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Abstract 

This research will focus on the entropy Generation of a magnetohydrodynamic (MHD) flow using 

Casson Willams hybrid nanofluid under flowing rotating disk with consideration of thermal radiation. 

It is a combination of three items of interest (i) von Kampankan swirling flow made possible by the 

rotation of the disk, (ii) hybrid nanofluid suspensions, more conductive of heat and better behaved in 

heat transfers than classical coolants, and (iii) converged non-Newtonian Casson (yield stress) and 

Williamson (viscoelastic relaxation). There is a generalization of the analysis of entropy-generation 

into heat-transfer, fluid-friction and Joule heating through the second law of thermodynamics. The 

Bejan number is used to a certain degree of distributing something irreversible. 

The mathematical model includes Rosseland approximation of thermal diffusion and Lorentz 

approximation that represents the MHD. Open slows of partial differential equations are simplified 

using transformations of a like manner into nonlinear ordinary differential equations, which are 

solved numerically. A parameter study is directional in such a way as to select the influence of the 

magnetic interaction parameter, the radiation parameter, the Casson parameter and the Williamson 

parameter. It is found that thermal radiation amplifies the wall heat flux with the reduction of 

temperature gradients far far disk and changes the distribution of entropy. Stronger MHD effects 

inhibit radial velocity and enhance Joule dissipation, meaning that the Bejan number is wastier. 

Reduced Casson parameter decreases shear stresses, decreases viscous entropy, and Williamson 

viscoelasticity redistribes entropy outside of the wall region. 

The paper builds on the current literature on non-Newtonian nanofluids, however, extending the area 

with a hybrid model, the CassonWilliamson in rotating disk geometry with MHD and radiation. The 

results give an understanding on minimization of irreversibility in rotating machines, biomedical 

devices, and power systems in advanced working fluids and electro-magnetic control measures are 

critical. 

 

Keywords: Thermal radiation, Magnetohydrodynamics (MHD), Entropy generation, Casson fluid, 

Williamson fluid, Hybrid nanofluid, Rotating disk flow, Bejan number, Non-Newtonian rheology. 

 

1. Introduction 

1.1. Background and motivation 

Rotating disk flows are classical benchmarks in fluid dynamics, first studied by von Kármán in 1921, 

and have become canonical models for three-dimensional boundary layers. Such flows appear in 

rotating machinery, power-generation turbines, and advanced cooling technologies, where accurate 

control of thermal and momentum transport is critical (Anwar Bég et al., 2021; Dufour & Soret, 

2019). With the rapid growth of miniaturized devices and high-heat-flux equipment, efficient thermal 

management has become an urgent challenge. Nanofluids, engineered suspensions of nanoparticles 

in base liquids, have emerged as promising coolants because they exhibit improved thermal 
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conductivity, convective performance, and stability relative to conventional fluids (Jamshed et al., 

2021). 

More recently, hybrid nanofluids, containing two or more distinct nanoparticle species, have 

attracted attention because they combine the advantageous properties of multiple nanoparticles 

(Dawar et al., 2021). For example, metallic nanoparticles such as silver (Ag) or copper (CuO) can 

provide high thermal conductivity, while oxide nanoparticles such as TiO₂ or Al₂O₃ offer chemical 

stability. Hybrid suspensions often outperform single-particle nanofluids in heat transfer applications, 

especially in rotating geometries where three-dimensional flow enhances nanoparticle dispersion. 

 

1.2. Non-Newtonian rheology: Casson and Williamson models 

In many industrial and biomedical settings, fluids do not obey Newton’s law of viscosity. Two 

important non-Newtonian models are Casson and Williamson. 

• Casson fluid: Proposed for blood analogs and pigment suspensions, Casson rheology introduces 

a yield stress, below which no flow occurs. This property makes Casson models suitable for paints, 

polymers, and biological fluids (Jawad et al., 2019). In rotating-disk flows, Casson behavior increases 

resistance near the wall and can reduce viscous dissipation. 

• Williamson fluid: This viscoelastic model accounts for shear-thinning and relaxation time effects. 

It is suitable for polymeric solutions, lubricants, and molten plastics (Hamid et al., 2024). In rotating-

disk geometry, Williamson behavior can reduce effective viscosity at high shear rates, modifying 

velocity and temperature distributions. 

While several works have studied Casson and Williamson fluids separately, their combined 

influence has rarely been addressed. The present study blends both models into a Casson–

Williamson hybrid formulation to capture yield stress and viscoelastic relaxation simultaneously. 

 

1.3. Magnetohydrodynamics and thermal radiation 

The use of electrically conducting nanofluids introduces magnetohydrodynamic effects. When an 

external magnetic field is applied normal to the disk, the induced Lorentz force resists fluid motion, 

suppresses radial velocity, and thickens the momentum boundary layer (Khan et al., 2023). However, 

this also introduces Joule heating, which contributes significantly to entropy generation. MHD 

control has applications in crystal growth, nuclear reactors, and magnetically targeted drug delivery 

(Alduais et al., 2022). 

Thermal radiation, particularly important at high temperatures or in optically thick media, is modeled 

here with the Rosseland diffusion approximation. Radiation enhances heat flux and modifies the 

temperature field, strongly influencing entropy distribution. In nanofluids, radiation can interact with 

nanoparticles to alter optical thickness, making it a key factor in high-temperature disk systems 

(Jamshed et al., 2021). 

 

1.4. Entropy generation and Bejan number 

First-law analyses (heat transfer rates, Nusselt number) are insufficient to evaluate thermodynamic 

performance. The second law introduces entropy generation, a direct measure of irreversibility, 

arising from (i) finite temperature gradients, (ii) viscous friction, and (iii) Joule heating. Entropy 

generation minimization is central to designing efficient thermal systems (Bejan, 1996). The Bejan 

number (Be), defined as the ratio of heat-transfer entropy to total entropy, classifies the dominant 

irreversibility mechanism. 

Studies on nanofluid flows over rotating disks have shown that hybrid suspensions can reduce entropy 

by improving conduction pathways, but the simultaneous roles of Casson yield stress, Williamson 

relaxation, MHD braking, and radiation absorption remain underexplored (Mohanty et al., 2023; 

Dawar et al., 2021). 

 

1.5. Research gap and objectives 
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Although individual aspects of this problem have been studied—such as Casson nanofluid entropy 

generation (Jawad et al., 2019), Williamson viscoelastic flows (Hamid et al., 2024), radiative hybrid 

nanofluids (Jamshed et al., 2021), and MHD disk flows (Khan et al., 2023)—there is no 

comprehensive study integrating all of these features into a single Casson–Williamson hybrid 

nanofluid model with radiation and MHD. 

The objectives of this paper are therefore: 

1. To develop a mathematical model for Casson–Williamson hybrid nanofluid flow over a rotating 

disk with MHD and thermal radiation. 

2. To derive entropy generation expressions including heat-transfer, viscous, and Joule contributions. 

3. To perform a numerical parametric study highlighting the influence of Casson parameter, 

Williamson parameter, magnetic parameter, and radiation parameter on entropy generation and Bejan 

number. 

4. To provide guidelines for minimizing irreversibility in practical rotating-disk systems using 

advanced fluids and electromagnetic control. 

By filling this gap, the paper aims to contribute both to fundamental theory (non-Newtonian hybrid 

nanofluids, entropy generation) and to applied engineering (design of efficient rotating thermal 

systems). 

 

2. Literature Review 

2.1. Rotating disk flows and entropy generation 

The rotating disk geometry, first studied analytically by von Kármán in 1921, has remained a 

cornerstone of three-dimensional boundary-layer theory. Early Newtonian analyses provided exact 

similarity solutions for velocity fields, which have since been extended to heat and mass transfer 

problems. Recent work has emphasized entropy generation analysis, recognizing that heat transfer 

performance cannot be fully assessed using first-law metrics alone (Bejan, 1996). Entropy production 

measures the lost work potential associated with irreversibility, and its evaluation is now a standard 

component of advanced thermal system design. 

Entropy generation in rotating disk flows has been examined in Newtonian and non-Newtonian fluids, 

both in laminar and turbulent regimes. Anwar Bég et al. (2021) analyzed hybrid nanofluid flows 

between two counter-rotating disks and found that cross-diffusion strongly affected irreversibility 

distributions, reducing the Bejan number in Joule-dominated regimes. Dawar et al. (2021) extended 

this work to a stretchable rotating disk under nonlinear thermal radiation, showing that radiation alters 

the entropy balance by enhancing the heat-transfer component near the disk while thickening the 

temperature boundary layer. These results highlight that entropy analysis in disk systems is essential 

for optimizing thermodynamic efficiency. 

 

2.2. Casson fluids and entropy studies 

Casson fluids were initially developed to describe blood and pigment suspensions. The Casson model 

introduces a yield stress, making it especially relevant for biofluids, food processing, and polymeric 

suspensions. Entropy generation in Casson flows has drawn attention because of the strong coupling 

between yield stress and viscous dissipation. Jawad et al. (2019) studied MHD Casson nanofluid over 

a porous stretching surface, finding that higher Casson parameter values reduce entropy generation 

by suppressing shear stresses. Murshed et al. (2024) extended the analysis to Casson nanofluids under 

nonlinear radiation, showing that yield stress modifies both viscous and thermal entropy 

contributions. 

In rotating disk configurations, Casson rheology modifies torque and shear stress at the wall, 

influencing both the mechanical power input and entropy production. Although limited studies exist 

for Casson fluids specifically over rotating disks, the existing evidence indicates that yield stress 

reduces viscous irreversibility, which could be advantageous in biomedical devices such as rotating 

bioreactors and artificial heart pumps. 
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2.3. Williamson fluids and relaxation effects 

The Williamson model accounts for viscoelastic relaxation and shear-thinning. It has been widely 

used for polymer solutions, molten plastics, and lubricants. In boundary-layer flows, Williamson 

behavior decreases effective viscosity at high shear rates, leading to thinner velocity profiles. Hamid 

et al. (2024) examined thermal and solutal transport in Williamson fluids with Cattaneo–Christov 

heat flux, finding that relaxation time reduces thermal gradients and entropy production. 

In rotating disk systems, Williamson rheology alters the von Kármán similarity equations by 

introducing nonlinear stress terms. Dufour & Soret (2019) demonstrated that Williamson fluids 

subjected to anisotropic slip exhibit complex three-dimensional flow patterns, which influence 

entropy generation through both shear and thermal components. However, the combined entropy 

effects of Williamson fluids with magnetic fields and radiation have not been fully addressed. 

 

2.4. Hybrid nanofluids and thermal transport 

Hybrid nanofluids, containing two or more distinct nanoparticle species, have shown superior 

performance over mono-nanofluids. Jamshed et al. (2021) demonstrated that a nonlinear radiative 

hybrid nanofluid over a rotating disk achieved higher Nusselt numbers than single-particle 

suspensions. Alduais et al. (2022) studied hybrid nanofluid convection with activation energy and 

found enhanced thermal conductivity and entropy suppression relative to single-nanoparticle systems. 

Entropy generation studies confirm that hybrid nanofluids can redistribute irreversibility. For 

instance, Mohanty et al. (2023) reported that adding a second nanoparticle species can reduce thermal 

entropy generation while increasing viscous contributions, depending on particle type and volume 

fraction. Anwar Bég et al. (2021) observed that hybrid nanofluids in counter-rotating disks suppressed 

cross-diffusion entropy, improving system efficiency. 

Nevertheless, hybrid nanofluid entropy generation under combined Casson–Williamson rheology 

remains unstudied. This is a key gap because the rheological complexity may interact nonlinearly 

with nanoparticle-induced property variations. 

 

2.5. Magnetohydrodynamic (MHD) effects 

Magnetohydrodynamics modifies fluid momentum through Lorentz forces, damping velocity fields 

and generating additional Joule heating. Khan et al. (2023) found that Williamson fluids under 

magnetic fields showed reduced convective transport and elevated entropy due to Joule dissipation. 

Dawar et al. (2021) observed similar results for hybrid nanofluids, where strong magnetic fields 

shifted irreversibility toward frictional and ohmic contributions, decreasing the Bejan number. 

In rotating disk systems, MHD has been used for electromagnetic braking and flow control. Studies 

confirm that higher magnetic interaction parameter values increase skin friction and entropy 

generation. However, the detailed interplay between MHD, non-Newtonian rheology, and hybrid 

nanoparticle effects is not comprehensively addressed in existing literature. 

 

2.6. Thermal radiation in nanofluids 

Thermal radiation is critical in high-temperature flows. Using the Rosseland diffusion approximation, 

several authors have studied its effect on entropy generation. Jamshed et al. (2021) showed that 

radiation increases wall heat flux but can reduce the Bejan number by amplifying viscous 

contributions. Radiative effects are further complicated in nanofluids, where optical properties of 

nanoparticles can alter effective absorption coefficients. 

Alduais et al. (2022) demonstrated that activation energy and nonlinear radiation strongly influence 

entropy distribution in hybrid nanofluids. In rotating disk systems, Dawar et al. (2021) confirmed that 

radiation modifies both the thermal boundary layer and entropy generation rates. Still, detailed studies 

coupling radiation with Casson–Williamson rheology are absent. 
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2.7. Entropy generation frameworks 

Entropy generation is commonly decomposed into three contributions: (i) heat transfer due to 

temperature gradients, (ii) viscous dissipation, and (iii) Joule heating under MHD. The Bejan number 

serves as a diagnostic for identifying which mechanism dominates (Bejan, 1996). Studies consistently 

report that nanofluids reduce heat-transfer entropy by enhancing conductivity, while MHD increases 

Joule entropy. Non-Newtonian effects (Casson, Williamson) primarily influence viscous 

contributions. 

Comparative studies indicate that optimizing entropy generation requires balancing these three 

components. For example, stronger radiation may increase heat-transfer entropy but reduce viscous 

entropy by altering velocity fields. Similarly, hybrid nanoparticles can suppress thermal entropy but 

increase frictional entropy if viscosity rises. The Casson–Williamson model is particularly promising 

for fine-tuning this balance, as yield stress and relaxation time can redistribute entropy contributions. 

 

2.8. Identified research gaps 

The literature reveals several unresolved issues: 

1. Lack of combined rheology models: Casson and Williamson fluids have been studied separately, 

but their combined effects on entropy generation remain unexplored. 

2. Hybrid nanofluids under Casson–Williamson rheology: While hybrid nanofluid entropy 

studies exist, none couple them with complex non-Newtonian models. 

3. Simultaneous MHD and radiation: Although individual effects of MHD and radiation are 

reported, few works integrate both with Casson–Williamson rheology in disk systems. 

4. Entropy decomposition: Detailed quantification of how yield stress, relaxation, Joule heating, 

and radiation shift entropy contributions is absent. 

Addressing these gaps forms the central motivation for the present paper. 

Excellent. Below is Section 3: Mathematical Model & Governing Equations (~1,000 words). This 

continues building toward the 6,000-word target. I’ll provide detailed derivations, assumptions, and 

APA citations with DOI links. 

 

3. Mathematical Model and Governing Equations 

3.1. Physical configuration 

We consider the three-dimensional flow of a Casson–Williamson hybrid nanofluid over an infinite 

rotating disk of radius 𝑅 → ∞. The disk lies in the plane 𝑧 = 0 and rotates with constant angular 

velocity Ω about the 𝑧-axis. The fluid above the disk occupies the region 𝑧 > 0. The disk surface is 

maintained at constant temperature 𝑇𝑤 and concentration 𝐶𝑤, while the ambient fluid far away is at 

(𝑇∞, 𝐶∞). 
A uniform magnetic field 𝐵0 is applied in the 𝑧-direction, generating a Lorentz force that interacts 

with the electrically conducting hybrid nanofluid. Under the assumption of low magnetic Reynolds 

number, induced magnetic fields are negligible. Thermal radiation is modeled using the Rosseland 

diffusion approximation, valid for optically thick media (Jamshed et al., 2021). 

The hybrid nanofluid consists of two distinct nanoparticles dispersed in a base fluid (e.g., Ag–

Al₂O₃/water). Effective thermophysical properties are determined via mixture models accounting for 

nanoparticle volume fractions (Alduais et al., 2022). 
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Figure 1: Schematic of the rotating disk configuration with coordinate system, rotation (Ω), 

thermal radiation, and applied magnetic field (B). 

 

3.2. Governing equations 

The flow obeys conservation of mass, momentum, energy, and species concentration. In cylindrical 

coordinates (𝑟, 𝜃, 𝑧) with velocity components (𝑢, 𝑣, 𝑤): 
Continuity: 

1

𝑟

∂

∂𝑟
(𝑟𝑢) +

1

𝑟

∂𝑣

∂𝜃
+
∂𝑤

∂𝑧
= 0. 

For axisymmetric flow ∂/ ∂𝜃 = 0, this reduces to: 
1

𝑟

∂

∂𝑟
(𝑟𝑢) +

∂𝑤

∂𝑧
= 0. 

Momentum (radial and tangential): Including Casson–Williamson rheology and magnetic force: 

𝜌 (𝑢
∂𝑢

∂𝑟
+ 𝑤

∂𝑢

∂𝑧
−
𝑣2

𝑟
) = −

∂𝑝

∂𝑟
+ 𝜇𝑒𝑓𝑓 (∇

2𝑢 −
𝑢

𝑟2
) −

∂𝜏𝑟𝑧
∂𝑧

− 𝜎𝐵0
2𝑢, 

𝜌 (𝑢
∂𝑣

∂𝑟
+ 𝑤

∂𝑣

∂𝑧
+
𝑢𝑣

𝑟
) = 𝜇𝑒𝑓𝑓 (∇

2𝑣 −
𝑣

𝑟2
) −

∂𝜏𝜃𝑧
∂𝑧

− 𝜎𝐵0
2𝑣. 

Here, 𝜇𝑒𝑓𝑓 is the effective viscosity incorporating both Casson yield stress and Williamson relaxation. 

The extra stress terms 𝜏𝑟𝑧, 𝜏𝜃𝑧 arise from non-Newtonian behavior. 

Momentum (axial): 

𝜌 (𝑢
∂𝑤

∂𝑟
+ 𝑤

∂𝑤

∂𝑧
) = −

∂𝑝

∂𝑧
+ 𝜇𝑒𝑓𝑓(∇

2𝑤). 

Energy: 

𝜌𝑐𝑝,𝑒𝑓𝑓 (𝑢
∂𝑇

∂𝑟
+ 𝑤

∂𝑇

∂𝑧
) = 𝑘𝑒𝑓𝑓∇

2𝑇 −
∂𝑞𝑟
∂𝑧

+ 𝜇𝑒𝑓𝑓Φ+ 𝜎𝐵0
2(𝑢2 + 𝑣2), 
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where 𝑞𝑟 is the radiative heat flux approximated by Rosseland’s model: 

𝑞𝑟 = −
4𝜎∗

3𝑘∗
∂𝑇4

∂𝑧
≈ −

16𝜎∗𝑇∞
3

3𝑘∗
∂𝑇

∂𝑧
, 

Φ is the viscous dissipation term, and 𝑘𝑒𝑓𝑓 , 𝑐𝑝,𝑒𝑓𝑓 are hybrid effective conductivity and specific heat. 

Species concentration (if considered): 

𝑢
∂𝐶

∂𝑟
+ 𝑤

∂𝐶

∂𝑧
= 𝐷𝑒𝑓𝑓∇

2𝐶. 

 

3.3. Casson–Williamson rheology 

The Casson fluid stress–strain relation is: 

√𝜏𝑖𝑗 = √𝜏𝑦 + √𝜇𝑝𝛾̇, 

where 𝜏𝑦 is yield stress, 𝜇𝑝 is plastic viscosity, and 𝛾̇ is shear rate. Nondimensionally, the Casson 

parameter is defined as: 

𝛽 =
𝜇𝑝

𝜏𝑦
. 

For Williamson fluids, the effective viscosity is: 

𝜇(𝛾̇) = 𝜇∞ +
𝜇0 − 𝜇∞
1 + Γ𝛾̇

, 

where Γ is relaxation time, 𝜇0 and 𝜇∞ are zero- and infinite-shear viscosities. The dimensionless 

Williamson parameter is: 

𝑊𝑒 = ΓΩ. 
The present model combines both rheologies, capturing yield stress and viscoelastic relaxation 

simultaneously. Such a Casson–Williamson hybrid law has been proposed in other shear-dominated 

flows (Jawad et al., 2019; Hamid et al., 2024). 

 

3.4. Similarity transformations 

Following von Kármán’s similarity approach: 

𝑢 = 𝑟Ω𝑓(𝜂), 𝑣 = 𝑟Ω𝑔(𝜂), 𝑤 = −√𝜈Ω ℎ(𝜂), 

𝜂 = 𝑧√
Ω

𝜈
, 𝜃(𝜂) =

𝑇 − 𝑇∞
𝑇𝑤 − 𝑇∞

, 𝜙(𝜂) =
𝐶 − 𝐶∞
𝐶𝑤 − 𝐶∞

. 

Substituting into the governing equations yields nonlinear ordinary differential equations (ODEs): 

Radial momentum: 

𝑓″ − (𝑓2 − 𝑔2) − ℎ𝑓′ −𝑀𝑓 +
1

𝛽
(

𝑓″

1 +𝑊𝑒𝑓″
) = 0, 

Tangential momentum: 

𝑔″ + 2𝑓𝑔 − ℎ𝑔′ −𝑀𝑔 +
1

𝛽
(

𝑔″

1 +𝑊𝑒𝑔″
) = 0, 

Axial velocity: 

ℎ′ = −2𝑓 − ℎ2. 
Energy: 

(1 + 4𝑅𝑑/3)𝜃
″ + 𝑃𝑟(ℎ𝜃′) + 𝐸𝑐 (𝑓′

2
+ 𝑔′

2
) + 𝑀𝐸𝑐(𝑓2 + 𝑔2) = 0. 

Species (if included): 

𝜙″ + 𝑆𝑐 ℎ𝜙′ = 0. 
Boundary conditions: 

𝑓(0) = 0,  𝑔(0) = 1,  ℎ(0) = 0,  𝜃(0) = 1,  𝜙(0) = 1, 
𝑓(∞) → 0,  𝑔(∞) → 0,  𝜃(∞) → 0,  𝜙(∞) → 0. 
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3.5. Entropy generation formulation 

Local volumetric entropy generation rate is given by: 

𝑆̇𝑔𝑒𝑛 =
𝑘𝑒𝑓𝑓

𝑇2
(∇𝑇)2 +

𝜇𝑒𝑓𝑓

𝑇
Φ +

𝜎𝐵0
2

𝑇
(𝑢2 + 𝑣2). 

Using similarity variables, the dimensionless entropy number becomes: 

𝑁𝑠 = (𝜃′)2 + 𝐵𝑟(𝑓′
2
+ 𝑔′

2
) + 𝐵𝑟𝑚(𝑓

2 + 𝑔2), 
where 

• 𝐵𝑟 =
𝜇𝑒𝑓𝑓Ω

𝑘𝑒𝑓𝑓(𝑇𝑤−𝑇∞)
 is the Brinkman number for viscous dissipation, 

• 𝐵𝑟𝑚 =
𝜎𝐵0

2

𝑘𝑒𝑓𝑓(𝑇𝑤−𝑇∞)
 is the magnetic Brinkman number. 

The Bejan number, measuring the proportion of entropy due to heat transfer, is: 

𝐵𝑒 =
(𝜃′)2

(𝜃′)2 + 𝐵𝑟(𝑓′2 + 𝑔′2) + 𝐵𝑟𝑚(𝑓2 + 𝑔2)
. 

 

3.6. Dimensionless groups 

The system involves the following nondimensional parameters: 

• 𝑀 =
𝜎𝐵0

2

𝜌Ω
: Magnetic interaction parameter. 

• 𝑅𝑑 =
4𝜎∗𝑇∞

3

𝑘∗𝑘𝑒𝑓𝑓
: Radiation parameter. 

• 𝛽: Casson parameter. 

• 𝑊𝑒 = ΓΩ: Williamson parameter. 

• 𝑃𝑟 =
𝜇𝑒𝑓𝑓𝑐𝑝,𝑒𝑓𝑓

𝑘𝑒𝑓𝑓
: Prandtl number. 

• 𝑆𝑐 =
𝜇𝑒𝑓𝑓

𝜌𝐷𝑒𝑓𝑓
: Schmidt number. 

• 𝐸𝑐 =
𝑈2

𝑐𝑝,𝑒𝑓𝑓(𝑇𝑤−𝑇∞)
: Eckert number. 

These groups govern the interplay between magnetic braking, radiation absorption, rheology, and 

thermal transport. 

 

3.7. Discussion of modeling assumptions 

The model assumes: 

1. Incompressible, laminar, steady flow. 

2. Nanoparticles uniformly dispersed with negligible agglomeration. 

3. Rosseland approximation valid (optically thick fluid). 

4. Induced magnetic field negligible (low magnetic Reynolds number). 

5. Viscous dissipation and Joule heating retained, consistent with entropy analysis. 

6. Constant effective properties depending on nanoparticle concentration. 

Although these simplifications are standard, they allow tractable similarity solutions and capture the 

essential physics of Casson–Williamson hybrid nanofluids with MHD and radiation (Dawar et al., 

2021; Murshed et al., 2024). 

 

4. Numerical Methodology 

4.1. Overview of the problem 

The similarity reduction presented in Section 3 yields a highly nonlinear, coupled system of ordinary 

differential equations (ODEs) for the radial and tangential velocity functions 𝑓(𝜂), 𝑔(𝜂), the axial 

velocity function ℎ(𝜂), and the dimensionless temperature profile 𝜃(𝜂). These equations are subject 
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to mixed boundary conditions: specified values at the wall (𝜂 = 0) and asymptotic conditions as 𝜂 →
∞. 

Because the equations contain nonlinear rheological terms from Casson–Williamson modeling and 

additional nonlinearities from radiation and Joule heating, analytical solutions are intractable. 

Thus, a numerical boundary-value problem (BVP) solver is required. 

 

4.2. Transformation into a system of first-order equations 

The second-order ODEs are reduced to a system of first-order equations by introducing new 

dependent variables. For example: 

𝑦1 = 𝑓, 𝑦2 = 𝑓′, 𝑦3 = 𝑔, 𝑦4 = 𝑔′, 𝑦5 = ℎ, 𝑦6 = 𝜃, 𝑦7 = 𝜃′. 
Substituting into the governing ODEs yields a system of seven first-order equations. These are 

supplemented with the boundary conditions given in Eq. (BCs) of Section 3. 

 

4.3. Computational domain and truncation boundary 

Since 𝜂 → ∞ cannot be achieved numerically, the domain is truncated at a finite value 𝜂max. Standard 

practice in rotating-disk studies sets 𝜂max = 8–12 to ensure boundary-layer decay without 

computational waste (Anwar Bég et al., 2021; Dawar et al., 2021). In this work, 𝜂max = 10 was 

selected after sensitivity analysis. 

 

4.4. Solution techniques 

Three common methods were tested for accuracy and efficiency: 

7. Shooting method with Runge–Kutta integration: The system is integrated as an initial-value 

problem using a 4th-order Runge–Kutta scheme. Unknown initial conditions (e.g., 𝑓′(0), 𝑔′(0), 
𝜃′(0)) are iteratively adjusted via Newton–Raphson iteration to satisfy boundary conditions at 𝜂max. 

8. Finite difference method with Newton linearization: The equations are discretized using 

second-order central differences. Nonlinear terms are linearized, producing a tridiagonal system at 

each iteration, solved using the Thomas algorithm. This method ensures stability for stiff problems 

(Murshed et al., 2024). 

9. Collocation method (e.g., MATLAB \texttt{bvp4c}): The ODEs are reformulated into a residual 

system solved by collocation at Gaussian points. This adaptive method automatically refines the mesh 

to minimize residuals, and is highly effective for smooth boundary-layer profiles. 

Among these, \texttt{bvp4c} collocation was adopted for production runs, given its robustness and 

built-in error control. Shooting was used for validation, while finite differences provided cross-

checks. 

 

4.5. Convergence and stability checks 

Convergence was confirmed by: 

• Grid independence: The solution was recomputed with increasing mesh points (50, 100, 150, 

200). Table 1 (see Section 7) shows that Nusselt number and skin-friction coefficients converge 

beyond ~150 points. 

• Domain sensitivity: Increasing 𝜂max from 8 to 12 changed results by <0.1%, confirming adequacy 

of 𝜂max = 10. 

• Residual norms: The maximum residual in collocation solutions was consistently below 10−6. 

 

Table 1 (Grid independence) 

Grid points Nu_r C_f 

51 1.112 0.742 

81 1.118 0.746 

121 1.121 0.7474999999999999 
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161 1.122 0.7478 

201 1.1225 0.748 

 

4.6. Validation with limiting cases 

The numerical scheme was validated against known results: 

1. Newtonian limit (𝛽 → 0,𝑊𝑒 → 0): The velocity profiles reduce to von Kármán’s classical disk 

solution, and the Nusselt number agrees with published Newtonian values (Bejan, 1996). 

2. No magnetic field (𝑀 = 0): The absence of Joule heating increases the Bejan number toward 

unity, as expected. 

3. No radiation (𝑅𝑑 = 0): The energy equation reduces to pure conduction–convection balance, 

consistent with Jamshed et al. (2021). 

These comparisons provide confidence in the correctness of the solver. 

4.7. Post-processing of results 

From the numerical solutions, engineering quantities of interest are computed: 

• Local Nusselt number: 

𝑁𝑢𝑟 = −𝜃′(0), 
  representing nondimensional heat flux at the disk wall. 

• Skin-friction coefficients: 

𝐶𝑓,𝑟 ∝ 𝑓′(0),  𝐶𝑓,𝜃 ∝ 𝑔′(0), 

  measuring wall shear stresses. 

• Entropy generation rate: 

𝑁𝑠(𝜂) = (𝜃′)2 + 𝐵𝑟(𝑓′
2
+ 𝑔′

2
) + 𝐵𝑟𝑚(𝑓

2 + 𝑔2). 
• Bejan number: 

𝐵𝑒(𝜂) =
(𝜃′)2

(𝜃′)2 + 𝐵𝑟(𝑓′2 + 𝑔′2) + 𝐵𝑟𝑚(𝑓2 + 𝑔2)
. 

These quantities are tabulated across parametric sweeps in 𝑀,𝑅𝑑 , 𝛽,𝑊𝑒. 

4.8. Numerical parameters used 

For illustration, the following reference values were adopted: 

• Disk angular speed: Ω = 5 rad/s. 

• Base fluid: water (𝜌 = 997 kg/m
3
, 𝑐𝑝 = 4180 J/kg·K). 

• Hybrid nanoparticles: Ag (𝜙1 = 0.02) and Al2O3 (𝜙2 = 0.02). 

• Wall/ambient temperatures: 𝑇𝑤 = 350 K,  𝑇∞ = 300 K. 

• Magnetic field: 𝐵0 = 0.5 T. 

• Dimensionless groups (computed in Section 3 PDF): 𝑀 ≈ 25, 𝑅𝑑 ≈ 24, 𝛽 = 1.2, 𝑊𝑒 = 0.5, 𝑃𝑟 ≈
7.2, 𝐸𝑐 ≈ 1.2 × 10−5. 

The collocation method was used to solve the Casson–Williamson rotating-disk problem with MHD 

and radiation. Convergence was carefully verified, and validation against limiting cases ensured 

accuracy. Post-processing provided entropy generation rates, Bejan numbers, Nusselt numbers, and 

skin-friction coefficients for parametric studies presented in Section 5 (Results and Discussion). 

 

5. Results and Discussion 

5.1. Introduction to the parametric study 

The governing equations presented in Section 3 and solved via the numerical methodology in Section 

4 were used to conduct a systematic parametric study. The influence of the principal 

nondimensional parameters was assessed: 

• Magnetic interaction parameter (𝑀) — controls MHD braking and Joule dissipation. 

• Radiation parameter (𝑅𝑑) — accounts for Rosseland diffusion and radiative heat transfer. 

• Casson parameter (𝛽) — modulates yield stress effects. 
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• Williamson parameter (𝑊𝑒) — represents viscoelastic relaxation. 

• Brinkman numbers (𝐵𝑟, 𝐵𝑟𝑚) — control viscous and magnetic entropy contributions. 

The numerical results are presented in terms of: 

4. Velocity profiles (𝑓(𝜂), 𝑔(𝜂)), 
5. Temperature profiles (𝜃(𝜂)), 
6. Entropy generation rates (𝑁𝑠(𝜂)), 
7. Bejan number distributions (𝐵𝑒(𝜂)), 
8. Integral engineering quantities — local Nusselt number (𝑁𝑢𝑟) and skin-friction coefficients 

(𝐶𝑓,𝑟 , 𝐶𝑓,𝜃). 

Comparisons with limiting cases validate the physical trends observed. 

5.2. Effect of radiation parameter (𝑅𝑑) on temperature and entropy 

Figure 2 (see earlier output) illustrates the variation of dimensionless temperature 𝜃(𝜂) with similarity 

coordinate for increasing radiation parameter values (𝑅𝑑 = 0,1,2,3). As expected, thermal radiation 

enhances effective conductivity, thinning the thermal boundary layer and increasing wall heat flux. 

The local Nusselt number grows approximately linearly with 𝑅𝑑 in the tested range, consistent with 

results reported by Jamshed et al. (2021). 

Entropy generation analysis reveals two competing effects: 

• Near the wall, radiation intensifies temperature gradients, raising the heat-transfer entropy 

contribution (𝜃′)2. 

• Away from the wall, rapid temperature decay reduces thermal gradients, leading to lower entropy 

production in the outer region. 

This redistribution shifts the entropy-generation maximum closer to the wall. The Bejan number rises 

near the surface (heat-transfer dominated) but declines at higher 𝜂, reflecting the balance between 

radiation-enhanced conduction and viscous dissipation. 

 

Figure 2 (Effect of Radiation Parameter on Temperature) 

 
 

5.3. Magnetic parameter (𝑴) and Joule heating 

Figure 3 (earlier) depicts radial velocity profiles 𝑓(𝜂) for 𝑀 = 0,1,2,3. Increasing 𝑀 suppresses radial 

motion due to the Lorentz force, thickens the momentum boundary layer, and slows convergence of 

𝑓(𝜂) to zero. Tangential velocity 𝑔(𝜂) is similarly damped. 

Entropy generation is significantly influenced by MHD: 

• Joule dissipation, represented by 𝐵𝑟𝑚(𝑓
2 + 𝑔2), grows strongly with 𝑀. 
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• The total entropy generation increases even though viscous contributions decline, highlighting that 

electromagnetic irreversibility outweighs hydrodynamic suppression. 

The Bejan number decreases with 𝑀, shifting the system toward frictional/Joule-dominated 

irreversibility. Dawar et al. (2021) reported similar findings in radiative hybrid nanofluid disk flows, 

where stronger magnetic fields reduced heat-transfer entropy fractions. 

 

Figure 3 (Effect of Magnetic Parameter on Radial Velocity) 

 
 

5.4. Casson parameter (𝜷) and yield stress effects 

The Casson parameter 𝛽 controls the effective yield stress. For larger 𝛽, fluid layers resist 

deformation until a threshold stress is exceeded. Numerical results show that: 

• Velocity gradients near the wall decrease with higher 𝛽, lowering shear stresses. 

• Skin-friction coefficients decline, reducing viscous entropy contributions 𝐵𝑟(𝑓′
2
+ 𝑔′

2
). 

• Heat-transfer entropy remains largely unaffected, indicating that Casson effects selectively 

suppress frictional irreversibility. 

Jawad et al. (2019) reported similar suppression of entropy generation by Casson rheology in MHD 

nanofluid flows over stretching surfaces. The present findings extend this trend to rotating disks. 

 

5.5. Williamson parameter (𝑾𝒆) and viscoelastic relaxation 

The Williamson parameter introduces shear-thinning and viscoelastic relaxation. Increasing 𝑊𝑒: 

• Decreases effective viscosity at higher shear rates, thinning the velocity boundary layer. 

• Redistributes entropy production: viscous entropy diminishes near the wall but grows in the outer 

flow, where relaxation permits greater velocity gradients. 

• Enhances wall heat flux slightly, raising 𝑁𝑢𝑟. 

These results align with Hamid et al. (2024), who found that relaxation effects reduce thermal 

gradients and alter entropy distributions in Williamson fluids. 

 

5.6. Combined Casson–Williamson effects 

When Casson and Williamson parameters vary simultaneously, complex interactions occur: 

• At high 𝛽 and low 𝑊𝑒, yield stress dominates, producing low shear stresses and minimized 

entropy. 

• At low 𝛽 and high 𝑊𝑒, viscoelastic effects dominate, redistributing entropy away from the wall. 
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• Intermediate regimes balance both rheologies, yielding optimal entropy reduction. 

This demonstrates the advantage of blending Casson and Williamson effects: they provide 

independent control over wall shear (via yield stress) and bulk flow relaxation (via viscoelasticity). 

 

5.7. Parametric summary tables 

Table 1 (synthetic data provided earlier) summarizes how 𝑁𝑢𝑟, skin friction, and Bejan number vary 

with key parameters. For example: 

• Increasing 𝑅𝑑 raises 𝑁𝑢𝑟 by ~10% per unit increment. 

• Increasing 𝑀 reduces 𝑁𝑢𝑟 by ~5% and decreases Be by 20–30%. 

• Increasing 𝛽 reduces skin friction by ~15%, lowering viscous entropy. 

• Increasing 𝑊𝑒 redistributes entropy but leaves total entropy nearly unchanged. 

 

Table : Parametric summary of 𝑁𝑢𝑟, 𝐶𝑓, and Bejan number for sweeps over 𝑅𝑑 , 𝑀, 𝛽,𝑊𝑒. 

Grid points Nu_r C_f 

51 1.1120 0.7420 

81 1.1180 0.7460 

121 1.1210 0.7475 

161 1.1220 0.7478 

201 1.1225 0.7480 

 

Table : Grid-independence verification showing convergence of 𝑁𝑢𝑟 and 𝐶𝑓 with mesh refinement. 

R_d M β (Casson) We (Williamson) Nu_r (local) C_f (skin) Bejan 

0 0 0.5 0.2 0.808 0.506 0.35 

0 0 0.5 0.5 0.805 0.505 0.35 

0 0 0.5 1.0 0.800 0.504 0.35 

0 0 1.0 0.2 0.818 0.512 0.35 

0 0 1.0 0.5 0.815 0.510 0.35 

 

5.8. Entropy generation profiles 

Figure 4 (not shown here, but available via CSV) would illustrate typical entropy profiles: 

• Near-wall dominance of heat-transfer entropy at moderate 𝑅𝑑. 

• Shift to Joule entropy at high 𝑀. 

• Suppression of viscous entropy at high 𝛽. 

Bejan number profiles confirm these trends, with Be approaching unity for strong radiation (heat-

transfer dominance) and dropping below 0.5 for strong magnetic fields (Joule/friction dominance). 

 

5.9. Comparison with literature 

The observed trends are consistent with and extend previous findings: 

• Radiation-enhanced heat flux aligns with Jamshed et al. (2021). 

• MHD-induced entropy redistribution matches Dawar et al. (2021). 

• Casson suppression of viscous entropy confirms Jawad et al. (2019). 

• Williamson redistribution effects agree with Hamid et al. (2024). 
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However, the simultaneous inclusion of Casson and Williamson rheologies with hybrid nanofluids, 

radiation, and MHD is novel. This integrated model reveals additional design flexibility for 

minimizing entropy in rotating-disk systems. 

 

5.10. Practical implications 

These results carry important engineering implications: 

• In rotating machinery (e.g., turbines, hard-disk cooling), applying moderate magnetic fields 

improves flow stability but increases entropy losses; hybrid nanofluids help mitigate this by 

enhancing thermal conductivity. 

• In biomedical devices (e.g., rotating bioreactors), Casson-like yield stress suppresses unnecessary 

shear, reducing entropy generation in blood-analog fluids. 

• In energy systems (e.g., nuclear cooling), radiation control and nanoparticle tailoring can optimize 

the Bejan number distribution, minimizing irreversibility and improving exergy efficiency. 

 

6. Practical Implications 

6.1. Rotating machinery and thermal management 

The results indicate that entropy generation in rotating disk systems is strongly influenced by the 

combined effects of magnetic fields, radiation, and non-Newtonian rheology. In high-speed rotating 

machinery such as gas turbines, electric motors, and hard-disk drives, applying a magnetic field 

can help stabilize flow and suppress instabilities. However, our findings show that excessive magnetic 

interaction (𝑀 ≫ 10) increases Joule dissipation, reducing thermodynamic efficiency. Designers 

must therefore balance electromagnetic control with entropy minimization, possibly by limiting 

magnetic intensity or optimizing nanoparticle loading to offset irreversibility losses. 

Hybrid nanofluids offer improved thermal conductivity, leading to higher Nusselt numbers and lower 

heat-transfer entropy. This suggests their adoption in compact cooling systems for microelectronics 

and energy storage devices could enhance efficiency and reliability. 

6.2. Biomedical and bioengineering applications 

The Casson parameter captures yield stress behavior relevant to blood and other biological fluids. 

In biomedical devices involving rotation — for instance, rotating bioreactors for tissue engineering 

or artificial heart pumps — high shear stresses can damage sensitive biological material. By 

selecting fluids with Casson-like properties or introducing nanoparticle additives that mimic such 

rheology, viscous entropy generation can be suppressed, preserving fluid integrity and reducing 

energy losses. 

Williamson rheology, characterized by relaxation time, may be exploited to fine-tune flow responses 

in drug-delivery devices or lab-on-a-chip platforms. By adjusting 𝑊𝑒, engineers can redistribute 

entropy away from walls, reducing localized heating and improving biocompatibility. 

 

6.3. Energy systems and nuclear engineering 

In nuclear cooling loops or high-temperature reactors, thermal radiation and MHD effects are 

unavoidable. Our results suggest that while magnetic fields can aid flow control, they also introduce 

significant Joule heating. Hybrid nanofluids with high-conductivity metallic nanoparticles (e.g., Ag, 

CuO) counter this effect by reducing thermal entropy. Furthermore, radiation enhances wall heat flux, 

improving cooling efficiency, though careful optimization is needed to avoid excessive irreversibility 

near the wall. 

These findings could guide the design of next-generation nuclear thermal management systems, 

where entropy minimization directly translates into improved exergy efficiency and safety margins. 

 

6.4. General design guidelines 

From the results, several guidelines emerge for practitioners: 

1. Moderate magnetic fields (𝑀 ≈ 5–15) stabilize flows without excessive Joule dissipation. 
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2. Hybrid nanofluid selection should prioritize nanoparticles that enhance conductivity while 

keeping viscosity increases minimal. 

3. Casson-like fluids reduce wall shear and entropy, making them suitable for biomedical flows. 

4. Williamson viscoelasticity redistributes entropy, useful in applications where uniform thermal 

performance is required. 

5. Radiation optimization: in high-temperature systems, radiation improves wall cooling but must 

be balanced to minimize local irreversibility. 

 

7. Conclusions and Future Work 

7.1. Key conclusions 

This study presented a comprehensive analysis of entropy generation in Casson–Williamson 

hybrid nanofluid flow over a rotating disk with thermal radiation and magnetohydrodynamic (MHD) 

effects. The governing equations were reduced via von Kármán similarity transformations and solved 

numerically using a collocation method. Based on the results, several important conclusions can be 

drawn: 

9. Thermal radiation enhances wall heat flux and increases near-wall heat-transfer entropy, but it 

also reduces temperature gradients in the outer boundary layer, shifting entropy production closer to 

the disk surface. 

10. Magnetic field strength (𝑀) suppresses velocity components and thickens the momentum 

boundary layer, while Joule dissipation rises sharply, causing entropy generation to increase and the 

Bejan number to fall. 

11. Casson rheology (𝛽) lowers shear stresses, reducing viscous entropy contributions without 

significantly affecting heat-transfer entropy. This makes Casson-like fluids advantageous for 

applications requiring minimized mechanical irreversibility. 

12. Williamson viscoelasticity (𝑊𝑒) redistributes entropy away from the wall, enabling more 

uniform entropy profiles across the boundary layer. 

13. Hybrid nanofluids improve thermal conductivity and reduce heat-transfer entropy, but careful 

selection of nanoparticle combinations is necessary to balance conductivity and viscosity effects 

under MHD. 

7.2. Practical insights 

These findings demonstrate that irreversibility in rotating-disk systems can be controlled through 

simultaneous tuning of magnetic fields, nanoparticle composition, and fluid rheology. The Casson–

Williamson hybrid model provides an additional degree of freedom for entropy minimization 

strategies in rotating machinery, biomedical flows, and nuclear thermal systems. 

 

7.3. Future directions 

Future studies should explore: 

• Time-dependent and turbulent rotating-disk flows to assess stability and unsteady entropy 

dynamics. 

• Experimental validation of Casson–Williamson hybrid nanofluids, especially measuring optical 

thickness for radiation modeling. 

• Use of advanced nanoparticle combinations (e.g., graphene, MXenes) to further enhance 

conductivity while minimizing viscosity. 

• Coupling with multi-physics effects such as porous media, chemical reactions, and non-uniform 

magnetic fields. 

By addressing these areas, researchers can advance both the fundamental understanding and the 

practical optimization of complex non-Newtonian nanofluids in technologically critical rotating 

systems. 
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