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Abstract 

The utilization of generative adversarial networks (GANs) for the synthesizing of time-series 

data has gained increasing prominence in recent years, with applications extending across 

diverse domains such as financial modelling, music composition, and textual content analysis. 

Despite these advances, systematic evaluations contrasting GANs with alternative artificial 

intelligence (AI) methodologies or established mathematical frameworks remain relatively 

scarce. In this work, we undertake a comparative assessment of GANs against a canonical 

stochastic model, the Markov chain. Employing metrics derived from one- and two-point 

statistical analyses, we examine the capacity of each approach to replicate salient properties of 

time-series data. Our results indicate that, consistent with broader observations of AI-based 

generative models, GANs exhibit limitations in reproducing rare events and capturing cross-

feature dependencies, thereby constraining their ability to generate fully faithful synthetic 

sequences. Although GANs demonstrate moderate proficiency in replicating auto-correlation 

structures, their performance remains markedly inferior to that of simple Markov chains. We 

further provide a qualitative discussion elucidating the structural reasons underlying these 

limitations, thereby contributing to a deeper understanding of the challenges inherent in AI-

driven generative modelling of time-series data. 

1. Introduction 

The enhancement of computer capacity and the increasing accessibility of extensive datasets 

have elevated the significance of non-parametric models in time-series research. The allure of 

these models resides in their extensive applicability: they circumvent the need to reduce 

complex systems to a limited set of fundamental descriptors, a process that often requires 

simplifying assumptions which may compromise accuracy. 
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Within this context, artificial neural network (ANN)-based algorithms have been widely 

adopted for diverse predictive tasks, including wind speed forecasting [1], wind power 

estimation [2], air quality assessment [3], financial asset price evolution [4], epidemic infection 

rates [5], and patient arrivals in hospital emergency departments [6]. Beyond prediction, these 

methods have proven valuable for data augmentation in scenarios where original datasets are 

insufficient, and in sensitive domains such as medicine, where they can generate anonymized 

data suitable for sharing without stringent ethical constraints. 

Generative adversarial networks (GANs) [7] have become one of the most popular non-

parametric techniques. GANs have recently been expanded to time-series replication due to 

their ability in creating extremely realistic visuals [8]. In theory, GANs are made up of two 

connected ANNs playing a zero-sum game: the discriminator tries to discern between generated 

and real samples, while the generator creates fake data to trick it. Numerous fields have used 

this adversarial framework, such as natural language processing [10], music production 

[11,12], pedestrian trajectory prediction [13], financial asset forecasting [14], and biomedical 

signal modelling (electrocardiogram, electroencephalogram, electromyography, and 

photoplethysmography) [9]. 

In biomedical contexts, eye-tracking data represent a particularly compelling test case for 

GAN-based modelling. From personality features [15] and drug use patterns [16,17] to 

diagnostic markers for attention-deficit hyperactivity disorder [18,19] and autism spectrum 

disorder [20], such data capture a variety of behavioural and health-related signs. Moreover, 

eye-tracking signals exhibit high kurtosis, reflecting the prevalence of extreme events such as 

rapid gaze shifts between areas of interest. These heavy-tailed distributions pose significant 

challenges for ANN-based generative methods, which often struggle to reproduce rare events 

faithfully. 

In order to overcome these problems, this work assesses how well GANs reproduce random 

trajectories by comparing them to traditional stochastic models, particularly Markov chains 

[21]. Like AI-based approaches, Markov models can replicate observed data without requiring 

explicit knowledge of the underlying process. However, they offer distinct advantages: the 

ability to provide continuous-time descriptions, to identify whether a process is stationary or 

time-continuous [22], and to yield interpretable parameters that offer direct insights into system 

dynamics—features generally absent in ANN-based methods. 

The structure of the manuscript is as follows. The technical implementation of the Markov 

chains and GAN architectures used is described in Section 2. The datasets employed, which 

include both synthetic sequences and empirical eye-tracking data, are described in Section 3. 

GANs and Markov chains are compared across various datasets in Section 4, and the results 

and their wider implications are discussed in Section 5. 

2. Procedures and Algorithms 

2.1. Architecture of Generative Adversarial Networks (GANs) 

Generative Adversarial Networks (GANs) represent a class of AI algorithms structured as 

shown in Fig. 1. The generator starts the process by creating a synthetic time-series from a 
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random noise vector z0. This output is then reviewed by the discriminator, which receives 

either genuine data x or created data z, and attempts to categorize it as real or bogus. In a 

framework for min-max optimization, both networks are trained concurrently [23]. While the 

generator is educated to lower this accuracy by generating progressively realistic outputs, the 

discriminator is tuned to maximize its accuracy in differentiating authentic from created 

samples. Through this adversarial interplay, the generator progressively learns to replicate the 

statistical characteristics of the true data. As the discriminator improves its ability to detect 

fakes, the generator must correspondingly enhance its outputs to continue deceiving it. 

In mathematical terms, the behaviour of a GAN can be expressed using the following objective 

function. 

 L(G(z), D(x)) =  𝔼x∼ρx[log D(x)] +  𝔼z∼ρz[log(1 − D(G(z)))] (1) 

The discriminator D(x)∈ [0, 1] assigns to each input x the probability that it corresponds to real 

data. Accordingly, the expectation 𝔼x∼ρx [log D(x)] quantifies the average accuracy of the 

discriminator when evaluating genuine data samples drawn from the distribution ρx. In parallel, 

the generator G is defined as a mapping from an input noise vector z to a synthetic series G(z) 

(see Fig. 1). For such generated samples, the term 1 − D(G(z)) represents the probability that 

the discriminator correctly identifies them as artificial. The underlying probability distributions 

are denoted as ρx for the real data series, ρz for the input noise, and ρG for the generator’s output. 

 

Fig. 1. A GAN framework, the generator aims to replicate real data as convincingly as 

possible, whereas the discriminator’s role is to identify whether a given sample originates 

from the true dataset or has been generated synthetically. 

The generator’s objective is to align the probability distribution ρG of the synthetic series G(z) 

as closely as possible with the distribution ρx of the real data series x, thereby reducing both 

terms on the right-hand side of the objective function. In contrast, the discriminator seeks to 

maximize these expectations—by increasing D(x) for real samples and decreasing D(G(z)) for 

generated ones. Consequently, with the objective function defined in Eq. (1), the training of a 
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GAN is formulated as a min–max optimization problem, where the generator minimizes and 

the discriminator maximizes the same function. 

 𝑚𝑖𝑛

𝐺

𝑚𝑎𝑥

𝐷
𝐿(𝐺(𝑧), 𝐷(𝑥)) (2) 

Within the broader GAN framework, multiple architectural variations can be constructed by 

employing different types of artificial neural networks as generators and discriminators. In this 

study, we examine a set of representative architectures, summarized in Table 1 along with the 

specific configurations of their generator and discriminator components. Comprehensive 

training procedures for these GAN models are provided in Appendix B. 

2.1.1. Recurrent conditional GAN 

The Recurrent Conditional GAN (RCGAN) [24] represents one of the earliest GAN-based 

approaches tailored for time-series data. It was developed to replicate multi-valued medical 

time-series, specifically modelling the progression of patients’ health states in emergency care. 

The dual motivation behind this design was to enable outcome prediction while simultaneously 

generating realistic synthetic data free from privacy constraints. As its name implies, RCGAN 

employs recurrent neural networks for both the generator and the discriminator, with Long 

Short-Term Memory (LSTM) cells forming the core of each architecture [25]. 

2.1.2. TimeGAN 

TimeGAN, introduced in 2019, was designed to surpass several state-of-the-art GAN models 

[26], with applications demonstrated on stock market and energy consumption datasets. The 

model integrates a classical GAN framework with an autoencoder—an artificial neural network 

composed of two components: an encoder that maps a time-series into a latent representation, 

and a decoder that reconstructs the series from this representation [27]. 

The full TimeGAN architecture comprises four networks. Within the GAN component, a 

recurrent neural network (RNN) serves as the generator, while a bidirectional LSTM functions 

as the discriminator. Unlike conventional GANs, the discriminator does not directly receive 

raw data; instead, it operates on encoded vectors produced by the autoencoder. 

Training is guided by three distinct loss functions: 

• Reconstruction loss, derived from the decoder’s output, which updates the encoder and 

decoder parameters. 

• Unsupervised loss, based on the discriminator’s predictions, analogous to the min–max 

objective of the original GAN (Eq. 1), and used to update both generator and discriminator. 

• Supervised loss, computed from the generator’s output and the encoder’s representation of real 

data, which informs updates to the generator and encoder. 

It is worth noting that some implementations of TimeGAN omit the autoencoder component, 

relying solely on the GAN structure [28]. In this work, we adopt that streamlined 

implementation. 

2.1.3. SigCWGAN and RCWGAN 
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The Conditional Sign-Wasserstein GAN (SigCWGAN) [28] was developed to model temporal 

dependencies in multi-dimensional time-series data while accurately capturing the tail 

behaviour of the underlying distribution. To achieve this, the authors introduced a novel metric, 

the Signature Wasserstein-1 (C-Sig-W1), which functions as the discriminator. This metric is 

designed to be both more robust and computationally less demanding than conventional ANN-

based discriminators. For the mathematical formulation of the discriminator, readers are 

referred to Ref. [28]. 

In terms of architecture, the generator is implemented as a three-layer feed-forward neural 

network with residual connections and parametric ReLU activation functions. This design, 

termed the Autoregressive Feed-Forward Neural Network (AR-FNN), is specifically intended 

to capture autoregressive processes and thereby preserve temporal dependencies in the 

generated series. Further implementation details are provided in the appendix of the original 

paper [28]. 

The authors also proposed a variant in which both the generator and discriminator are recurrent 

neural networks incorporating AR-FNN cells. This extension is referred to as the Recurrent 

Conditional Wasserstein GAN (RCWGAN), and it is the architecture considered in this study. 

Finally, the original PyTorch implementations of SigCWGAN, RCWGAN, and other GAN 

models discussed can be accessed via the authors’ GitHub repository [29]. 

2.2. Reproducing time-series - Markov-chain models 

Markov models, first introduced in 1906 [30], were developed to capture conditional 

probabilities and thereby describe the temporal evolution of stochastic processes. Their earliest 

application involved estimating the likelihood of encountering a vowel in a text, given 

knowledge of the preceding letter [21]. Formally, a time-series Xt is said to follow a Markov 

process if it satisfies the Markov property: the conditional distribution of the future state 

depends solely on the present state, and not on the sequence of past states. 

 Pr(𝑋𝑡=𝑗 = 𝑥̂𝑗| 𝑋𝑡=𝑗−1 = 𝑥̂𝑗−1, … , 𝑋𝑡=0 = 𝑥̂0)

= Pr(𝑋𝑡=𝑗 = 𝑥̂𝑗|𝑋𝑡=𝑗−1 = 𝑥̂𝑗−1) 
(3) 

Capital letters signify stochastic variables at various time steps for all positive integers j, 

whereas lowercase letters indicate their values. At regular intervals Δt, successive observations 

are made.  

According to the Markov condition, forecasts regarding a time series Xt's future are based just 

on its current state and not on its historical trajectory. For most natural systems, this 

characteristic—often called "memorylessness"—is a simplification. However, it is quite 

helpful: the temporal history of the process may be fully described by calculating the 

conditional probability Pr(Xt=j = x̑j | Xt=j-1 = x̑j-1). To put it another way, two-point statistics 

capture all the data needed to characterize the system. Appendix C contains more information 

on creating Markov processes in this way. 
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3. Data and evaluation metrics 

3.1. Synthetic data 

This study's initial dataset is a Vector Auto-Regressive (VAR) process that was created 

artificially. A VAR(p) model in the one-dimensional case asserts that, subject to a tiny random 

noise term, the current observable at time t is determined by its values over the previous p time 

steps. The observable in our application is the eye-gaze velocity, which is expressed as spatial 

increments in both the x and y axes. The VAR(p) model can be written as follows for these 

increments (ΔX): 

 

𝛥𝑋𝑡 = ∑ 𝜙𝑛𝛥𝑋𝑡−𝑛 + 𝜉𝑡(𝜎)

𝑝

𝑛=1

 (4) 

In this case, a normally distributed random variable with zero mean and standard deviation σ 

is denoted by ξ. Future increments in a VAR(p) process are decided by a linear mix of Gaussian 

fluctuations and the previous p increments. Units with constant intervals Δt are used to index 

time. In this investigation, we start with the initial condition ΔX0 = 0 and set Δt = 1 to generate 

about 85,000 points, which matches the size of the empirical eye-tracking dataset. 

In the analysis that follows, we concentrate on a VAR(1) process, in which every increment is 

dependent upon both the previous increment and a random term. Extending this to two 

dimensions, we consider increments in both X and Y, with σXY capturing the correlation between 

ΔX and ΔY. The system of equations that follows defines the final process: 

 𝛥𝑋𝑡 = 𝜙𝑋𝛥𝑋𝑡−1 + 𝜉𝑡
(𝑋)

(𝜎𝑋 , 𝜎𝑋𝑌), 𝛥𝑌𝑡 = 𝜙𝑌𝛥𝑌𝑡−1 + 𝜉𝑡
(𝑋)

(𝜎𝑌, 𝜎𝑌𝑋) 

 

(5) 

In this case, the stochastic fluctuations in the X-dimension with zero mean, standard deviation 

σX, and correlation σXY with the fluctuations in the Y-dimension are represented by ξt
(X)(σX , σXY). 

To keep things simple, we consider an isotropic process, where σX = σY ≡ σ and ϕX = ϕY ≡ ϕ. 

One of the most basic synthetic time-series models with temporal correlation is the VAR(1) 

process. It is a suitable benchmark for assessing the accuracy of our implementation because it 

satisfies the Markov property by construction. Additionally, forφ>0, it offers an appropriate 

test case to investigate the well-known shortcomings of GAN algorithms and neural networks 

in modelling distributional tails. 

A two-dimensional VAR(1) process with parametersσ= 1,φ= 0.8, and σXY = 0.8 is shown in 

Figure 2 (top). The equivalent scatter plot of increments in both X and Y directions is displayed 

in the inset. As can be seen, there is a positive correlation between ΔX and ΔY, and the values 

tend to line up along the main diagonal. Additionally, extreme values in ΔX (corr. ΔY) are 

frequently followed by extreme values in the other coordinate, indicating the positive 

autocorrelation caused byφ= 0.8. Three different VAR process types, corresponding to orders p 

= 1, 2, and 3, are taken into consideration in this study. 
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Figure 2. Top: A two-dimensional VAR(1) process's trajectory is depicted in the left panel, and 

its corresponding increments are shown in the right. Positive autocorrelation (φ = 0.8 ) and 

positive cross-feature correlation (σXY = 0.8) were used to create this artificial time series. 

Consequently, the values fill the first and third quadrants and are primarily oriented along the 

diagonal. Bottom: An empirically estimated gaze trajectory captured by a contemporary eye-

tracker is shown in the left panel, and its increments are shown in the right. Gaze positions in 

these kinds of data usually cluster inside a limited spatial area, with quick relocation 

movements that correspond to changes in visual attention. 

3.2. Eye-tracking data 

The Eye-link Duo, a cutting-edge instrument with a maximum sampling frequency of 2000 Hz 

and a precision of 0.1° of viewing angle, was used at Oslo Metropolitan University to gather 

the eye-tracking dataset. For the present analysis, the data was downsampled to 200 Hz, and 

blinks were removed, resulting in approximately 85,000 data points. The gaze coordinates 

(X,Y) are expressed in screen pixels. Participants were instructed to locate pre-selected targets 

within images taken from Where’s Wally?. Eight images were presented, each for a duration of 

two minutes. Since two minutes is insufficient to identify all targets in such complex images, 

this design ensured sustained engagement throughout the experiment. Under Reference 

Number 176347, data collection complied with all ethical guidelines authorized by the 

Norwegian Centre for Research Data (NSD). 

Figure 2 (bottom) illustrates a representative gaze trajectory, with its increments shown in the 

inset. Consistent with established literature, the trajectory alternates between fixations (periods 

of relative stability around a point) and saccades (rapid relocations). Notably, the velocity time 

series exhibits extreme events, with an excess kurtosis of κ ∼ 50. Such heavy-tailed behaviour 
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is particularly valuable for evaluating the performance of artificial neural network (ANN)-

based models, as these methods are known to struggle with capturing extremes. Some models 

explicitly claim improved ability to replicate distributional tails. By contrast, real-world 

datasets typically exhibit lower kurtosis values 5 < κ < 15, containing far fewer extreme events. 

 

Two forms of non-Markovian behaviour are evident in gaze trajectories: 

• Inhibition of return (IoR): a mechanism whereby the gaze avoids revisiting a recently inspected 

area for a certain period. 

• Screen confinement: the restriction of gaze trajectories to the screen boundaries, which induces 

long-range dependencies in velocity sequences. 

To characterize gaze dynamics, three quantities are central: 

• The velocity magnitude (∥v∥). 

• The velocity angle (θ) measured relative to the horizontal axis. 

• The turning angle (ϕ) defined between consecutive velocity vectors. 

Figure 3 shows these quantities. The capacity of the model to reproduce the distributions of 

these measures and the temporal evolution of the velocity magnitude ∥v∥ will be used to 

evaluate its performance in the analysis that follows. 

 

Fig. 3. Illustrated Key parameters utilized to describe gaze trajectories. These comprise the 

amount of the glance velocity, the turning angle (ϕ) between two successive gaze relocations, 

and the gaze direction (θ) with respect to the horizontal axis. The displacement vectors 𝑟1 and 

𝑟2 occur over equal time intervals Δt in the case. As a result, the velocity magnitude is defined 

as ∥𝑣⃗1∥ = ∥𝑟1∥/Δt. 

3.3. Evaluation metrics 

Most of the current research focuses on image-based applications, and the selection of criteria 

for assessing the performance of generative adversarial networks (GANs) is still up for debate 

[32–34]. 

The authors of Ref. [24] use maximum mean discrepancy (MMD) to evaluate the degree of 

resemblance between artificially generated samples and actual data. The average fluctuations 

within each dataset are compared to the differences between them using this metric. 



International Journal of Applied Mathematics  

Volume 38 No. 11s, 2025  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Received: August 18, 2025  396 

Additionally, they suggest the train-on-synthetic-test-on-real (TSTR) method, which calls for 

tagged synthetic data and a supervised classifier that can correctly learn from the actual dataset. 

Using this method, the classifier is evaluated on actual data after being trained on synthetic 

data. Successful categorization suggests that models with real prediction potential can be 

constructed using synthetic, completely anonymised data. 

 

In Ref. [26], the authors employ t-distributed stochastic neighbour embedding (t-SNE) to 

visualize high-dimensional data in two dimensions, thereby enabling inspection of 

distributional properties. To evaluate whether correlations across dimensions are preserved, 

they apply principal component analysis (PCA). Although auto-correlation profiles are not 

directly examined, conditional probability distributions are compared as a proxy for assessing 

time dependencies and predictive capacity. 

Lastly, L1-distance applied to probability density functions and auto-correlation functions is 

used in Ref. [28] to assess GAN performance. This metric is also expanded to quantify 

variations in feature correlations when dealing with multidimensional data. The TSTR scheme 

is also used by the authors to verify the prediction value of artificial datasets. 

In general, two key aspects are of interest when evaluating generated data: 

1. Does the synthetic data's distribution resemble the original dataset's? 

2. How well the temporal relationships are replicated, including any possible long-range 

correlations. 

We look at the distributions of the angular measurements, θ and ϕ, as well as the velocity 

magnitude ∥v∥ to determine how well a method reproduces the distributional characteristics of 

the original data (see Fig. 3). 

We use the Jensen–Shannon (JS) divergence, a symmetrized version of the Kullback–Leibler 

(KL) divergence, to measure distributional similarity. The JS divergence is especially useful 

for comparing probability distributions because, in contrast to the KL divergence, it satisfies 

the characteristics of a true distance metric. The definition of the KL divergence itself is: 

 
𝐷𝐾𝐿(𝜌𝑒𝑚𝑝||𝜌𝑠𝑦𝑛) = ∫ 𝜌𝑒𝑚𝑝 log (

𝜌𝑒𝑚𝑝

𝜌𝑠𝑦𝑛
) . 

(6) 

 

Hence, divergence of JS is defined as 

 
𝐷𝐽𝑆(𝜌𝑒𝑚𝑝||𝜌𝑠𝑦𝑛) =

1

2
(𝐷𝐾𝐿(𝜌𝑒𝑚𝑝||𝜌̅) + 𝐷𝐾𝐿(𝜌𝑠𝑦𝑛||𝜌̅)) 

(7) 

where 𝜌 = 
1

2
 (ρemp + ρsyn).  

The Kullback–Leibler (KL) divergence is one of the most widely used measures for quantifying 

the similarity between probability distributions, as minimizing KL divergence corresponds to 



International Journal of Applied Mathematics  

Volume 38 No. 11s, 2025  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Received: August 18, 2025  397 

maximum likelihood estimation. The Jensen–Shannon (JS) divergence preserves this desirable 

property while also introducing symmetry, namely: DJS(ρemp||ρsyn) = DJS(ρsyn||ρemp). 

This symmetry is particularly intuitive in the context of generative adversarial networks: the 

generator seeks to align synthetic distributions with empirical ones, whereas the discriminator 

attempts to distinguish between real and generated distributions. 

Table 2 

Moments of the probability distribution function of |v| are shown for each dataset alongside 

the corresponding Markov and GAN-generated data. The results indicate that the Markov 

model performs relatively well in reproducing the distribution of |v|. In contrast, GAN-based 

models consistently underestimate the distributional moments. A key limitation of GANs lies 

in their inability to capture the heavy tails of the distribution, reflected in the reduced kurtosis 

values. 

An exception arises with TimeGAN applied to the VAR(2) dataset, which achieves a closer 

match in kurtosis. However, this comes at the cost of a substantial underestimation of the 

standard deviation. The challenge of replicating the moments of the |v|-distribution becomes 

even more pronounced in the case of empirical gaze trajectories, whose complexity far exceeds 

that of synthetic VAR processes. 

 

To assess how effectively the time-dependency of the data is reproduced, we examine the 

autocorrelation of the velocity magnitude ∥v∥. Autocorrelation is computed as the Pearson 

correlation coefficient for each spatial coordinate. For the X-coordinate, this is expressed as: 

 
𝛾𝑋(𝑡𝑙𝑎𝑔) =

𝐸[(𝑋(𝑡) − 𝑋̅)(𝑋(𝑡 − 𝑡𝑙𝑎𝑔) − 𝑋̅)]

𝐸[(𝑋(𝑡) − 𝑋̅)(𝑋(𝑡) − 𝑋̅)]
 (8) 

Here, X denotes the mean of the spatial coordinate, tlag represents the time lag at which the 

autocorrelation is computed, and E[x] indicates the expected value of the stochastic variable x. 

It is important to note that empirical gaze trajectories are not stationary stochastic processes. 

However, both the AI-based models and the Markov model generate time-homogeneous 
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trajectories. In this context, γX (and analogously γY) serves as a measure of the model’s ability 

to reproduce the average dynamical behaviour of the time series. 

To evaluate how accurately an algorithm reproduces the autocorrelation function of each of the 

three quantities, we employ the L2-distance as a measure of similarity. The L2-distance between 

the empirical function femp(x) and the synthetic function fsyn(x) is defined as: 

 

𝑑(𝑓𝑒𝑚𝑝, 𝑓𝑠𝑦𝑛) = (∫ (𝑓𝑒𝑚𝑝(𝑥) − 𝑓𝑠𝑦𝑛(𝑥))2
∞

−∞

𝑑𝑥)

1
2

. (9) 

4. Comparative analysis 

The results of this study are presented in Figure 4, with additional simulations provided in 

Appendix A (Figures 6 and 7), and in Figure 5, which focuses on the reproduction of eye-gaze 

trajectories. Table 2 reports the expected values and associated uncertainties for the first four 

moments of the |v|-distribution—namely the mean, variance, skewness, and kurtosis—original 

datasets (synthetic, VAR processes, and empirical eye-gaze trajectories) and their matching 

Markov and GAN-generated equivalents in each scenario. 

The closeness between simulated and empirical data is summarized in Table 3. We give the 

numerical values of the Jensen–Shannon divergence (cf. Eq. (7)) between empirical and 

synthetic distributions for each of the three parameters defining eye-gaze trajectories (cf. Fig. 

3). Additionally, the L2-distance is used to quantify the similarity of the velocity magnitude 

autocorrelation function (see Eq. (9)). 

 

Fig. 4. shows the outcomes of employing time-series GANs and the Markov model to 

replicate the VAR(1) process. The distribution and autocorrelation function of the velocity 

magnitude ∥v∥ are shown in the first two rows. The distributions of the angular quantities—

the turning angle ϕ and the gaze direction θ—are shown in the final two rows. 
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Table 3 

The metrics outlined in Eqs. (7) and (9) are used to assess how well algorithms replicate a VAR 

process (top) and gaze trajectories (bottom). The accuracy of recreating the velocity magnitude 

∥v∥ distribution is reported in the first column, and the associated autocorrelation function is 

displayed in the second column. The distances between the synthetic and empirical 

distributions of the angular measurements θ and ϕ are shown in the third and fourth columns, 

respectively. 

The results reveal that AI-based models consistently fail to replicate the distributions of ∥v∥, θ, 

and ϕ. In terms of autocorrelation of ∥v∥, SigCWGAN achieves performance comparable to 

the Markov model. However, it is challenging to draw the conclusion that SigCWGAN 

accurately depicts the time-evolution dynamics of the process due to the poor replication of the 

angular distributions. 

 

100 artificial time series, each with roughly 85,000 data points and the same duration as the 

real time series, were created for each method. 

4.1. Replicating synthetic data 

VAR(1) process results (Fig. 4). There is no heavy-tailed behaviour in the distribution of the 

absolute velocity increments (first column). However, GAN-based models perform 

consistently across architectures and are unable to replicate the bigger values of the 

distribution. Their accuracy is two to three orders of magnitude worse than that of the Markov 

chain model (see Fig. 3). However, the RCWGAN design performs somewhat better than the 

other GAN variations. 

Results of autocorrelation (second column). Once more, the Markov model performs better 

than any GAN architecture. SigCWGAN outperforms all other GANs, with RCWGAN coming 

in second. The generator used in these systems, an AR-FNN created especially to capture 

autocorrelations, is responsible for their relative success [28]. 

Nevertheless, both GAN models are unable to replicate the high values in the velocity 

increment distribution, even though they can approximate the positively valued autocorrelation 

function. Even though the additional kurtosis is still very small, the AI models evaluated here 
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consistently misrepresent the tails of the VAR increment distributions, as Figure 4 illustrates. 

This draws attention to a significant drawback: although GANs may mimic autocorrelation 

patterns, they are still unable to represent distributional extremes. 

The distribution of θ is most accurately represented by the Markov model. SigCWGAN 

performs substantially worse than the Markov model, which is followed by the RCGAN 

architecture, even though it produces results that are very similar. While TimeGAN generates 

a highly concentrated distribution of θ about 45◦ and 135◦, RCWGAN clearly shows an 

overestimation bias. 

 

Every algorithm performs quite well for the distribution of θ. Although the differences for 

SigCWGAN are within the margin of error, the Markov model performs somewhat better than 

SigCWGAN. These results are in line with those found in Ref. [28] for the same dataset, where 

the other GAN designs demonstrated somewhat better performance while SigCWGAN 

performed marginally worse. 

It is not unexpected that the Markov model accurately reproduces VAR(1) processes as they are 

intrinsically Markovian. Higher-dimensional VAR processes provide similar results. The 

Markov model consistently outperforms all studied GAN structures, as seen in Appendix A 

(VAR(2) and VAR(3) examples). Additionally, the results for empirical eye-gaze trajectories 

show similar trends, with the Markov technique once more outperforming GAN-based models, 

as will be covered in the next part. 

 

Fig. 5. Eye-gaze trajectory reproduction using time-series GANs and the Markov model. The 

first 600 points of a typical trajectory are shown in the first column. The distribution and 
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autocorrelation function of the velocity magnitude ∥v∥ are shown in the second and third 

columns. The distributions of the angular variables θ and ϕ are displayed in the final two rows. 

4.2. Replicating empirical data 

Empirical eye-gaze trajectories (Fig. 5). The first column presents examples of empirical 

trajectories alongside their modelled counterparts generated by different algorithms. The 

distribution of velocity increments (second column) again exhibits no heavy-tailed behaviour. 

While the Markov model aligns closely with the empirical distribution, the inability of GAN-

based models to capture extreme values is even more pronounced than in the case of VAR 

processes. Among the GANs, SigCWGAN performs slightly better than the other architectures. 

Regarding the autocorrelation function, deviations from the Markov condition are expected, as 

gaze trajectories are not inherently Markovian. Even so, SigCWGAN approximates the 

autocorrelation function more closely to the Markov model, whereas the remaining 

architectures only partially reproduce the positive autocorrelations of the process. 

 

Fig. 6. shows the outcomes of utilizing time-series GANs with the Markov model to replicate 

the VAR(2) process. These results are displayed for direct comparison with the VAR(1) 

scenario depicted in Fig. 4, emphasizing variations in model architectural performance. 

The Markov model provides the most accurate representation of the distribution of θ, 

successfully capturing the preferential directions around 0◦, 90◦, 180◦ and 270◦. However, it 
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fails to reproduce finer details, smoothing out secondary peaks in the distribution. Improved 

resolution might be achieved with larger trajectory samples or alternative kernel choices when 

estimating the numerical distribution. 

GAN-based models, on the other hand, have trouble capturing this dispersion. They fail to 

retrieve the preferential angles and generate large biases even though they replicate certain 

oscillations. Once more, the Markov model performs better than all GANs for the distribution 

of θ. However, about 180°, TimeGAN and RCWGAN can capture some structure. It's 

interesting to see that SigCWGAN does not duplicate the distribution of ϕ, despite partially 

reproducing the autocorrelation function. This example shows an uncommon situation in which 

a time series maintains a positive autocorrelation despite displaying increments with angles 

grouped around 180°. One possible explanation is that the algorithm prefers to produce 

trajectories that continue in the same direction to maintain positive autocorrelation without 

reproducing the higher values of the distribution. 

5. Discussion and Conclusions 

The comparison research shows that the Markov model consistently performs better than every 

GAN design this study looked at. SigCWGAN is the GAN variation that performs the best, 

matching the Markov implementation in approximating the distribution of ϕ, although it is not 

quite as good at modeling the distribution of θ. Particularly with regard to the distribution of θ, 

the remaining GAN architectures perform quite poorly and fall short of the Markov process's 

statistical efficacy. 

While it is encouraging that a particular GAN architecture can replicate certain statistical 

properties at a level comparable to a Markov process—suggesting potential for application to 

more complex phenomena—our findings demonstrate that simple Markov models remain 

substantially more effective in modelling the overall distribution of the process. Unlike GANs, 

which typically require parameter counts two orders of magnitude larger and operate as opaque, 

black-box systems, Markov models are comparatively transparent and computationally 

efficient. Additionally, calculating a Markov transition matrix not only makes distributional 

modelling easier, but it also makes it possible to determine basic properties of the underlying 

natural process, including whether it is stationary or time-continuous [22]. 

Both processes with very high excess kurtosis, such 200 Hz free-viewing eye-gaze trajectories, 

and those with insignificant excess kurtosis, like VAR(p) models, exhibit GAN restrictions. 

Although we do not claim that non-parametric Markov models are always better than AI-based 

methods, our findings show that when non-parametric modelling is needed, it is not reasonable 

to assume that AI methods are the best option. We demonstrate that conventional mathematical 

models can outperform their AI equivalents in both a highly complicated empirical dataset and 

a straightforward synthetic time-series. As a result, we recommend against using AI algorithms 

for time-series prediction without first comparing them to more straightforward, 

comprehensible approaches. 

This paper's evidence can be expanded in several ways. First, future research could investigate 

different GAN architectures and datasets, even if the GAN models studied here reflect some of 



International Journal of Applied Mathematics  

Volume 38 No. 11s, 2025  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Received: August 18, 2025  403 

the most popular AI techniques and the processes taken into consideration include both 

Gaussian and non-Gaussian properties. Models like SigCWGAN and TimeGAN that are 

intended to capture the extreme values of a distribution should get special consideration. In 

addition, integrating datasets that reflect other kinds of processes—such as those driven by 

jump-diffusion noise [35] or intermittent dynamics [36]—would permit a more thorough 

exploration into the bounds of our findings. 

Conversely, potential extensions of the Markov framework warrant exploration—for instance, 

models with a Markov length exceeding a single time lag. A promising hybrid strategy could 

also involve employing GANs to model the residuals of a Markov process or, alternatively, 

training GANs to generate Markov transition matrices, potentially in higher-dimensional 

settings. 

 

Fig. 7. shows the outcomes of using a Markov model with time-series GANs to replicate the 

VAR(3) procedure. for contrast with Figures 4 and 6. 

When we compared our training process to that described in earlier research on the same dataset 

[28], we found that training statistics and results were generally quite consistent. 

As conditional models, the GANs assessed in this study produce subsequent points based on 

earlier ones. In this case, the number of previous points—often represented as p in the 

literature—that were utilized to forecast the subsequent set was methodically optimized. The 

best option, according to the search, was p=3. To guarantee optimal performance, additional 
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hyperparameters, such as network size and batch size, were also improved through comparative 

trials. 

In conclusion, even though GANs are frequently said to be able to capture the time-evolution 

of stochastic processes, complex time-series do not support this assertion. Even when some 

architectures are said to be able to replicate extreme values, their shortcomings are still 

apparent, especially when it comes to their inability to fully capture the range of the auto-

correlation function. At first appearance, it seems surprising that AI techniques cannot 

outperform a theoretically straightforward mathematical framework. However, a large portion 

of the literature focuses solely on their achievements, ignoring situations in which they fail. 

The central limit theorem essentially limits GANs since the data they produce usually 

converges to a normal distribution. Redesigning conventional GAN designs to include noise 

inputs derived from α-stable distributions could be one way to overcome this restriction. 

Appendix A. Replicating VAR(2) and VAR(3) processes – Results 

Applying our methodology to synthetic processes that are non-Markov is as enlightening, even 

though gaze trajectories show non-Markov behaviour. These include the VAR(p=2) and 

VAR(p=3) processes as defined in Eq. (4), in contrast to the VAR(1) process. 

We utilized ϕ1=0.5 and ϕ2=0.4 for the VAR(2) process and ϕ1=0.3, ϕ2=0.3, and ϕ3=0.3 for the 

VAR(3) process. The correlation coefficient between the two spatial dimensions was set at 0.8 

in both situations. As previously, we produced an 85,000-point time series with a sample period 

of Δt = 1. Table 3 displays the corresponding results, which are depicted in Figs. 6 and 7. 

We found that several GAN-generated time-series in this research deviated to infinity. In 

particular, RCWGAN showed divergence in the VAR(2) scenario, but TimeGAN and 

RCWGAN both showed divergence in the VAR(3) procedure. Under different parameter 

selections, similar behavior was also seen, with RCGAN occasionally diverging as well. In 

contrast, when SigCWGAN was used with convergent time-series, it did not diverge. Since 

some GANs continued to generate divergent sequences, modifications to training epochs or 

learning rates did not significantly alleviate these problems. Interestingly, the auto-correlation 

function of VAR(2) and VAR(3) processes was reliably reproduced by SigCWGAN with an 

accuracy like that attained in the VAR(1) instance. The Markov process did not exhibit this 

degree of replication, as was to be expected. 

Even while the ANN used in SigCWGAN (the AR-FNN) is specifically made to duplicate the 

auto-correlation structure of the data, its incapacity to precisely capture the distribution of ϕ 

indicates that the algorithm is unable to replicate several crucial features of the temporal 

dynamics of the process. 

In examining the distribution of process increments, we find that GANs, much like in the 

VAR(1) case and gaze trajectories, tend to underestimate the statistical moments—particularly 

the standard deviation. Furthermore, GANs are unable to replicate the θ distribution, suggesting 

that the link between the two spatial dimensions is not sufficiently captured by them. 

In conclusion, SigCWGAN shows a relative advantage in reproducing the auto-correlation 

function for the VAR(2) and VAR(3) processes. Nevertheless, its performance in modelling the 
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distribution of ϕ remains markedly inferior to that of the Markov model. In general, GANs are 

unable to accurately capture the dependency between the two spatial dimensions, as 

demonstrated by the distribution of θ, or replicate the distribution of increments. Therefore, the 

advantages of GANs are limited even in the case of simple synthetic data where the Markov 

assumption is violated. 

Appendix B. GANs Training 

Training GANs presents significant challenges, as the process is often unstable and does not 

guarantee progressive improvement across epochs [8]. Two common pitfalls are vanishing 

gradients and mode collapse. In the former, the discriminator becomes so effective that both 

networks cease to learn over successive epochs. In the latter, the generator deceives the 

discriminator by producing only a limited set of modes, neglecting others and yielding highly 

similar time-series. To mitigate these issues, careful tuning of the learning rates for both 

networks is typically recommended. 

In our implementation, extending GAN training over longer periods did not consistently yield 

improved outcomes. We also noticed instances of mode collapse when simulating real time-

series, demanding careful calibration of learning rates. Empirically, training the GANs for 

approximately 200 epochs reduced both training and testing errors while mitigating the risk of 

mode collapse. The Adam optimizer was used to update the neural networks' weights [37]. 

Appendix C. Application of the Markov-chain model 

By calculating the conditional probability Pr(Xt=n+1 = xn+1 | Xt=n = xn) in a Markov model, a 

time-series can be produced. We use a Gaussian kernel K to empirically estimate this 

probability. 

 Pr(𝑋𝑡=𝑛+1 = 𝑥𝑛+1 | 𝑋𝑡=𝑛 = 𝑥𝑛)

=
Pr(𝑋𝑡=𝑛+1 = 𝑥𝑛+1, 𝑋𝑡=𝑛 = 𝑥𝑛)

Pr (𝑋𝑡=𝑛 = 𝑥𝑛)
 

(C.10) 

 

with 

 Pr(𝑋𝑡=𝑛+1 = 𝑥𝑛+1, 𝑋𝑡=𝑛 = 𝑥𝑛)

=
1

(𝑁̂ − 1)2ℎ2
∑ 𝐾 (

𝑥𝑛+1 − 𝑥̂𝑖+1

ℎ
) 𝐾 (

𝑥𝑛 − 𝑥̂𝑖

ℎ
)

𝑁̂−1

𝑖=1

 

(C.11) 

 

 

Pr(𝑋𝑡=𝑛 = 𝑥𝑛) =  
1

ℎ(𝑁̂ − 1)
∑ 𝐾 (

𝑥𝑛 − 𝑥̂𝑖

ℎ
)

𝑁̂−1

𝑖=1

 

(C.12) 

 

where 
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𝐾 (

𝑥𝑛 − 𝑥̂𝑖

ℎ
) =

1

√2𝜋
𝑒𝑥𝑝 (−

1

2
(

𝑥𝑛 − 𝑥̂𝑖

ℎ
)

2

) 
(C.13) 

 

Here, h stands for the Gaussian estimate kernel K's bandwidth, which is established using 

Silverman's rule [38]. 

 

ℎ = (
4𝜎̂5

3𝑁̂ − 3
)

1
5

≈ 1.06𝜎̂(𝑁̂ − 1)−1/5 

(C.14) 

 

Here, 𝜎̂ denotes the standard deviation of 𝑥̂1…….𝑥̂n and 𝑁̂ represents the number of data points 

in the sample.  

When empirical data analysed, the conditional probability Pr(Xt=n+1 | Xt=n) can be expressed as 

a T matrix of dimension Ns×Ns, and entries given by: 

 𝑇𝑖,𝑗 = 𝑃𝑟(𝑋𝑡=𝑛+1 ⊂ [𝑘𝑖, 𝑘𝑖+1)|𝑋𝑡=𝑛 ⊂ [𝑘𝑗 , 𝑘𝑗+1)) (C.15) 

 

here i, j ∈ N, as i, j ⊂ [0, Ns] and km > kn ⇔ m > n, the state Xt=n ⊂ [kj, kj+1) allows us to 

compute the observing probability Xt=n+1 ⊂ [ki, ki+1). When creating a new time-series, if Xt=n+1 

⊂ [ki, ki+1), the value will be assigned by sampling uniformly in the interval [ki, ki+1). 

Three important elements affect this method's accuracy. Firstly, the Markov condition validity 

will affect (3). Secondly, the state numbers Ns will influence, which is limited by computational 

cost and scales about as 𝑁𝑠
4 for a process of two-dimensions. Thirdly, sample size 𝑁̂ has an 

impact on accuracy, since this directly impacts the bandwidth h: larger samples yield smaller 

values of h, thereby enhancing the model's precision. A Python and NumPy implementation of 

this algorithm is available on GitHub [39]. 
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