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Abstarct

In this chapter, we introduce and some new sets called binary A-open sets, binary B-sets,
binary Ae-sets, binary C-closed sets, binary a*-sets and binary B,+-sets , which are simple
forms of binary open sets in binary topological spaces. Also we characterize these sets and
study their related properties with binary open sets. The independence of such as binary pre
open sets and binary A-closed sets, binary f-closed sets and binary A-closed sets, binary a-
open sets and binary B,+-sets are established. Also decomposition of binary a-open subset into
a binary A-open subset and binary pre open sets is arrived. Finally, the notion of a binary
kernel is introduced, and its properties are investigated.

1 Introduction and Preliminaries
Nithyanantha Jothi, et al.[3] introduced topology between two sets and also studied
some of their properties. Topology between two sets is the binary structure from X to Y which
is defined to be the ordered pairs (A4, B) where A € X and B C Y. In this paper, we introduce
and some new sets called binary A-open sets, binary B-sets, binary A.-sets, binary C-closed
sets, binary a*-sets and binary B,+-sets , which are simple forms of binary open sets in binary
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topological spaces. Also we characterize these sets and study their related properties with binary
open sets.
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a*-sets and binary B,»-sets.

Also decomposition of binary a-open subset into a binary A-open subset and binary
pre open sets is arrived. More over, we obtain two different decompositions of a binary Ae-
closed subset and binary C-closed subset (X,Y) in the binary topological space (X,Y,M).

Let X and Y be any two nonempty sets. A binary topology [3] from X to Y isabinary
structure M € P(X) X P(Y) that satisfies the axioms namely

1. (¢,¢) and (X,Y) €M,

2. (AN A, B;NB,) €M whenever (A;,B;) € M and (4,,B,) € M, and

3. If {(Ag By):a€é} is a family of members of M , then
(Uae6 Ag Uges Ba) EM.

If M is a binary topology from X to Y then the triplet (X,Y, M) is called a binary
topological space and the members of M are called the binary open subsets of the binary
topological space (X,Y,M). The elements of X X Y are called the binary points of the binary
topological space (X,Y,M). If Y =X then M is called a binary topology on X in which
case we write (X, M) as a binary topological space.

Definition 1.1 /3] Let X and Y be any two nonempty sets and let (A,B) and (C,D) €
P(X) x P(Y). We say that (A,B) € (C,D) if A< C and B < D.

Definition 1.2 /3] Let (X,Y, M) be a binary topological space and A S X, B S Y. Then
(A, B) is called binary closed in (X,Y,M) if (X\A,Y\B) € M.

Proposition 1.3 /3] Let (X,Y, M) be a binary topological space and (A,B) € (X,Y).

Let (A,B)Y =n{Ag: (Aq, B,) is binary closed and (4,B) S (A4 By)} and (4,B)** =n
{Bg: (Aq, B,) is binary closed and (4,B) € (Ag, B,)}. Then ((4, B)**, (4, B)?*) is binary
closed and (4,B) < ((4, B)**, (4, B)?").

Proposition 1.4 /3] Let (X,Y, M) be a binary topological space and (A,B) € (X,Y). Let
(A,B)Y* =U{A,:(Ay, By) is binary open and (Ag Bg) € (A,B)} and (A, B)* =U
{By: (Ag, By) is binary open and (A4, By) € (A,B)}.

Definition 1.5 /3] The ordered pair ((A, B)**, (4, B)?*) is called the binary closure of (A, B),
denoted by b-cl(A, B) in the binary space (X,Y, M) where (A,B) € (X,Y).

Definition 1.6 /3] The ordered pair ((4,B)**, (A, B)?*) defined in proposition 1.4 is called

Received: July 28, 2025 798



International Journal of Applied Mathematics

Volume 38 No. 2s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

the binary interior of of (A, B), denoted by b-int(A, B). Here ((A, B)Y*, (4, B)?*) is binary
open and ((4,B)Y*, (4,B)**) € (4,B).

Definition 1.7 /3] Let (X,Y, M) be a binary topological space and let (x,y) € (X,Y). The
binary open set (A, B) is said to be a binary neighbourhood of (x,y) if x € A and y € B.

Proposition 1.8 /3] Let (A,B) € (C,D) € (X,Y) and (X,Y,M) be a binary topological
space. Then, the following statements hold:
b-int(A,B) € (A, B).
If (4, B) is binary open, then b-int(4,B) = (4, B).
b-int(A, B) € b-int(C, D).
b-int(b-int(A, B)) = b-int(4, B).
(A,B) € b-cl(4,B).
If (A, B) is binary closed, then b-cl(4,B) = (4, B).
b-cl(A,B) € b-cl(C, D).
8. b-cl(b-cl(A,B)) = b-cl(4,B).
Definition 1.9 4 subset (A, B) of a binary topological space (X,Y, M) is called
1. abinary a-openset[1]if (4, B) € b-int(b-cl(b-int(A, B))).
2. abinary semi open set [4] if (4, B) € b-cl(b-int(A4, B)).
3. abinary pre open set [2] if (4, B) € b-int(b-cl(4, B)).
4. abinary regular open set [5] if (4, B) = b-int(b-cl(4, B)).
The complements of the above mentioned sets are called their respective closed sets.

Nk W=

2 Binary A-open sets and binary B-sets
In this section, we will study the concepts of binary A-open sets and binary B-sets.
We will explore the properties of these sets, their interactions, and how they can be utilized in
various
mathematical contexts.

Definition 2.1 4 subset (O, P) of a binary topological space (X,Y, M) is said binary A-open
if b-int(b-cl(0, P)) € b-cl(b-int(0,P)). (0,P)° = (X,Y) — (0, P) is binary A-closed in
X, Y, M).

Definition 2.2 A subset (O, P) of a binary topological space (X,Y, M) is said a binary B-set
if b-int(0, P) = b-int(b-cl(0, P)).

Proposition 2.3 [n a binary topological space (X,Y, M), for a subset (O,P) of (X,Y), the
following results hold:
1. (0, P) isabinary a-open set = (0, P) is binary A-open.
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2. (0,P) isabinary B-set = (0, P) is binary A-open.

Proof. 1. (0, P) is a binary a-open set in (X,Y,M). (0,P) € b-int(b-cl(b-int(0, P))) S
b-cl(b-int(0,P)). Then b-cl(0,P) € b-cl(b-int(0,P)) and b-int(b-cl(0,P)) S b-
cl(0, P) € b-cl(b-int(0, P)). This proves that (O, P) is binary A-openin (X,Y,M).

2. (0,P) is a binary B-set in (X,Y,M), we have b-int(b-cl(0,P)) =b-
int(0,P) € (O, P). Then b-int(b-cl(0,P)) € b-int(0, P) S b-cl(b-int(0, P)). This proves
that (O, P) is binary B-open in (X,Y,M).

Remark 2.4 The converse of each implication in Proposition 2.3 are need not be true as shown
in the following example.

Example 2.5 Let A ={a, b} , B ={1,2} and M =
{(#,9), (.{2}), ({a}, {1}), ({a}, V), (X, {1}, (X,Y)} . Then binary A -open sets are
(@, 9). (¢, {2}, ({a}, {1}, ({a}, V), ({b}, @), ({b}, {2}), (X, {1}), (X,Y) and binary a -open
sets are (¢, ), (P, {2}),{a}, {1}, {a},Y), (X, {1}),(X,Y) and binary B -sets are
(@, ), (&, {2, ({b}, ), ({b}, {2}), (X, {1}, (X, Y).

1. then the subset ({b},{2}) is a binary A-open set but not binary a-open.

2. then the subset ({a},{1}) is a binary A-open set but not binary B-set.

Theorem 2.6 For a subset (O, P) of a binary topological space (X,Y, M), the following
Statements are equivalent.

1. (O, P) is abinary semi open set.

2. b-cl(0,P) = b-cl(b-int(0, P)).

Proof. (1) = (2). Suppose that (0, P) is a binary semi open set in (X,Y, M), then (O,P) S
b-cl(b-int(0, P)) and b-cl(O, P) € b-cl(b-int(0, P)). But b-cl(b-int(0, P)) € b-cl(O, P).
Thus b-cl(0, P) = b-cl(b-int(0, P)).

(2) = (1). let the condition hold. We have (0, P) € b-cl(H) and b-cl(H) = b-cl(b-
int(0, P)). Therefore (O, P) is a binary semi open set in (X,Y, M).

Theorem 2.7 For a subset (0O, P) of a binary topological space (X,Y, M), the following
Statements are equivalent.

1. (O, P) is abinary open set = (O, P) is binary semi open.

2. (0,P) isabinary a-open set = (0, P) is a binary semi open.
Proof. 1. (0,P) is a binary open set = (0,P) = b-int(0,P) S b-cl(b-int(0,P)). This

proves that (0, P) is binary semi open in (X,Y,M).
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2. (0,P) isabinary a-openset = (0, P) S b-int(b-cl(b-int(0, P))) < b-cl(b-
int(0, P)). This proves that (O, P) is semi open in (X,Y,M).

Theorem 2.8 Let (O, P) be a subset of a binary topological space (X,Y,M). Then (O, P) is
binary [-closed if and only if b-int(b-cl(b-int(0, P))) = b-int(0, P).
Proof- Since (0, P) isabinary B-closedsetin (X,Y, M), b-int(b-cl(b-int(0,P))) < (O, P)
and then b-int(b-cl(b-int(0,P))) € b-int(0,P). But b-int(0,P) S b-int(b-cl(b-
int(0, P))). We have b-int(H) = b-int(b-cl(b-int(0, P))).

Conversely, let the condition hold. We have b -int(b - cl(b -int(0,P)))=b -
int(0,P) € (0, P). Therefore (O, P) is binary f-closed in (X,Y,M).

Theorem 2.9 In a binary topological space (X,Y,M), for a subset (O,P) of (X,Y), the
following results are equivalent:

1. (0, P) is binary semi closed.

2. (0,P) isabinary f-closed set and binary A-closed.

Proof- (1) = (2): Since (O, P) is a binary semi closed setin (X,Y, M) = (O, P) is binary [-
closed in (X,Y,M). Now, b-int(b-cl(0,P)) € (0,P) and b-int(b-cl(O,P))<Sb-
int(0,P). It gives that b-cl(b-int(b-cl(0,P))) € b-cl(b-int(0,P)). Thus b-int(b-
cl(0,P)) € b-cl(b-int(b-cl(0,P))) € b-cl(b-int(0,P)) and hence (O, P) is binary A-
closed in (X,Y, M).

(2) = (1): Since (O, P) is a binary A-closed set in (X,Y, M), b-int(b-cl(H)) S b-
cl(b-int(0, P)) and b-int(b-cl(0,P)) € b-int(b-cl(b-int(0, P))). Since (O, P) is binary
p-closed, b-int(b-cl(b-int(0,P))) € (0,P). Then b-int(b-cl(0,P)) S (0,P) and hence
(0, P) is binary semi closed in (X,Y,M).

Remark 2.10 [n a binary topological space (X,Y, M), the notions of binary [-closed sets
and the notions of binary A-closed sets are independent of each other.

Example 2.11 Let X ={a, b} , B ={1,2} and M =
{(®,#), (¢, {1}, ({a}, #), ({a}, {1}), ({a}, {2}, ({a}, V), ({b}, {1D), (X, {1}), (X, Y) . Then
binary A -closed sets are
(¢, 9), (¢, {1}, (¢.{2}), (¢, Y), ({a}, $), ({a}, {1}), ({a}, {2}, ({a}, V), ({b}, @), ({b}.{1}), (X, ),
X, {1), X, {2}, (X,Y) and binary B -closed sets are

(@, 9), (9,{2}), ({a}, {2}), ({b}, §), ({b}, {1}), ({b}, {Z}), ({3, V), (X, {2}), (X, Y). Then
1. the subset ({b},{2}) is a binary f-closed set but not binary A-closed.

2. the subset ({a},{1}) is a binary A-closed set but not binary S-closed.
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Theorem 2.12 For a subset (0, P) of (X,Y) in the binary topological space (X,Y, M), the
following results are true.

1. (0, P) isbinary a-open.

2. (0, P) isbinary A-open and binary pre open.

Proof. (1) = (2): Let (0, P) be a binary open setin (X,Y,M). Then (O, P) € b-int(b-cl(b-
int(0, P))) which is implies that b-cl(0, P) S b-cl(b-int(0, P)) and b-int(b-cl(O,P)) S
b-int(b-cl(b-int(0,P))) € b-cl(b-int(0,P)). Hence (O,P) is a binary A-open set in
(X, Y, M). Conversely, since (O, P) is a binary a-open set, (O, P) is a binary pre open set in
X, Y, M).

(2) = (1): Since (O, P) is both binary A-open and binary pre open in (X,Y,M).
Since (0,P) is binary A-open in (X,Y,M), we have b-int(b-cl(O,P)) S b-cl(b-
int(0, P)) and hence b-int(b-cl(0, P)) S b-int(b-cl(b-int(0, P))). Since (O, P) is binary
pre open in (X,Y, M), we have (0,P) € b-int(b-cl(0, P)). Therefore (O,P) S b-int(b-
cl(b-int(0, P))). Hence (O, P) is a binary a-open setin (X,Y,M).

Remark 2.13 [n a binary topological space (X,Y, M), the notions of binary A-open sets
and the notions of binary pre open sets are independent of each other.

Example 2.14 Let X ={a, b} , Y ={1,2} and M =
{(p,0),(d,{2}), {a}, {1}, {a},Y),(X,Y)} . Then binary A -open sets are
(@, 9), (¢, {2}, ({a}, {1}, ({a}, ¥, ({b}, ), ({3, {2}, (X, {1}), (X,Y) and binary pre open
sets are

(@, 9), (&, {1}, (¢,{2}), (¢, Y), ({a}, §), ({a}, {1}), ({a}, {2}), ({B}, V), (X, {2}), (X, T).
1. then the subset ({b},{2}) is a binary A-open set but not binary pre open.

2. then the subset (¢,{1}) is a binary pre open set but not binary A-open.

Theorem 2.15 Let (0,P) and (S,K) be the subsets of a binary topological space
X, Y, M). If (0O,P) < (S,K) € b-cl(0,P) and (O, P) is binary A-open then K is binary
A-open.

Proof-Assuming that (O,P) € (S,K) € b -cl(0,P) and (O,P) is binary A -open in
(X,Y,M). Then b-int(b-cl(0,P)) € b-cl(b-int(0,P)). Since (0,P) € (S,K), b-cl(b-
int(0, P)) € b-cl(b-int(S,K)) and b-int(b-cl(0,P)) € b-cl(b-int(S,K)). Since (S,K) <
b-cl(0, P), we have b-cl(S,K) € b-cl(b-cl(0,P)) = b-cl(0,P) and b-int(b-cl(S,K)) <
b-int(b-cl(0, P)). Therefore b-int(b-cl(S,K)) € b-cl(b-int(S, K)). This proves that (S, K)
is a binary A-open setin (X,Y,M).

Corollary 2.16 For a binary topological space (X,Y,M). If (0,P) € (X,Y) is binary A-

open and binary dense in (X,Y, M), then each subset of (X,Y) containing (O, P) is binary
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A-open.
It is followed by Theorem 2.15.

Proposition 2.17 Every binary closed set in a binary topological space (X,Y, M) is a binary
B-set.

Proof. Let (0O, P) be a binary closed set in (X,Y,M). Then (O, P) = b-cl(0, P) and hence
b-int(b-cl(H)) = b-int(0, P). Which verifies that (O, P) is a binary B-setin (X,Y,M).

Remark 2.18 The converse of Proposition 2.17 is need not be true as shown in the following
Example.

Example 2.19 Let X = {a,b}, Y ={1} and M = {(¢,d), {a},p),(X,Y)}. Then binary
closed sets are (9, 9), ({b},Y),(X,Y) and binary B  -sets are
(D, 9),(d,Y), (b}, ), {b},Y),(X,Y). Then the subset (¢,Y) is a binary B-set but not
binary closed.

Theorem 2.20 A subset (O,P) of a binary topological space (X,Y,M) is binary semi
closed if and only if (O, P) is a binary B-set.
Proof- Let (0, P) be a binary semi closed set in (X,Y,M). Then (X,Y) — (O, P) is binary
semi-open. By Theorem 2.6, we have b-cl((X,Y) — (O, P)) = b-cl(b-int((X,Y) — (O, P)).
Therefore (X,Y) — b-int(0,P) = b-cl((X,Y) — b-cl(0,P)) = (X,Y) — b-int(b-cl(O, P)).
Thus, b-int(b-cl(0,P)) = b-int(0, P) and hence (O, P) is a binary B-setin (X,Y,M).
Conversely, let (0,P) be a binary B-set. Then b-int(b-cl(0,P)) = b-int(0,P) <
(0, P). Which proves that (O, P) is binary semi closed.

3 Binary Ac-set and binary C-closed sets
In this section, we introduce and analyze the new kinds of binary Ae-set and binary C-closed
sets, and their relevant characteristics are investigated.

Definition 3.1 4 subset (0, P) of a binary topological space (X,Y,M) is called binary Ae-
setif (O, P) is binary semi open and a binary B-set.

Theorem 3.2 For a subset (0,P) of (X,Y) in a binary topological space (X,Y, M), the
following statements are equivalent:

1. (O, P) is binary Ae-set.

2. (0, P) isbinary S-open and binary semi closed.
Proof. (1) = (2): Since (O, P) is binary Ae-set in (X,Y, M), then (O, P) is both binary
semi open and a binary B-set. Since every binary semi open set is binary f-open, (O, P) is
both binary f-open and a binary B-set. By Theorem 2.20, we obtain the result.

(2) = (1): let (0,P) be a binary semi closed set and binary f-open in (X,Y,M).
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Since (O, P) is a binary semi closed by Theorem 2.20. (O, P) is a binary B-set. Since (O, P)
is binary a f-open set in (X,Y,M). (0, P) S b-cl(b-int(b-cl(0, P))) = b-cl(b-int(0, P)).
Therefore (O, P) is binary semi open. Since (O, P) is both binary semi open and a binary B-
set, (0, P) is binary Ae-set.

Remark 3.3 [n a binary topological space (X,Y, M), the notions of binary semi closed and
the notions of binary [f-open are independent of each other.

Example 34 In  Example 2.5, then binary semi closed sets are
(@, 9), (¢, {2]), ({b}, @), ({1}, {2}), (X, {1}), (X,Y) and binary B -open sets are
(@, 9), (¢, {1}, (¢,{2}), (¢, Y), ({a}, $), ({a}, {1}), ({a}, {2}), ({a}, V), ({b}, {1}), ({b}, V), (X, ¢),
X, {1), (X, {2}), (X, Y).

1. then the subset ({b},{2}) is a binary semi closed set but not binary f-open.

2. then the subset ({a},{1}) is a binary S-open set but not binary semi closed.

Definition 3.5 A subset (0, P) of a binary topological space (X,Y, M) is said binary C-
closed set if (0, P) = b-cl(b-int(0, P)). (0,P)¢ = (X,Y) — (O, P) is binary C-open.

Theorem 3.6 In a binary topological space (X,Y, M), for a subset (O,P) of (X,Y), the
following statements are equivalent:

1. (O,P) # (¢, p) = ¢ is binary C-closed.
2. There exists a non-empty binary open set (S, F):(S,F) € (0,P) = b-cl(S, F).

3. There exists a non-empty binary open set (S,F):(0,P)=(S,F)VU (b -
cl(S,F) = (S, F)).

Proof. (1) = (2). Suppose (O, P) + (¢, ¢) = ¢ is a binary C-closed set. Then (O, P) = b-
cl(b-int(0, P)). Let (S,F) = b-int(0, P). (S,F) is the required binary open set. (S,F) S
(0,P) = b-cl(S,F).

(2) = (3). Since (0,P) = b-cl(S,F) = (S,F) U (b-cl(S,F) — (S,F)) where (S,F)
is a nonempty binary open set, (3) follows.

3 = (). (0,P)=(S,F)u( -cl(S,F)—(S,F)) implies that (0,P)=0b -
cl(S,F) = b-cl(b-int(S, F)) € b-cl(b-int(0, P)), since (S,F) is binary open and (S,F) €
(0,P). Again b-int(0,P) < (0,P) implies that b-cl(b-int(0,P)) € b-cl(O,P)=b-
cl(S,F) = (0, P). Therefore (O, P) = b-cl(b-int(0, P)). Hence (O, P) is binary C-closed.

Theorem 3.7 Let (O,P) be a subset of a binary space (X,Y,M). If (O, P) is binary [3-
open, then b-cl(0, P) is binary C-closed.
Proof. Suppose (0, P) is a binary [-open setin (X,Y,M). We have (0, P) € b-cl(b-int(b-
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cl(0,P))) and b-cl(0,P) € b-cl(b-int(b-cl(0,P))) € b-cl(0, P) which implies that b-
cl(0, P) = b-cl(b-int(b-cl(0, P))). Hence b-cl(O, P) is binary C-closed in (X,Y,M).

Theorem 3.8 [In a binary topological space (X,Y, M), for a subset (0O,P) of (X,Y), the
following statements are equivalent:
1. (0, P) isbinary C-closed.

2. (0, P) is binary semi open and binary closed.
3. (0, P) isbinary f-open and binary closed.

Proof- (1) = (2): (0,P) is binary C -closed = (0,P) =b-cl(b-int(0,P)) and b -
cl(0, P) = b-cl(b-int(0, P)). Since (O, P) € b-cl(b-int(0, P)), (O, P) is binary semi open.
Also, (0,P) = b-cl(0, P) and hence (O, P) is binary closed in (X,Y,M).

(2) = (3): It follows from the fact that every binary semi open set is a binary [-open.

(3) = (1): If (0, P) is a binary S-open set and binary closed set in (X,Y, M), then
(0,P) € b-cl(b-int(b-cl(0,P))) and (0,P) = b-cl(0,P). Now b-cl(b-int(0,P)) € b-
cl(0,P) = (0,P). Also, (0,P) € b-cl(b-int(0, P)). Therefore (0, P) = b-cl(b-int(0, P)).
Hence (O, P) is binary C-closed in (X,Y,M).

Remark 3.9 [n a binary topological space (X,Y, M),

1. the notions of binary semi open and the notions of binary closed are independent
of each other.

2. the notions of binary f-open and the notions of binary closed are independent
of each other.

Example 3.10 In Example 2.5, then binary closed sets are
(p,d), (¢, {2}), ({b}, p), ({b},{2}), X, {1}),(X,Y) and binary semi open sets are
(@, ¢), (¢, {2}, ({a}, {1}, ({a}, V), X, {1}, (X,Y) and  binary B -open sets are
(@, 9), (¢, {1}, (¢,{2}), (¢, Y), ({a}, $), ({a}, {1}), ({a}, {2}), {a}. V), ({b}, {1}), ({b}, ),
X, ¢), (X, {1}, (X, {Z}), (X, Y).

1. then the subset ({a},{1}) is a binary semi open set but not binary closed.

2. then the subset ({b}, ¢) is a binary closed set but not binary semi open.

3. then the subset ({a},{2}) is a binary [-open set but not binary closed.

4. then the subset ({b},{2}) is a binary closed set but not binary f-open.

4 Binary a*-sets and binary B,--sets
The novel types of binary a* and binary B,*-sets are introduced and analyzed in this
section, and their pertinent properties are examined.

Received: July 28, 2025 805



International Journal of Applied Mathematics

Volume 38 No. 2s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Definition 4.1 4 subset (O, P) of a binary topological space (X,Y, M) is said to be
1. binary a*-setif b-cl(b-int(b-cl(0,P))) = b-int(0, P).

2. binary Bgy+-set if (0,P) = (L,M) N (S, F), where (L, M) is a binary open set
and (S, F) is binary a*-set.

Proposition 4.2 For a subset (O, P) of a binary topological space (X,Y, M), the following
statements are equivalent:
1. (O,P)€b-a*(X,Y,M).

2. (0, P) is binary semi pre closed.

3. b-int(0, P) is binary regular open.
Proof. Obvious.

Theorem 4.3 For a subset (O, P) of (X,Y) in a binary topological space (X,Y, M), then the
following statements:

1. If (O, P) is abinary B-set then (O, P) € b-a*(X,Y,M).

2. For a subset (0, P) is a binary semi open set and binary B-set if and only if
(0,P) € b-a*(X,Y,M).

3. Forasubset (0, P) is binary a-open and (O, P) € b-a*(X,Y, M) if and only
if (0, P) is binary regular open.

Proof- 1. Let (0, P) be abinary B-set, then b-int(0, P) = b-int(b-cl(0,P)) and b-int(b-
cl(b-int(0, P))) = b-int(b-cl(0, P)) = b-int(0, P). Therefore, (O, P) is a binary a*-set.

2. Let (0, P) be binary semi open and (O, P) € b-a*(X,Y, M). Since (O, P) is
binary semi open, b-cl(b-int(O, P)) = b-cl(0, P) and hence b-int(b-cl(O, P)) = b-int(b-
cl(b-int(0, P))) = b-int (0, P). Therefore, (O, P) is a binary B-set.

3. Let (O,P) be a binary a -open set and (O,P) €b-a*(X,Y,M). By
Proposition 4.2 and the Definition of binary a-open set, we have b-int(b-cl(b-int(0,P))) =
(0,P) and hence b-int(b-cl(0,P)) = b-int(b-cl(b-int(0,P))) = (0, P). The converse is
obvious.

Theorem 4.4 In a binary topological space (X,Y,M). Then b-a*(X,Y,M)C b -
Bo+(X,Y, M) and binary open S b-By+(X,Y, M).
Proof. Since (X,Y) € binary open N b-a*(X,Y, M), the inclusions are obvious.
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Lemma 4.5 [n a binary topological space (X,Y,M). If either (O, P), (S,K) is binary semi
open, then b-int(b-cl(0,P) N (S,K)) = b-int(b-cl(0, P)) N b-int(b-cl(S, K)).

Proof. For any subset (O,P),(S,K) € (X,Y), we generally have b -int(b-cl(0,P)N
(5,K))) € b-int(b-cl(0, P)) N b-int(b-cl(S,K)). Assume that (O, P) is binary semi open.
Then b-cl(0,P) = b-cl(b-int(0, P)). Therefore b-int(b-cl(0,P)) N b-int(b-cl(S,K)) =
b-int(b-cl(b-int(b-cl(0,P)) N b-int(b-cl(S,K)))) € b-int(b-cl(b-cl(0,P) N b-int(b-
cl(S,K)))=b-int(b-cl(b-cl(b-int(0,P))Nnb-int(b-cl(S,K)))) S b-int(b-cl(b-
int(0O,P)Nb-cl(S,K))) €b-int(b-cl(b-int(0,P)N(S,K))) S b-int(b-cl((0,P)N
(S, K)).

Theorem 4.6 For a subset (0,P) of (X,Y) in a binary topological space (X,Y,M)), the
following results are equivalent:

1. (O, P) is abinary open set.
2. (0,P) is abinary a-open and a binary B,*-set.

Proof- (1) = (2): It is obvious that every binary open set is a binary a-open set and a binary
B,+-set.

(2) = (1): let (0, P) be a binary a-open set and a binary B,+-set in (X,Y,M). Since
(0, P) isabinary B,«-set, there exist (4, B) € binary openand (C,D) € b-a*(X,Y, M) such
that (0,P) = (4,B) n (C,D). Since (0O, P) is a binary a-open set, by using Lemma 4.5, we
have (O, P) € b-int(b-cl(b-int(0, P))) = b-int(b-cl(b-int((4,B) N (C,D)))) = b-int(b-
cl((A,B)))nb-int(b-cl(b-int(C,D))) =b-int(b-cl(A,B))Nnb-int(C,D) and hence
0,P)=AB)NO0,P)SAB)N(b - int(b - cl(A,B))Nb - int(C,D))=(A4,B)Nb -
int(C,D) < (0, P). Consequently, we obtain (0,P) = (4,B) N b-int(0,P) and (O, P) is
binary open.

Remark 4.7 [n a binary topological space (X,Y, M), the notions of binary a-open set and
the notions of binary B,+-set are independent of each other as shown in the following example.

Example 4.8 Let X = {a,b}, Y = {1,2} and M = {(¢, D), (¢,{1}), {a},{1}), (X, Y)}. Then

binary a -open sets are
(¢, ), (d,{1}), (¢, V), ({a}, {1}, ({a}, V), ({b}, {1}), (b}, Y), (X, {1}),(X,Y) and binary
By -sets are

(@, 9), (9, {1}), (¢, {2}), ({a}, $), ({a}, {1}), ({a}, {2}), ({b}, ), ({b}, {Z}), (X, $), (X, {Z}), (X, Y)

1. then the subset ({b},{1}) is a binary a-open set but not binary B,=-set.

2. then the subset ({a},{2}) is a binary B,+-set but not binary a-open.
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S Decompositions of subsets
1. From the Theorem 2.9 and the Remark 2.10 in the binary topological space (X,Y, M) we
get a decomposition of binary semi closed subsets into a binary f-closed subset and binary A-
closed.
2. From the Theorem 2.12 and the Remark 2.13 in the binary topological space (X,Y, M) we
get a decomposition of binary a-open subsets into a binary <A-open subset and binary pre open.
3. From the Theorem 3.2 and the Remark 3.3 in the binary topological space (X,Y, M) we
get a decomposition of binary Ae-sets into a binary f-open subset and binary semi closed.
4. From the Theorem 3.8 and the Remark 3.2(1) in the binary topological space (X,Y, M) we
get a decomposition of binary C-closed subsets into a binary semi open subset and binary
closed.
5. From the Theorem 3.8 and the Remark 3.2(2) in the binary topological space (X,Y, M) we
get a decomposition of binary C-closed subsets into a binary [-open subset and binary closed.
6. From the Theorem 4.6 and the Remark 4.7 in the binary topological space (X,Y, M) we
get a decomposition of binary open subsets into a binary a-closed subset and binary B, »-set.

6 Binary kernel
In this section, the notion of binary kernel is introduced and its properties are investigated.

Definition 6.1 Let (X,Y, M) be a binary topological space and (A,B) € (X,Y). The set b-
ker(A,B) =n{(X,Y):(4,B) € (X,Y),(X,Y) € (X,Y, M)} said to be binary kernel of (A, B)
and is denoted by b-ker (A, B).

Example 6.2 Let X ={a, b} , Y ={1,2} and M =

{(9,9), (&, {1}), ({a}, {1}), ({b}, {1}), (X, {1}), (X, Y)}, then the b-Ker({a}, ¢) = ({a},{1}),
b-Ker({b},{1}) = ({b}, {1}), b-Ker(X,{2}) = (X,Y).

Theorem 6.3 Let (X,Y, M) be a binary topological space and (A,B),(C,D) € (X,Y). Then
the following properties hold.

1. (p,q) € b-ker(A,B) = (A,B)N(F,G) = (¢, p) = ¢ for any binary closed
set containing (p, q).

2. If (A,B) € b-ker(A,B) and then (A4,B) = b-ker(4,B) if (4,B) is binary
openin (X,Y).

3. If (A,B) € (C,D), then b-ker(A,B) € b-ker(C,D).

Proof- 1. 1f (p,q) € b-ker(4,B) then (p,q) € (A,B) € (F,G)°, where (F,G)° is a binary
open set and (4,B) € (F,G) = (A,B) N (F,G)° = (¢,¢p) = ¢. Hence (A4,B) € (F,G)° <
(F,6)> (AB)n(F,G)=(¢p,p) =¢ . F is binary closed. Hence (p,q) € (4,B)N
(F,G) =(¢,¢) =¢. (F,G) is binary closed. Therefore (4,B) N (F,G) = (¢,p) = ¢ for
any binary closed set containing (p, q).
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Conversely, let (4,B) N (F,G) # (¢, ¢p) = ¢. for any binary closed set containing
(p, q). Assume that (x,y) & b-ker(A, B) hence their exist a binary open set (F,G)¢ such that
(A,B) € (F,G)° and (p,q) € (F,G)¢. Hence (A,B) € (F,G) and (p,q) € (F,G), where
(F, G) is a binary closed which is a contradiction. Hence (p,q) € b-ker(4, B).

2. Let (A,B) be a binary open set. Since (4, B) is binary open b-ker(4,B) €
(A,B) holds. Let (C,D) be any binary open set containing (4, B) then we have (4,B) S
(W,Z).Hence (A4,B) € (W,Z)n (A,B) € (A4,B) and (W,Z) n (A, B) is binary open. Now,
(AB)en{(W,2):(A,B) € (W,Z),(W,Z) € (X,Y,M)}. Therefore (A,B) S b-ker(A,B)
and hence (4, B) = b-ker (A, B).

3. Let (4,B) € (C,D), To prove that. b-ker (A, B) € b-ker(C,D). Let (U,V) €
b-ker(A,B) = (A,B) € (U,V) and (U,V) is binary open in (X,Y,M). Since (4,B) S
(C,D), so (A,B) < (C,D) < (U,V), where (U,V) is a binary open set in (X,Y,M).
Therefore (U,V) € b-ker(C,D). Hence (U,V) € b-ker(A,B) = (U,V) € b-ker(C,D) and
thus b-ker(4,B) € b-ker(C,D).

7 Conclusion

We introduced and studied some new sets called binary A-open sets, binary B-sets,
binary Ae-sets, binary C-closed sets, binary a*-sets, and binary B,«-sets, which are simple
forms of binary open sets in binary topological spaces. We characterized these sets and studied
their related properties with binary open sets. The independence of such as binary preopen sets
and binary A-closed sets, binary f-closed sets and binary A-closed sets, binary a-open sets
and binary B,+-sets are established. Also, decomposition of a binary a-open subset into a
binary A-open subset and binary preopen sets is arrived at. The notion of a binary kernel is
introduced, and its properties are investigated.
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