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Abstract

In this article, a series repairable system consisting of two non-identical components and a single
repairer is analyzed. It is assumed that after each repair, a component does not return to an "as good
as new" condition. Based on the number of failures of components 1 and 2, an (M, N) replacement
policy is proposed under the framework of a partial product process repair model. Finding the best
replacement strategy (M*, N*) to minimize the long-term expected cost per unit of time is the
challenge. Analytical or numerical methods can be used to find the best replacement policy, and the
explicit formula for the long-run expected cost per unit time is generated. Lastly, a suitable
numerical example is provided to demonstrate a few theoretical findings, such as the uniqueness of
the optimal replacement policy (M*, N*) and the sensitivity analysis components 1 and 2.
Keywords: Series system, Partial product process, Renewal process, Replacement policy (M, N).

Introduction

In the earliest study of the maintenance problem, the repair-replacement models mainly
concentrate on the study of perfect repair models in which the system after repair is “as good as
new”. In practice, most systems deteriorate due to ageing effects and accumulated wear. In other
words, a system after repair cannot be “as good as new”.

It might be that a repair does not change the age of the system. Under this assumption, a minimal
repair model was presented by Barlow and Hunter [3]. Thereafter an imperfect repair model in
which a repair with probability p is a perfect repair, and with probability ¢ = 1 — p is a minimal
repair, was first introduced by Brown and Proschan [4]. Many research works have been done by
Park [15], Phelps [16], Block et al. [5], Kijima [7] and others along this direction. The geometric
process repair model—was first proposed by Lam [8,9]. Using this model, he studied two kinds
of replacement policies, one based on the working age T of the system and the other based on the
failure number N of the system. The object is to choose optimal replacement policies T* and N*
such that the long-run average cost per unit time is minimized. The explicit expressions for the
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long-run average cost per unit time for these two kinds of policies are derived, and the
corresponding optimal replacement policies T and N* are found analytically or numerically.
Because the geometric process is a special monotone process, Stadje and Zuckerman [17]
introduced a general monotone process repair model to generalize Lam’s work. Zhang [25]
generalized Lam’s work with a bivariate replacement policy (T, N) under which the system is
replaced at the working age T or at the time of the Nth failure, whichever occurs first. Many
research works have been done by Lam [10], Stadje and Zuckerman [18], Finkelstein [6],
Stanley [19], Lam and Zhang [11], Zhang et al. [24], Zhang [26,27], Wang and Zhang [22,23]
and others along this direction.

In practical applications, some complex repairable systems such as series systems, standby
systems, parallel systems and k — out — of — n: F (or G) systems and others are often installed.
By applying the geometric process repair model, Zhang and Wu [28] first reported some
reliability indices of a two-component series repairable system when the operating time of
component 1 follows the exponential distribution while that of component 2 and the repair times
of both components follow general distributions. Lam and Zhang [12] provided a more in depth
analysis of the series system studied by Zhang and Wu [28] under the assumptions that the
operating times and repair times of both components all follow the exponential distribution.
Many research works for some reliability indices and replacement policies for some complex
repairable systems have been done by Lam and Zhang [13,14], Zhang [29], Zhang et al. [30],
Zhang et al. [31], Zhang and Wang [32] etc. Even now, little attention has been paid to the study
of a replacement policy for a series repairable system.

However, a more reasonable repair model the partial product process repair model—was first
proposed by Babu [1,2]. Using this model, he studied two kinds of replacement policies, one
based on the working age T of the system and the other based on the failure number N of the
system. The object is to choose optimal replacement policies T* and N* such that the long-run
average cost per unit time is minimized. The explicit expressions for the long-run average cost
per unit time for these two kinds of policies are derived, and the corresponding optimal
replacement policies 7" and N* are found analytically or numerically. In this article a two-
component series system's optimal replacement policy under the assumption of partial product
process repair is studied.The purpose of this article is to apply the geometric process repair
model to a two non-identical components series repairable system with one repairer, because a
two-component series repairable system not only is one of the fundamental models in reliability
theory but also is the usually used model in practice. For example, a computer system may be
treated as a series system consisting of hardware and software; an auto-control system is a series
system consisting of control component and operating component; an electronic system may also
be regarded as a series system consisting of power supply unit and function unit etc.

In this article, a series repairable system consisting of two non-identical components and one
repairer is studied. It is assumed that the successive survival times after repair constitute a
decreasing geometric process and the consecutive repair times form an increasing geometric
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process for each component. A replacement policy (M, N) is considered based on the numbers of
failures of components 1 and 2. The problem is to determine an optimal replacement policy
(M*, N*) such that the long-run expected cost per unit time is minimized. The explicit expression
for the long-run expected cost per unit time is derived and the corresponding optimal
replacement policy can be determined analytically or numerically.

For convenience, the definitions of stochastic order and geometric process are stated first.

Definition 1. [20] Given two random variables X and Y, X is said to be stochastically greater
than Y, or Y is stochastically less than X, if
P(X > a) = P(Y > a) forall real a.

This is denoted by X > Y or Y < X Furthermore, a stochastic process {X,,n =1,2,...}is
stochastically decreasing (increasing) if X, =4 (Sg) Xpyq foralln = 1,2,...
Definition 2.[21] A stochastic process {X,,n = 1,2,...}is a geometric process if there exists a
real a > 0 such that {a® 1X,,n =1,2,...} forms a renewal process. The real a is called the
ratio of the geometric process.
Obviously, ifa > 1, then {X,,,n =1, 2,...} is stochastically decreasing, i.e.

Xn 25t Xpaon = 1,2,....
If0 < a < 1,then {X,,n = 1,2,...} is stochastically increasing, i.e.

Xn <st Xpaon = 1,2,....
If a=1 , then the geometric process becomes a renewal process.
Definition 3[1]. Let {X,,, n = 1, 2, 3, ...} be a sequence of non-negative independent random
variables and let G (x) be the distribution function of X,, . Then {X,,, n = 1, 2, 3, ...}is called
a partial product process, if the distribution function of X;, 1 is F (a;x) (i = 1, 2, 3, ...) where
a; > 0 are constants and a; = apga,a,; -+ a;_1.

By induction, it is clear that for real a; (i = 1,2,...), a; = ao® . Thus, the

distribution function of X;,, is F (aozi_l) for = 1,2,.... If ay = 1, then the partial product

process becomes a renewal process.
Theorem:[1] Let, {X, } be a partial product process and E(X;) = p. Then forn = 2,34 ...

E(X,) = #,where a is a constant
Model

A two non-identical components series repairable system with one repairer is studied by making
the following assumptions.

Assumption 1. At the beginning, the two components in the system are both new. Whenever one
component fails, the system breaks down, and the failed component will be immediately
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repaired. It is assumed that two components shut each other off, and each component after repair
is not “as good as new”, but follows a partial product process repair.

Assumption 2. For i=1,2, Xr(li) is the operating time for component i after the

(n — 1)th repair, and Yn(i) is the repair time after the nth failure. X,Si) and Y,fi) have the
i—1\n—1 i—1\n—1
distributions F((ag Y x) and G((bg Y y). (n=12..;a> 10< b < 1),

respectively. The expectations of EXS) and E Yl(i) are assumed to be A; >0and y; > 0 (i =
1, 2), respectively.

Assumption 3. Component 1 and component 2 will be replaced by new and identical ones at the
times of the Mth and Nth failures, and both the replacement times are negligible.

Assumption 4. X,(li) and Yn(i),i =1,2; n=1,2,..., are mutually independent.

Assumption 5. The working reward per unit time of the system is ¢y, the repair cost per unit
time of component i for every failure is c;, and the replacement cost of component i each time is
di,i=12.

Assumption 6. The replacement policy (M, N) based on the number of failures of component 1
and component 2 is used.

Long-run expected cost under policy (M, N)

According to the assumptions above, the explicit expression for the long-run expected cost per
unit time for the series system can be derived under the replacement policy (M, N).

Let Tk(i) and S ,Ei) be respectively the operating time and the repair time for component i between
the (k—1) th replacement and k th replacement, k=1,2,...;i = 1,2
Let T(t) be the total operating time of the system before time t, and let S ,Ei) (t) be the total repair
time of the component i before time ¢,i = 1, 2; then

T@) = TP + T + -+ T + 0,0

= TP+ TP 4 4+ TP + 0, (t) (1)
SO@) = S 450 4 45U 4y (0) )
SO@) = SP + 5P 4+ 5P 4y, (1) 3)

where m is the replacement number of component 1 before time t, and ¢4(t) is the operating
time of the system between the mth replacement and time t, while n is the replacement number
of component 2 before time t, and ¢, (t) is the operating time of the system between the nth
replacement and time t. And ,(t) is the repair time of component 1 between the m th
replacement and time t, while ¥, (t) is the repair time of component 2 between the nth
replacement and time ¢.
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® . . .
Let 7;7 be the first replacement time of the component i under policy (M,N).

Let Tj(i) (j = 2) be the time between the (j — 1)th replacement and the jth replacement of the
component i under policy (M, N). Obviously, {Tii),rgi), ...} forms a renewal process, while the
inter-arrival time between two consecutive replacements is called a renewal cycle. We also know

that Tl(i),Tz(i), ... are respectively the regeneration points of component i. Thus, {T(i),Tz(i), . }
forms a renewal process. Similarly, {R(i), Réi), ...} 1s also a renewal process, and they have the
same renewal cycle. Let D(t) be the cost function of the system at time t. And the time ¢t can be
expressed as
t=TO +TP 4+ + TP + 9, ()
+SM 45D 4 p s L () +SP + 5P 4452 4y, (D)
= TP +TP 4+ + TP + 9, (1)
+SP 48 4 sSPry (0) + 5P + 8P 4+ 5P 1y, (0
=T(t)+ SW@) + 5P (@)
Thus, D(t) = ¢;SDV(t) + c,S@P(t) + dym(t) + dyn(t) — ¢, T(t) 4)
Let C(M, N) be the long-run expected cost per unit time of the system under the replacement

policy (M, N); we have
CQ1,N) = lim E[Dt(t)]
_ E[c;:SD(t) 4 c,SP(t) + dym(t) + dyn(t) — ¢ T(1)]
= E[T() + SO() + S@(0)]
ESD®],  ESP®], , Em®)] , , E[n®)]
aTEmE] e ETo] T YET®] T 2ETo]
= lim
= L EBYO] | ESO©]
E[T(®)] E[T(®)]

{Tl(l),Tz(l),...}and {51(1),52(1),...} are renewal processes; the time interval between two

(5)

consecutive replacements is a renewal cycle. Let W; be the length of a renewal cycle of
component { under policy (M,N). Then according to the renewal reward theorem (see, for
example, Ross [29]), we have

- E[SY®)] Es®
ESO@®] IMETO]  EW,  ES®

li L= —, 1,2
o E[T@®] ET®]  ET®  ETO’
too L EW,
Similarly
_E[m(®)] 1 _E[n(®)] 1
lim = , lim = )
n-w E[T(t)] ET®W n-o E[T(t)] ET®
Where
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Substituting the results above in Eq. (5), we have

ESW ES® 1 1
protegre ot Lgre %

COM,N) = ES® ES®
1 ET@ + ET(2)
Xt B SR ¥ o B o
O b3 1 1
M 1 E ZM 2 M 1 M 12
m=1_,m-1 m=1 _om-1 m=1 m-1 m=1 ,m-1
— 1 aZ al a2 (6)
M—i Uy . M—i Uz .
m= 2m-— m= m-—
1+ bl/l + bzll
M 1 M nz_
m=1 a%m 1 m=1 a% 1

Our problem is finding an optimal replacement policy (M*, N*) for minimizing C(M, N).

Optimal replacement policy (M*, N*)

In this section, we shall determine an optimal replacement policy (M*, N*)for minimizing
C(M, N) explicitly. To do this, we shall consider two cases.

4.1. Case I: Series system of two identical components

When the two components are identical, i.e. a; =a, £a,by =b, 2 b, 1, =1, &
Ay = Uy 2 pu, there are also ¢; =c; 2 ¢ and dy = d, £ d accordingly. Obviously, the
replacement numbers of the two components should be the same, and C(M, N) can be replaced
by C(N,N) £ C;(N). To prove the existence and uniqueness of the optimal replacement policy
for the system, we introduce a lemma as follows.

Lemma1.Ifa > 1,0 < b < 1,let f(N) =—zIh=1a® = -z XN-1p%".
a a

Then f (N) is nondecreasing in N.
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Proof.
1 ZN 2N+1 N 1 ZN et
f(N+1)—f(N)=<E> _(E) (b+b2+---+b2)+(5) (b+b%+-+b* )
1 N 1 N 1 2N+t 1 oN+1
(o) +G) @) Jerreerr ()
1 2N bZN 1 ZN 1 2N+1
Q) (5@ -6 Jerr e
a a a a
>0

This completes the proof of Lemma 1.
Now, the long-run expected cost per unit time of the system under the replacement policy (N, N)
is given by
—coE T(N) + 2cE S(N) + 2d
Gy = CINN) = ET(N) + 2ES(N)
—(co+ ¢)ET (N) + 2d
ET (N) + 2E S(N)
where T(N) and S(N) respectively denote the operating time and the repair time of the
component under policy (N, N); the expressions for ET(N) and ES(N) are, respectively,

N N
ET(N)zE(ZX,)zZ%, N=>1

n=1 n=1
N-1 N
U
ES(N) = E( Yn> = z e N >2
n=1 n=1

ES(1)=0
When the replacement number N — +oo, then the expectations of the operating time, the repair
time and the long-run expected cost per unit time of the system are, respectively,

lim ET(N) = lim E NX = i N—A —A_—a2+a_1_
Nl—l;rgo ( )_NI_I)I(}O z n _Nl_l;r(}ozlazn—l_ _a(az_l)_
N-1 _ _
v )= i Z o [PP+b-1
n - Nl—r)lgo bzn—l - ‘u b(bz _ 1)
1 n=1 - -
—(co+ )ET (N) + 2d
ET(N) + 2ES(N)

lim ES(N) = limE(
N—>oo N—-oo

n=

fim G =+ Jim

Now, we can obtain the following result.

d

Theorem 1. (1) If (Cot+ OOpA = LZJ,ZH
a

, then N = 1 is the optimal replacement policy,
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re.N* =

) If

minimum of C; (N) can be obtained when N = oo,i.e.N* = oo,

d a?+a-1 1 ‘e d 1 a?+a-1
(co+ ur — a(a?-1) 2u’ " (cg+)A — 2a(a?-1) ’

then C;(N) is nonincreasing in N; the

d a’+a-1 1
(co+ c)pur — a(a?-1) 2
and the optimal policy is unique.

2
3) If pri 2n < , then the optimal replacement policy exists for finite N,

Proof.
—(co+c)ET(N+1) +2d —(cg+c)ET(N) +2d
ET(N+1) + 2ES(IN+1)  ET(N) + 2ES(N)
2d(ET(N) — ET(N + 1) + 4d(ES(N) — ES(N + 1))
~(ET(N+1) + 2ES(N + 1)) (ET(N) + 2ES(N))
2(co + ¢)(ES(N + 1)ET(N) — ES(N) ET(N + 1))
(ET(N +1) + 2ES(N + 1)) (ET(N) + 2ES(N))
 2(co + OpA(ZN_ya?" — TNZ1b?) — 2d (b + 2pa?")
" (ET(N + 1) + 2ES(N + 1)) (ET(N) + 2ES(N)) a?" p2"™*
According to the numerator of C; (N + 1) — C,(N), let
gN) = 2(co + ) pd (XN_,a®” = ¥N=1p2") — 2d (A% + 2ua?"), (7)

Now, an auxiliary function is considered through formula (7):
271

n N-1 1 _L N-1 32"
D Y & L i(g) —owEacip
PN+ zuaZN B /uﬂ” !

CG(N+1)-C(N) =

+ 2u

Because the denominator of C;(N + 1) — C;(N) is always positive, obviously, the sign of
Ci;(N + 1) —C,(N) is the same as the sign of its numerator. Thus, the following result is
straightforward.

> > d
CCIN+Dz=zC(N)e=giN) =20 h(N) = S Grom
By virtue of Lemma 1, h(N) is the nondecreasing in N. Therefore

h(D) < h(V) < limh(N), N 2 1.

@®)

Furthermore
a*4+a—-11
h(1) = , lim h(N) = —— -
iz_l_ 21 N—oo a(a®—1) 2u
a
d
(co +c)w1 = h(D) = —+2p
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with the help of formula (8), then C;(N) is nondecreasing for all N > 1. Thus, the optimal
replacement policy will be N* = 1. This means that an optimal replacement policy is to replace
the system immediately without any repair as soon as it fails.
If
d a*+a—-11 d la*+a—1
= — or ==

(co+ Aur ~ a(a?>—-1) 2u (co+ )1~ 2a(a?2-1)’
with the help of (8), then C;(N) is non increasing for all N > 1; the optimal replacement policy
will be N* = +o0. This means that the optimal policy is to continually repair the system (i.e. two
identical components) as it ages without ever replacing it.
If

1 < dq a’+a-1 1
Z+2p ~ (ot Oud ~ ala?-1) 2y
a

then there exists finite N* = minj<y<eo{N | g(N) = 0} satisfying
Thus, (N, N*) is the unique optimal replacement policy of the system. In this way, we complete
the proof of Theorem 1.

4.2. Case II: Series system of two non-identical components
By formula (6), we have

ES® ES® 1 1
agrmtegre T hgrm e gre S
ES ES®@

C(M,N) =

1+ ETM " ET®)
When M is fixed, C(M, N) is a function of N. If M = m, then C(M, N) can be written as
ES® 1
Cn(N) = 2
ES®
F+Er®
—yET® + d,

¥ BET® + ES®
R —YET@®N +d,
=Y SET@N + ESON

where
Es™ 1
a = —C+Ci—m+ dlm’
ES®
B=1+—m5 v=cf-«a
Now, the difference of Cy (N + 1) and Cy;(N) can be calculated:
—yET®(N +1) + d, —yET®(N) + d,

En(V + D= CnlN) = o N D) + ESOWN T 1) BETO(N) + ESO(N)
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Y(ET®(N 4+ 1) + ET®P(N) — ES®P(N) ET@(N + 1))
(BET@(N +1) + ES®(N + 1))(BET@(N) + ES@(N))
A BETD(N)-ET@ (N+1))+d,(ESPD (N)-ES@ (N+1))
(BET®(N+1)+ES@ (N+1)) (BET® (N)+ESP (N))
s(V)
(BET@(N+1)+ES® (N+1) ) (BET@ (N)+ES@ (N))

where
1 oN-1 1 2N-1 N N-1
swm=(3) (2 {yuzaz [Z a3’ b%”] — dy(B2:03"" + 103"
n=1 n=1
Similarly, let
YA2uz I(N)
B(N) - 2N-1

where

N N-1
I(N) = Z ad" — 2 b3"
n=1 n=1

Because the denominator of C,,(N + 1) —C,,(N) is always positive, the sign of
Cn(N + 1) — C,,,(N) is the same as the sign of its numerator. Therefore, the following result is
clear:
Cn(N + 1) Z2Cpr(N) & §(N)Z20 & B(N) 2 )
It shows that the monotonicity of C,,,(N) is determined by the value of B(N). Similarly, the
difference between B(N + 1) and B(N) is
—Y a4l (N + 1) Y A24421(N)
do(B2 b3 +1203™)  dy(B2, b3 + pa3")
N- N
_ itV + DB 3" + 108" ) — [N (B2, b5 + 103
dy (B 03" + z03""") (B2 b3 + ppa3")
N- N
_ Yoty [BA; b3 (I(N + 1) = bp I(N)) + 203" (IIN + 1) — aI (V)]
dy (B2 b3 + 203" ) dp (B2 b3 + p03")

B(N+1)—-B(N) =

>0
The holding of the last inequality results because

N+1 N
I(N + 1) — byI(N) = ( Z b%”) - b2<
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N+1

I(N + 1) — a,I(N) = ( a?" — z bgn) - a2<

n=1 n=1
N-1
= (=1 ) b+ (@ —b") 20
n=1

Thus, the following lemma can be obtained.

Lemma 2. B(N) is nondecreasing in N.

According to the formula (9) and Lemma 2, an analytic expression for an optimal policy is
obtained through the study of B(N). Thus, we have the following theorem.

Theorem 2. For fixed M = m, the optimal replacement policy N* £ N, can be determined by

N, = min{N|B(N) > 1}. (10)
Furthermore, if B(N,,) > 1, then the optimal policy N, is unique.
Proof. Because B(N) is nondecreasing in N, there exists an integer N,, such that
B(N) 21 < N =N,

and B(N) <1 & N < N,,.

Then, N, is the minimum integer satisfying (10), and the policy N,, is an optimal replacement
policy. Thus, if B(N,;,) > 1, then the optimal replacement policy also uniquely exists.

In other words, for fixed m, N, can be found such that C,,(N,,) is minimized; namely when
M=1,2,..m,...,N, N, .. Npy,..can be found respectively such that the corresponding
C;(N7) = C(1,Np) = C,(N3) = C(2,Ny), .., Cn(Npm) = C(m, Npp), ...
are minimized.

Similarly, for every fixed N =n, M;, can be found such that C,(M,) is minimized,;
Likewise when N = 1,2,...,n,..., M{,M;, ..., M,, ... can be found respectively such that the
corresponding C;(M;) = C(M7,1) = C,(M3) = C(M3,2), ..., Cr(My,) = C(My,, 1), ...
are minimized.

Because the total lifetime of the series repairable system is limited, the minimum of
C(M,N) exists. Thus, an optimal replacement policy (M*, N*) can be determined such that
C(M*,N") is minimized based on C(m, My,) and C(M,,,n), m,n = 1,2,...

A numerical example

In this section, we provide a numerical example for the system to illustrate some theoretical
results. Let a; = 1.05,b; = 0.95,4; = 100,u, = 20,¢; = 20, d; = 2000, a, =1.08, b, =
0.92, A, = 150,u, = 30, ¢, = 25, d, = 2400, ¢, = 30. Substituting the above values into Eq.
(6), the minimum of the long-run expected cost per unit time of the system can be obtained, i.e.
C(M,N) = —6.62365, and the corresponding optimal replacement policy is (M*, N*) = (4, 3).
Obviously, we can also see from Fig. 1 that (M*, N*) = (4, 3) is the unique optimal policy, and
C(M*,N*) = (C(4,3) = —6.62365 is the unique minimum of C(M, N). More calculation results
can be found in Table 1.
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According to Definition 2, a; and b; (i = 1, 2) are respectively the ratios of the

stochastically decreasing partial product process {X,Si) ,n=1,2,...;i=1,2} and the

stochastically increasing partial product process {Y,Ei),n =1,2,...;i=1,2}. To study the
influence of these ratios of partial product processes on the optimal policy, we tabulate the
optimal replacement policy (M*, N*) and the minimum C(M*, N*) of the long-run expected cost
per unit time of the system for different values of a; > 1and 0 < b; < 1 (i = 1,2) in Table 1.

Table 1

M/N 1 2 3 4 5 6 7
1 8.28 2.691817 | 1.573867 | 1.792068 3.10974 6.041543 | 12.68718
2 0.269972 -4.01537 -4.73338 | -4.25625 -2.64302 | 0.825623 | 8.916494
3 -1.75767 -5.69038 -6.31001 | -5.78228 -4.12335 -0.56766 | 7.828709
4 -2.27226 -6.03684 | -6.62365 | -6.09785 -4.4632 -0.94878 | 7.438882
5 -1.87024 -5.52081 -6.10617 | -5.62019 | -4.07042 | -0.70898 | 7.428771
6 -0.46723 -3.98781 -4.5934 -4.19408 -2.81596 | 0.229675 7.78552
7 2.682842 -0.55105 -1.18404 | -0.94861 | 0.092563 | 2.497689 | 8.787972
8 10.45688 8.304447 | 7.772399 | 7.741311 | 8.107985 | 9.111658 | 12.20042
9 19.26407 19.06337 | 19.00351 | 18.98337 | 18.98648 | 19.01675 | 19.14422
10 19.99888 19.99857 | 19.99847 | 19.99844 | 19.99844 | 19.99848 | 19.99865

Received: August 09, 2025

Figure 1

Value

15

10

1189



International Journal of Applied Mathematics
Volume 38 No. 5, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

References

[1] Babu D., Sutha M., Neelakandan R. and Elumalai P, Properties of Partial Product Processes,
Statistics and Applications. Volume 21, No. 1, 2023, 179-185.

[2] Babu D, Govindaraju P and Rizwan U, Partial Product Processes and Replacement Problem,
International Journal of Current Advanced Research, 7 (2018), 139-142.

[3] R.E. Barlow, L.C. Hunter, Optimum preventive maintenance policy, Oper. Res. 8 (1960) 90—
100.

[4] M. Brown, F. Proschan, Imperfect repair, J. Appl. Probab. 20 (1983) 851-859.

[5] H.W. Block, W.S. Borges, T.H. Savits, Age-dependent minimal repair, J. Appl. Probab. 22
(1985) 370-385.

[6] M.S. Finkelstein, A scale model of general repair, Microelectron. Reliab. 33 (1993) 41— 44.

[7] M. Kijima, Some results for repairable system with general repair, J. Appl. Probab. 26
(1989) 89-102.

[8] Y. Lam, Geometric processes and replacement problem, Acta Math. Appl. Sin. 4 (1988)366—
377.

[9]Y. Lam, A note on the optimal replacement problem, Adv. Appl. Probab. 20 (1988) 479—782.
[10] Y. Lam, A repair replacement model, Adv. Appl. Probab. 22 (1990) 494-497.

[11] Y. Lam, Y.L. Zhang, A geometric-process maintenance model for a deteriorating system
under a random environment, IEEE Trans. Reliab. R-52 (2003) 83—89.

[12] Y. Lam, Y.L. Zhang, Analysis of a two-component series system with a geometric
process model, Naval Res. Logist. 43 (1996) 491-502.

[13]Y. Lam, Y.L. Zhang, Analysis of a parallel system with two different units, Acta Math. Appl.
Sin. 12 (1996) 408—417.

[14] Y. Lam, Y.L. Zhang, Repairable consecutive-k-out-of-n: F system with Markov
dependence, Naval Res. Logist. 47 (2000) 18-39.

[15] K.S. Park, Optimal number of minimal repairs before replacement, IEEE Trans. Reliab. R-
28 (1979) 137-140.

[16] R.I. Phelps, Replacement policies under minimal repair, J. Oper. Res. Soc. 32 (1981) 549—
554.

Received: August 09, 2025 1190



International Journal of Applied Mathematics
Volume 38 No. 5, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

[17] W. Stadje, D. Zuckerman, Optimal strategies for some repair replacement models, Adv.
Appl. Probab. 22 (1990) 641-656.

[18] W. Stadje, D. Zuckerman, Optimal repair policies with general degree of repair in two
maintenance models, Oper. Res. Lett. 11 (1992) 77-80.

[19] A.D.J. Stanley, On geometric processes and repair replacement problems, Microelect-ron.
Reliab. 33 (1993) 489—491.

[20] S.M. Ross, Stochastic Processes, second ed., Wiley, New York, 1996.

[21] S.M. Ross, Applied Probability Models with Optimization Applications, Holden-Day, an
Francisco, 1970.

[22] G.J. Wang, Y.L. Zhang, An optimal replacement policy for a two-component series system
assuming geometric process repair, Computers and Mathematics with Applications, 54
(2007), 192-202.

[23] G.J. Wang, Y.L. Zhang, A shock model with two-type failures and optimal replacement
policy, Internat. J. Systems Sci. 36 (2005) 209-214.

[24] Y.L. Zhang, R.C.M. Yam, M.J. Zuo, Optimal replacement policy for a multistate repairable
system, J. Oper. Res. Soc. 53 (2002) 336-341.

[25] Y.L. Zhang, A bivariate optimal replacement policy for a repairable system, J. Appl. Probab.
31(1994) 1123-1127.

[26] Y.L. Zhang, A geometric process repair model with good-as-new preventive repair, IEEE
Trans. Reliab. R-51 (2002) 223-228.

[27] Y.L. Zhang, An optimal replacement policy for a three-state repairable system with a
monotone process model, IEEE Trans. Reliab. R-53 (2004) 452-457.

[28] Y.L. Zhang, S.M. Wu, The reliability analysis of a two-unit series repairable system without
being repaired “as good as new”, in: Proceedings of the Fourth Symposium on Reliability
Mathematics, Guilin, China, 1992, pp. 464—-469.

[29] Y.L. Zhang, An optimal geometric process model for a cold standby repairable system,
Reliab. Eng. Syst. Saf. 63 (1999) 107-110.

[30] Y.L. Zhang, M.J. Zuo, R.C.M. Yam, Reliability analysis for a circular consecutive-2-out-of-
n: F repairable system with priority in repair, Reliab. Eng. Syst. Saf. 68 (2000)113-120.

[31] Y.L. Zhang, G.J. Wang, Z.C. Ji, Replacement problems for a cold standby repairable system,
Internat. J. Systems Sci. 37 (2006) 17-25.

Received: August 09, 2025 1191



International Journal of Applied Mathematics
Volume 38 No. 5, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

[32] Y.L. Zhang, G.J. Wang, A bivariate optimal repair—replacement model using geometric
processes for a cold standby repairable system, Eng. Optim. 38 (5) (2006) 609-619.

Received: August 09, 2025 1192



