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Abstract

Let G(V(G), E (G)) be a simple connected graph. For any set S € V, the S-radial set, Bg(S), is
defined as the set of vertices u € VV\S which are at a radial distance from some vertex v € S.
The Max-radial number of G is defined as S max{|Bz(S)| — |S|} and it is denoted by dx(G).
In this paper, we characterize the family of trees with extreme and almost extreme max-radial
number. Also, we investigate how this parameter varies with other graph parameters and obtain
some interesting results.
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1 INTRODUCTION

In this paper, we consider only connected, simple, undirected and finite graph. For
basic notations and terminology, one can refer in [6]. For any vertex v in a graph G, the degree,
deg (v), of v is the number of edges incident with v. A vertex v is called a full vertex if it is
adjacent to all other vertices. The minimum and maximum degree among all the vertices of G
are denoted by §(G) and A(G) respectively. A graph G is acyclic if G contains no cycle. A
graph G is said to be a tree if G is connected and acyclic.

Let u, v be any two vertices of G. The distance, d (u, v) between u and v, is the length
of the shortest (u, v)-path in G. For any vertex u € V(G), the eccentricity, e(u), of u is the
distance of a vertex farthest from u. That is, e(u) = max {d(u, v}: v € V(G)}. The radius of
G is the minimum eccentricity of the graph and is denoted by rad(G). The diameter of G is
the maximum eccentricity of G and is denoted by diam(G). For further reference on distance
in graphs, one can refer [5].
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Getting inspired by the concept of differential in graphs, the study on max-radial
number of a graph has been initiated.

In [4], we have discussed about an application of the max-radial number of graphs in
game theory. For any subset S of vertex set V/, the S-radial set, Bg(S), is defined as the set of
vertices u € V\S which are at a distance of rad(G) from any vertex v € S. The Max-radial
number of G is defined as S max{|Bgz(S)| — |S|} and it is denoted by dgx(G). Max-Radial
number of special classes of graphs has been discussed in [3].

In this paper, we characterize the family of trees with extreme max radial number.
Also, we obtain the relationship between the max-radial number and other graph theoretical
parameters.

2 MAIN RESULTS

We know that for any graph G, dz(G) lies between 0 and n — 2. In trees also, the
bound is maintained, since dgz(P,,) =0 and dg (Kl,n—l) =n—2. In this section, we
characterize the family of trees with max-radial number equal to and almost equal to its upper
and lower bound.

Proposition 2.1 For any tree T, 0zx(T) = 0 if and only if T = P,,,.

Proof Suppose T be any tree other than even path with dx(T) = 0. If T has a vertex v of
degree three, then fix a vertex w € N(v). Now, let X = {u} where d(u,w) = r. For this
singleton set X, |Bg(X)| = 2. Since deg (v) = 3 and dz(X) = 1 implies 0z (T) > 0, which is
a contradiction. Therefore, A(T) < 2. Also, for odd paths, dz(T) = 1. Hence we conclude that
T = P,,. And the converse is obvious. ®

For n > 5, let P;,, denote a tree obtained from P,, by attaching two pendent vertices one at

each of the vertices v, -1 and vn—lgj +1- For example, P} is shown in Figure 2.1.

Figure 2.1

Also, let P;,, n = 2 denote a family of trees obtained from P,,, by attaching a pendent vertex
at any of its vertices. For reference, the trees in P are shown in Figure 2.2. Note that P,,,, €
Py,.
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Figure 2.2
We can easily verify that g (P,) = 1 and 0x(T) = 1if T € P3,.

Theorem 2.2 For any tree T, dx(T) = 1 if and only if T is an odd path or T is isomorphic to
any tree in P, or T is isomorphic to P,,.

That is, 0x(T) = 1iff T = Py, 4, o7 P}, or T' where T' € P;,,.
Proof Let T be any tree with dx(T) = 1. Suppose P denotes a diametral path in T.

Case (i) If P isofoddlength,thenletX = {v / v is central vertex of P}. Now |Bg(X)| = 2, implies
0 (X) = 1. In this case, no vertex in P is of degree 3. Otherwise as discussed in the above proposition,
max radial number gets increased by one. Therefore, T = Py 4 1.

Case (ii) P is of even length. Atleast one vertex in P must be of degree greater than two, Since
dr (P2) = 0. Suppose w be a vertex in P with degree atleast 3. Note that if w is attached to
any path of length two or if deg deg (w) = 4. Then there exists dz-set X in T with dz(X) >
1, which is not possible. Therefore, deg deg (w) = 3 and in particular, w is attached to only
one pendent vertex. As a continuation of the same argument, if w is the only vertex of degree
3 in P, then T = P;,. Otherwise, there can be atmost two vertices of degree three in P. In
, (where 2r = length of P) in P, so

particular, they must be the vertices v and v

r+Z]-1 |2+

that the max radial number never exceeds one. Then T = P5,. And the converse is obvious.
We have already noted that 05(G) = n — 2 if and only if A(G) = n — 1. Hence a tree

with max radial number n — 2 1is a star and star only. Also, no graph exists with max radial
number n — 3[ ]. Let us now characterize trees with max radial number n — 4.

Let P; denote the family of trees obtained from P; by attaching n,,n,, n3 pendent vertices
respectively at each of its vertices, where n; = 0,n, = 0,n3 = 0 (notboth n; & nz = 0). Some
trees in the P;-family are shown in Figure 2.3.

AT TSN

Figure 2.3
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Since n; & n3 are not both simultaneously zero, stars do not belong to P;-family.

Bistars B(m,n) denote the family of trees obtained by attaching m, n pendant
vertices respectively at each of the vertices of K.

Theorem 2.3 For any tree T, 0zx(T) = n — 4 ifand only if T = B(m,n) (notbothm =n = 0)
orT =T' where T' € P;.

Proof Let T be any tree with 0x(T) =n—4. We know that for any subset S C
V(T),|Bgr(S)| # n — 1, which is possible only for star. Therefore, |Bg(S)| =n—2o0rn—3
for any S € V(T). This forces that |S| = 2 or 1 respectively. Let P denote a diametral path in
T.

If possible, let length of P > 5. Then, no matter if the vertices of S (one or both) are in
P or not, BR(S) contains atmost four vertices of P, which implies, |Bz(S)| < n — 3. Hence
0gr(S) <n—4forany S € V(T), which is a contradiction. Therefore, we conclude that P is of
length atmost 4. Also, since dz(T) = n — 4, len(P) > 2. Then P is a length 3 or 4.

Any tree of diameter 3 or 4 must be a B(m, n) (not both m,n = 0) or a member of P;-
family. The theorem follows as the converse is obvious.

Corollary 2.4 For any tree T, 0z (T) = n — 4 if and only if diam (T) = 3 or 4.
3 Existence Theorems

In this section, we obtain some more bounds for max radial number using other graph
parameters. Also we present some existence theorems with desired value for given parameters.

Proposition 3.1 A — 2 forms a lower bound for max radial number of trees. That is, dz(T) =
A—2.

Proof Let T be any tree with maximum degree A. Let v be a vertex with deg deg (v) = A.
Choose a neighbour w of v such that e(w) = e(v) + 1. Now, let S = {u} where u is a vertex
in T such that d(u, w) = rad(T). Therefore, |Bg(S)| = A — 1, which implies, 9z (T) = A — 2.

Note 3.2 The above inequality is sharp. The following proposition stands in favour of this.

A broom graph B, , 1s a graph of order n with a path B,, and pendant vertices that are
all adjacent to the path’s origin or terminus. For reference, the Broom graph B; 4 is shown in
Figure 2.4.

Figure 2.4

Proposition 3.3 For any given integer m > 3, there exists a tree with maximum degree m and

Proof Consider the Broom graph B, ., 3. Therefore, A(Bm+2,3) =mand 0gr(Bypy23) =M —
2.
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Even more, we can prove the existence of trees with diameter and max radial number to be
same value.

Theorem 3.4 There exists a family of trees with any given integer m > 3 as its diameter and
max radial number.

Proof When m is odd, consider T = By 41,. When m is even, take T = By, . In both the
cases diam T = m. In T, let S = {v(m)ﬂ}, Bg(S) =
2

(Vma1r wrVame1  if misodd vy, Vg1, oy Vam  if miseven . Hence 9z(S) =m. No
other subset S of T exists with d value greater than m. Therefore, 05 (T) = m.

Note that when m is odd, Byy,+1m proves the existence of family of graphs with diameter =
max radial number =A — 2.

A(A-1)T-2 _

Theorem 3.5 For any tree with radius r = 2 and maximum degree A> 3, 9xz(T) < =

4(r — 1) and the inequality is sharp.

A(A-1)"-2

— 4(r — 1) and then we

Proof We first prove the existence of a tree with 95 (T) =

prove that it is the maximum possible with given A and r.

Let us construct T as follows.
(i) Take (A — 1)-ary tree T’ of height r with rooted vertex v.
(ii) Take another (A — 1)-ary tree T'' of height r — 1 with rooted vertex u.
(iii) Construct T from T’ and T'' as follows.

V(T) = V(T') UV(T") and E(T) = E(T") U E(T") U {uv).

AA-1)T-2

Now T is of maximum degree A and radius r. It is easy to note that T is of order =

Fix a diametral path P,,,; in T and let the vertex on P,,,4 be vy, v,, ..., V341 With
Vpyp =v. Let S ={v,,v3..,V3r_1}. Then Bg(S) =V(T)—S. Therefore, 93(S) =

A(A-1)"-2
T - 4(7" — 1)
Note that no other S’ of T could have dgz-value greater than this. Therefore, a5 (T) =
AA-1)"-2
A-2
be a maximum degree vertex, T yields maximum dg-value with given A and radius 7.

—4(r —1). Since T is constructed with every vertex other than pendant vertices, to

AA-1)T-2

A —1)

Any other subtree T, of T cannot exceed dg-value of T. Hence
serves as an upper bound for dg-value of T.

For given A= 4 and r = 3, the constructed T is shown in Figure 2.6.
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o
g1 Vo U] U Ug Ve V7
Figure 2.6
Here 0z (T) = 45 and A(A;fl)z_z — 4(r — 1) = 45.
A(A-1)2-2

Theorem 3.6 For any given positive integer k such that A—2 <k < — 4, there

exists a graph of maximum degree A> 3 and the max-radial number k.
Proof Let us construct G as follows.
V(G) = {vo, vy, ..., vy} wheren =k +3andletn+1=1A+5,E(G) = {voVjps1 /0 <] <
TYU{Vjas1Vjasi /1 ST<SA,0<j <71 =1} U{Vpps1Vppsi /1 S T <5 — 1}
LetS = {{vy} if r <2{vy,vi} if r = 2. Then Bg(S) = {V(G) — {v1, Vas1} —
S ifr<2V(G)-S ifr=2.

In both the cases, dz(S) ={k+4—3 —1k+4—2—2 = k. And since no other set S exists
with dg-number greater than this, we have dz(G) = k.

For example, when A= 4 and k = 8, we have the constructed graph G as follows.
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Figure 2.5

Since the max radial number is the difference in cardinalities of a set and its radial set,
there is no clear way to conclude the number of vertices chosen in the set and their radial
vertices individually.

For example, consider the following trees with max radial number 3 but the radial set of each
tree has different cardinality.

Vy
v
v6 3
Vs

—® U,

[ 4 @ Vg Uy V1 V)
V1 1) V3 Vs
L Vs Vs

Vg
@
v L
12 vy v3 5
Vg

Figure 2.7

The following theorem takes control over the cardinalities of the radial set.

Theorem 3.7 For any two given integers k > 2, m > 1, we can find a family of trees with
radius k and max radial number mk. In particular, their radial set contains k vertices.

Proof Construct a tree as follows.
VM) ={v;; /1<i<m+2&1<j<k}
E(T):{U”,Ul(]+1)/1£l£m+2&1 S]Sk—l} U{vllvjl/Z S]Sm+2&l-'/:

j}. T is of order (m + 2)k. The radius of tree is obviously k. And let S = {v;4, V12, ... U1k }-
Then Bg(S) = V(T)\S. Which implies dz(T) = mk.

Example 3.8 For k = 4, m = 3, the constructed tree T is as follows:
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Figure 2.8

Here S = {vy11, V13, V13, V14} and Bg(S) = {v;; /2 <i < 5,1 < j < 4}. Therefore, dx(T) =

12.
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REFERENCES

SelvamAvadayappan and M. Bhuvaneshwari, 4 note on Radial graph. Journal of Modern
Science, Volume-7 (2015), 14-22.

P. RoushiniLeelyPushpam and D. Yokesh, Differential in certain classes of graphs,
Tamkang Journal of Mathematics, 41(2), 129-138, 2010.

M. Mathan, M. Bhuvaneshwari, SelvamAvadayappan, THE MAX-RADIAL NUMBER IN
SOME SPECIAL CLASSES OF GRAPHS, Advances and Applications in Mathematics
Science, volume 22, issue 1, November 2022, Page 91-103 @ 2022 Mill Publications,
india.

M. Mathan, M. Bhuvaneshwari, SelvamAvadayappan, An Application Of Max-Radial
Number Of Graphs In Game Theory. International Journal of Aquatic Science ISSN:
2008-8019 Vol 12, Issue 02, 2021.

F. Buckley and F. Harary, Distance in Graphs, Addition Wesley Reading, 1990.

J.A. Bondy and U.S.R. Murty, Graph Theory with Applications, The Macmillan press
Ltd., Britain, 1976.

S. Bermudo, J. M. Rodriguez and J. M. Sigarreta. On the differential in graphs, Utilitas
Mathematica97(2015), pp. 257- 270.

We note that, no tree exists with max-radial number n — 5. Because, there is no dx-set in

T with 95 (X) = n — 5. Let us now characterize trees with radial number n — 6.

A double broom B(l, s, t) is a tree obtained from a path P; by attaching s pendent edges

to one end vertex of P; and t pendent edges to the other end vertex of P; where [, s,t > 2. For
reference, the double broom B(7,5,4) is shown in Figure 2.8.
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Figure 2.8

Let P2 denote the family of trees obtained from Pg by attaching nq, n,, n; pendent
vertices to at least one pendent vertex and remaining one or two other vertices respectively
wheren,; = 0,n, = 0,n3 = 0 (not both n; & ny = 0). Some trees in the Ps -family are shown
in Figure 2.9.

*——o— *~— -

@ ———

Figure 2.9

We note that, no tree exists with max-radial number n — 5. Because, there is no dg-set in
T such that dz(X) = n — 5. Let us now characterize trees with radial number n — 6.

Theorem For any tree T, 05 (T) =n —6 ifand only if T = B(l,s,t) (I =4,5) or B,5 (n = 6)
orT =T’ where T' € P;.

Proof Let T be any with dgx(T) = n — 6. We know that for any subset S S V(T), |Bg(S)| #n —
1, which is possible only for T = K; ,,,. Therefore, |[Br(S)| = n — 2 orn — 3 or n — 4 for any
S € V(T). This force that |S| = 3or 2 or 1 respectively. Let P denote a diametral path in T.

If possible, let length of P > 7. Then no matter if the vertices of S (one or both) are in
P or not, Bg(S) contains atmost six vertices of P. Implies, |Bg(S)| < n — 5. Hence 0z(S) <
n — 6 for any S € V(T), which is a contradiction. Therefore, we conclude that P is of length
atmost 6. Also, since dz(T) = n — 6, len(P) > 4. Then P is a length 5 or 6. Thus, any tree of
diameter 5 or 6 mustbe a B(l,s,t)(l = 4,5) or B, 5 (n = 6) or a member of P5-family. Hence
the theorem.
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Corollary For any tree T with dz(T) = n — 6, then diam (T) = 5 or 6. Converse need not
true. For example, any caterpillar T from a path of length 3 or 4. we have dz(T) =n — 8 or
n—9.
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