] if 𝑏-

𝑝𝑐𝑙(𝐴, 𝐵) ⊆ (𝐺, 𝐻) whenever (𝐴, 𝐵) ⊆ (𝐺,𝐻) and (𝐺, 𝐻) is binary 𝜋-open.  

 

The complements of the above mentioned sets are called their respective open sets. 
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2  Binary 𝝅𝒈𝒔-closed sets 

Definition 2.1 A subset (𝐴, 𝐵) of (𝑋, 𝑌) in a binary topological space (𝑋, 𝑌,ℳ) is called a 

binary 𝜋 generalized pre closed set (briefly, binary 𝜋𝑔𝑠-closed set) if 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) ⊆ (𝐺,𝐻) 
whenever (𝐴, 𝐵) ⊆ (𝐺,𝐻) and (𝐺, 𝐻) is binary 𝜋-open. The complement of a binary 𝜋𝑔𝑠-

closed set is binary 𝜋𝑔𝑠-open.  

 

Definition 2.2 A subset (𝐴, 𝐵) of (𝑋, 𝑌) in a binary topological space (𝑋, 𝑌,ℳ) is called a 

binary strong 𝒩𝒫-set if 𝑏-𝑖𝑛𝑡(𝑏-𝑐𝑙(𝐴, 𝐵)) = 𝑏-𝑐𝑙(𝑏-𝑖𝑛𝑡(𝐴, 𝐵)).  

 

Proposition 2.3  Let (𝑋, 𝑌,ℳ) be a topological space and (𝐴, 𝐵) ⊆ (𝑋, 𝑌). The following 

properties hold:   

    1.  (𝐴, 𝐵) is 𝑔𝑠-closed ⇒ (𝐴, 𝐵) is 𝜋𝑔𝑠-closed,  

    2.  (𝐴, 𝐵) is 𝜋𝑔-closed ⇒ (𝐴, 𝐵) is 𝜋𝑔𝑠-closed.  

 

Remark 2.4 From the Proposition 2.3, we have the the following diagram holds for any 

subset of a binary topological space (𝑋, 𝑌,ℳ).  

 

 

  binary pre-

closed  
→  binary 𝑔𝑝-

closed  

→  binary 

𝜋𝑔𝑝-closed  

  ↑  ↑  ↑ 

binary 𝜋-

closed  

→ Binary 

closed  
→  binary 𝑔-

closed  

→  binary 𝜋𝑔-

closed  

  ↓  ↓  ↓ 

  binary semi-

closed  
→  binary 𝑔𝑠-

closed  

→  binary 𝜋𝑔𝑠-

closed  

 

None of the implications is reversible as seen from the following Example. 

 

Example 2.5  Let 𝑋 = {1,2} , 𝑌 = {𝑎, 𝑏}  and ℳ =
{(𝜙, 𝜙), (𝜙, {𝑏}), ({1}, {𝑎}), ({1}, 𝑌), (𝑋, 𝑌)}. In the binary topological space (𝑋, 𝑌,ℳ), then 

the subset ({1}, {𝑎}) is binary 𝜋𝑔𝑠-closed but it is neither binary 𝜋𝑔-closed nor binary 𝜋𝑔𝑝-

closed.  

 

Example 2.6 Let 𝑋 = {𝑎, 𝑏} , 𝐵 = {1,2}  and ℳ =
{(𝜙, 𝜙), (𝜙, {2}), ({𝑎}, {1}), ({𝑎}, 𝑌), (𝑋, {1}), (𝑋, 𝑌)} . In the binary topological space 

(𝑋, 𝑌,ℳ), then the subset (𝜙, {1}) is binary 𝜋𝑔𝑠-closed but not binary 𝑔𝑠-closed.  
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Theorem 2.7  A subset (𝐴, 𝐵) of (𝑋, 𝑌) in a binary topological space (𝑋, 𝑌,ℳ) is binary 

regular open if and only if it is both binary 𝜋-open and binary 𝜋𝑔𝑠-closed. 

 

Proof. Since every binary regular open set is binary 𝜋-open. For the second claim note that 

binary regular open sets are even binary semi-closed. 

Conversely, since (𝐴, 𝐵)  is binary 𝜋 -open and binary 𝜋𝑔𝑠 -closed in a binary 

topological space (𝑋, 𝑌,ℳ). 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) ⊆ (𝐴, 𝐵) since (𝐴, 𝐵) is binary 𝜋-open and binary 

𝜋𝑔𝑠-closed. Thus 𝑏-𝑖𝑛𝑡(𝑏-𝑐𝑙(𝐴, 𝐵) ⊆ (𝐴, 𝐵). Since (𝐴, 𝐵) is binary open, then (𝐴, 𝐵) is 

clearly binary preopen and thus (𝐴, 𝐵) ⊆ 𝑏-𝑖𝑛𝑡(𝑏-𝑐𝑙(𝐴, 𝐵). Therefore 𝑏-𝑖𝑛𝑡(𝑏-𝑐𝑙(𝐴, 𝐵) ⊆
(𝐴, 𝐵) ⊆ 𝑏-𝑖𝑛𝑡(𝑏-𝑐𝑙(𝐴, 𝐵) or equivalently (𝐴, 𝐵) = 𝑏-𝑖𝑛𝑡(𝑏-𝑐𝑙(𝐴, 𝐵)), which follows that 

(𝐴, 𝐵) is binary regular open. 

 

Corollary 2.8 If (𝐴, 𝐵)  is binary 𝜋 -open and binary 𝜋𝑔𝑠 -closed, then (𝐴, 𝐵)  is binary 

semiclosed and hence binary 𝑔𝑠-closed.  

 

Proof. By assumption and Theorem 2.7, (𝐴, 𝐵) is binary regular open. Thus (𝐴, 𝐵) is binary 

semiclosed. Since every binary semiclosed set is binary 𝑔𝑠 -closed, (𝐴, 𝐵)  is binary 𝑔𝑠 -

closed. 

 

Theorem 2.9 In a binary topological space (𝑋, 𝑌,ℳ) , for a subset (𝐴, 𝐵) ⊆ (𝑋, 𝑌)  the 

following statements are equivalent:   

    1.  (𝐴, 𝐵) is binary 𝜋-clopen;  

    2.  (𝐴, 𝐵) is binary 𝜋-open, a binary strong 𝒩𝒫-set and binary 𝜋𝑔𝑠-closed.  

 

Proof. (1) ⇒ (2) is obvious. 

 

(1) ⇒ (2). By Theorem 2.7, (𝐴, 𝐵) is binary regular-open. Since (𝐴, 𝐵) is a binary strong 

𝒩𝒫 -set, (𝐴, 𝐵) = 𝑏 - 𝑖𝑛𝑡(𝑏 -𝑐𝑙(𝐴, 𝐵)) = 𝑏 -𝑐𝑙(𝑏 - 𝑖𝑛𝑡(𝐴, 𝐵)) . So (𝐴, 𝐵)  is binary regular-

closed. Which proves that (𝐴, 𝐵) is binary 𝜋-closed and hence (𝐴, 𝐵) is binary 𝜋-clopen. 

 

Remark 2.10 The union of two binary 𝜋𝑔𝑠-closed sets need not be 𝜋𝑔𝑠-closed in a binary 

topological space (𝑋, 𝑌,ℳ).  

 

Example 2.11 In Example 2.5, (𝐴, 𝐵) = (𝜙, {𝑎}) and (𝐶, 𝐷) = (𝜙, {𝑏}) are binary 𝜋𝑔𝑠-

closed but (𝐴, 𝐵) ∪ (𝐶, 𝐷) = (𝜙, 𝑌) is not binary 𝜋𝑔𝑠-closed.  

Remark 2.12 The intersection of two binary 𝜋𝑔𝑠-closed sets is also a binary 𝜋𝑔𝑠-closed in a 

binary topological space (𝑋, 𝑌,ℳ).  
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Example 2.13 In Example 2.5, (𝐴, 𝐵) = ({1}, {𝑎}) and (𝐶, 𝐷) = ({2}, {𝑎}) are binary 𝜋𝑔𝑠-

closed. Then (𝐴, 𝐵) ∩ (𝐶, 𝐷) = (𝑋, {𝑎}) is also a binary 𝜋𝑔𝑠-closed. 

 

Theorem 2.14 Let (𝐴, 𝐵) be binary 𝜋𝑔𝑠-closed in (𝑋, 𝑌,ℳ). Then 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) − (𝐴, 𝐵) 
does not contain any non-empty binary 𝜋-closed set. 

  

Proof. Let (𝐹, 𝐺) be a binary 𝜋-closed set such that (𝐹, 𝐺) ⊆ 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) − (𝐴, 𝐵). Then 

(𝐹, 𝐺) ⊆ (𝑋, 𝑌) − (𝐴, 𝐵)  implies (𝐴, 𝐵) ⊆ (𝑋, 𝑌) − (𝐹, 𝐺) . Therefore 𝑏 - 𝑠𝑐𝑙(𝐴, 𝐵) ⊆
(𝑋, 𝑌) − (𝐹, 𝐺) . That is (𝐹, 𝐺) ⊆ (𝑋, 𝑌) − 𝑏 - 𝑠𝑐𝑙(𝐴, 𝐵) . Hence (𝐹, 𝐺) ⊆ 𝑏 - 𝑠𝑐𝑙(𝐴, 𝐵) ∩
(𝑋, 𝑌) − 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) = 𝜙. Which proves that (𝐹, 𝐺) = 𝜙.  

 

Theorem 2.15  If (𝐴, 𝐵)  is binary 𝜋𝑔𝑠 -closed and (𝐴, 𝐵) ⊆ (𝐶, 𝐷) ⊆ 𝑏 -𝑠𝑐𝑙(𝐴, 𝐵) , then 

(𝐶, 𝐷) is binary 𝜋𝑔𝑠-closed.  

 

Proof. Let (𝐴, 𝐵)  be binary 𝜋𝑔𝑠 -closed and (𝐶, 𝐷) ⊆ (𝑈, 𝑉)  where (𝑈, 𝑉)  is binary 𝜋 -

open. Then (𝐴, 𝐵) ⊆ (𝐶, 𝐷) implies (𝐴, 𝐵) ⊆ (𝑈, 𝑉). Since (𝐴, 𝐵) is binary 𝜋𝑔𝑠-closed, 𝑏-

𝑠𝑐𝑙(𝐴, 𝐵) ⊆ (𝑈, 𝑉). (𝐶, 𝐷) ⊆ 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) implies 𝑏-𝑠𝑐𝑙(𝐶, 𝐷) ⊆ 𝑏-𝑠𝑐𝑙(𝐴, 𝐵). Therefore 𝑏-

𝑠𝑐𝑙(𝐶, 𝐷) ⊆ (𝑈, 𝑉) and hence (𝐶, 𝐷) is binary 𝜋𝑔𝑠-closed. 

 

Definition 2.16 Let (𝑋, 𝑌,ℳ) be a binary topological space and (𝐴, 𝐵) ⊆ (𝑋, 𝑌). A point 

(𝑥, 𝑦) ∈ (𝑋, 𝑌) is said to be a binary semi-limit point of (𝐴, 𝐵) if any binary semiopen set 

containing (𝑥, 𝑦) contains a point of (𝐴, 𝐵) different from (𝑥, 𝑦).  

 

Definition 2.17 Let (𝑋, 𝑌,ℳ) be a binary topological space and (𝐴, 𝐵) ⊆ (𝑋, 𝑌). The set of 

all binary semi-limit points of (𝐴, 𝐵) is said to be a binary semi-derived set of (𝐴, 𝐵) and is 

denoted by 𝐷𝑏𝑠[𝐴, 𝐵]. 

Similarly, (𝑥, 𝑦) ∈ 𝐷[𝐴, 𝐵] iff any binary open set (𝑈, 𝑉) such that (𝑥, 𝑦) ∈ (𝑈, 𝑉) 
meets (𝐴, 𝐵) − {𝑥, 𝑦}.  

 

Theorem 2.18 Let (𝐴, 𝐵) and (𝐶, 𝐷) be 𝜋𝑔𝑠-closed sets in (𝑋, 𝑌,ℳ) such that 𝐷[𝐴, 𝐵] ⊆
𝐷𝑏𝑠[𝐴, 𝐵] and 𝐷[𝐶, 𝐷] ⊆ 𝐷𝑏𝑠[𝐶, 𝐷]. Then (𝐴, 𝐵) ∪ (𝐶, 𝐷) is binary 𝜋𝑔𝑠-closed.  

 

Proof. For any set (𝐸, 𝐹) ⊆ (𝑋, 𝑌), 𝐷[𝐸, 𝐹] ⊇ 𝐷𝑏𝑠[𝐸, 𝐹]. Therefore 𝐷[𝐴, 𝐵] = 𝐷𝑏𝑠[𝐴, 𝐵] and 

𝐷[𝐶, 𝐷] = 𝐷𝑏𝑠[𝐶, 𝐷]. That is 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) = 𝑏-𝑐𝑙(𝐴, 𝐵) and 𝑏-𝑠𝑐𝑙(𝐶, 𝐷) = 𝑏-𝑐𝑙(𝐶, 𝐷). Let 

(𝐴, 𝐵) ∪ (𝐶, 𝐷) ⊆ (𝑈, 𝑉)  where (𝑈, 𝑉)  is binary 𝜋 -open. Then (𝐴, 𝐵) ⊆ (𝑈, 𝑉)  and 

(𝐶, 𝐷) ⊆ (𝑈, 𝑉). Since (𝐴, 𝐵) and (𝐶, 𝐷) are binary 𝜋𝑔𝑠-closed, 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) ⊆ (𝑈, 𝑉) and 

𝑏-𝑠𝑐𝑙(𝐶, 𝐷) ⊆ (𝑈, 𝑉). Then, 𝑏-𝑠𝑐𝑙((𝐴, 𝐵) ∪ (𝐶, 𝐷)) ⊆ 𝑏-𝑐𝑙((𝐴, 𝐵) ∪ (𝐶, 𝐷)) = 𝑏-𝑐𝑙(𝐴, 𝐵) ∪
𝑏-𝑐𝑙(𝐶, 𝐷) = 𝑏-𝑠𝑐𝑙(𝐴, 𝐵) ∪ 𝑏-𝑠𝑐𝑙(𝐶, 𝐷) ⊆ (𝑈, 𝑉). So 𝑏-𝑠𝑐𝑙((𝐴, 𝐵) ∪ (𝐶, 𝐷)) ⊆ (𝑈, 𝑉) and 
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hence ((𝐴, 𝐵) ∪ (𝐶, 𝐷)) is binary 𝜋𝑔𝑠-closed. 

 

Remark 2.19 𝑏-𝑠𝑐𝑙((𝑋, 𝑌) − (𝐴, 𝐵)) = (𝑋, 𝑌) − 𝑏-𝑠𝑖𝑛𝑡(𝐴, 𝐵), for any subset (𝐴, 𝐵) of a 

binary topological space (𝑋, 𝑌,ℳ).  

 

Theorem 2.20 Let (𝑋, 𝑌,ℳ) be a binary topological space. (𝐴, 𝐵) ⊆ (𝑋, 𝑌) is binary 𝜋𝑔𝑠-

open if and only if (𝐹, 𝐺) ⊆ 𝑏-𝑠𝑖𝑛𝑡(𝐴, 𝐵) whenever (𝐹, 𝐺) is binary 𝜋-closed and (𝐹, 𝐺) ⊆
(𝐴, 𝐵).  

 

Proof. Necessity. Let (𝐴, 𝐵)  be binary 𝜋𝑔𝑠 -open. Let (𝐹, 𝐺)  be binary 𝜋 -closed and 

(𝐹, 𝐺) ⊆ (𝐴, 𝐵). Then (𝑋, 𝑌) − (𝐴, 𝐵) ⊆ (𝑋, 𝑌) − (𝐹, 𝐺) where (𝑋, 𝑌) − (𝐹, 𝐺) is binary 𝜋-

open. Binary 𝜋𝑔𝑠 -closedness of (𝑋, 𝑌) − (𝐴, 𝐵)  implies 𝑏 -𝑠𝑐𝑙(𝑋, 𝑌) − (𝐴, 𝐵) ⊆ (𝑋, 𝑌) −
(𝐹, 𝐺) . By Remark 2.19, 𝑏 -𝑠𝑐𝑙(𝑋, 𝑌) − (𝐴, 𝐵) = (𝑋, 𝑌) − 𝑏 -𝑠𝑖𝑛𝑡(𝐴, 𝐵) . So (𝐹, 𝐺) ⊆ 𝑏 -

𝑠𝑖𝑛𝑡(𝐴, 𝐵). 

 

Sufficiency. Suppose (𝐹, 𝐺)  is binary 𝜋 -closed and (𝐹, 𝐺) ⊆ (𝐴, 𝐵)  imply (𝐹, 𝐺) ⊆ 𝑏 -

𝑠𝑖𝑛𝑡(𝐴, 𝐵) . Let (𝑋, 𝑌) − (𝐴, 𝐵) ⊆ (𝑈, 𝑉)  where (𝑈, 𝑉)  is binary 𝜋 -open. Then (𝑋, 𝑌) −
(𝑈, 𝑉) ⊆ (𝐴, 𝐵) where (𝑋, 𝑌) − (𝑈, 𝑉) is binary 𝜋-closed. By hypothesis (𝑋, 𝑌) − (𝑈, 𝑉) ⊆
𝑏 -𝑠𝑖𝑛𝑡(𝐴, 𝐵) . That is (𝑋, 𝑌) − 𝑏 -𝑠𝑖𝑛𝑡(𝐴, 𝐵) ⊆ (𝑈, 𝑉) . By Remark 2.19, 𝑏 -𝑠𝑐𝑙(𝑋, 𝑌) −
(𝐴, 𝐵) ⊆ (𝑈, 𝑉). So, (𝑋, 𝑌) − (𝐴, 𝐵) is binary 𝜋𝑔𝑠-closed and (𝐴, 𝐵) is binary 𝜋𝑔𝑠-open. 

 

Theorem 2.21 If (𝐴, 𝐵)  is binary 𝜋𝑔𝑠 -open and 𝑏 - 𝑠𝑖𝑛𝑡(𝐴, 𝐵) ⊆ (𝐶, 𝐷) ⊆ (𝐴, 𝐵)  then 

(𝐶, 𝐷) is binary 𝜋𝑔𝑠-open.  

 

Proof. Follows from the Theorem 2.15. 
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