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Abstract 

In the present study, the discretization procedure for the currently existing continuous circular 

model is applied in order to develop a new discrete circular distribution. Here, we discretized 

the Wrapped Length Biased Exponential Distribution to create a New Discrete Wrapped 

Length Biased Distribution. Also, for the newly developed discrete circular model, the 

probability mass function, distribution function, characteristic function, and population 

characteristics are generated. 
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1. INTRODUCTION 

The analysis of angular data relies significantly on circular models. Many continuous 

circular models are documented in the existing literature. A diverse and valuable set of 

circular data models is offered by wrapped circular models [1], stereographic circular and 

semicircular models [2], and offset circular and semicircular models [3]. However, there 

aren't many discrete wrapped circular models that are invariant of zero direction and sense of 

rotation in the literature. The Discrete Wrapped Exponential model [4], the Discrete Wrapped 

Cauchy model [5] and the Characteristics of Wrapped Poisson model [6] provide a wealth of 

inspiration to develop the new discrete circular model. This work uses discretization on the 

Wrapped Length Biased Exponential Distribution model to create a new discrete circular 

model named Discrete Wrapped Length Biased Exponential Distribution [7]. 
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2. CIRCULAR DISTRIBUTIONS 

A probability distribution with a total probability defined on the unit circle is called a 

circular distribution. It is a method of allocating probability to various directions because each 

point on the unit circle represents a direction. A circular random variable's ( ) range, 

expressed in radians, is taken on  )0,2 . 

Apparently, there are two sorts of circular distributions: discrete, which assign 

probabilities to a finite number of directions, and continuous, which assign probabilities to an 

infinite number of directions. Wrapping a linear distribution is one way to generate circular 

models. In the following we discuss wrapped discrete circular random variables. 

2.1. WRAPPED DISCRETE CIRCULAR RANDOM VARIABLE 

For a discrete integer-valued random variable Y, applying reduction modulo ( )2 m m +Z  

maps the integers onto the group of 
thm  roots of unity, a subgroup of the unit circle. 

i.e ( )2 mod2y m  =  

More specifically,   denotes a mapping from the integer set G —a group under ‘+’ to the set 

of thm  roots of unity G , which is a group under ‘·’. The mapping is given by: 

2 2

( ) where ,

iy iy

m mx e y G e G

 

 =  
 

  is then referred to as a wrapped discrete circular random variable. 

Evidently   is a homomorphism. 
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Given that   has a limited number of elements, they are represented by 

      As   has a limited number of elements, they are represented by 
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 which on the unit circle is a lattice. 
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2.2. PROBABILITY MASS FUNCTION 

Assuming that   is a wrapped discrete circular random variable, the probability mass 

function of  , represented by 
2 r

Pr
m



 

= 
 

, has the following characteristics. 

1. 
2

0
r
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m
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 

=  
 

 

2. 
1

0

2
1

m

r

r
Pr

m




−

=

 
= = 

 
  

  3. ( ) ( )2Pr Pr h  = +   For any integer h   (i.e Pr  is periodic function)  

2.3. DISTRIBUTION FUNCTION 

Assuming that   is a wrapped discrete circular random variable, the probability distribution 

function of  , represented by ( )wF  , has the following characteristics. 

Suppose if  is a wrapped discrete circular random variable then distribution function of   is 

denoted by ( )wF   and its definition is 

                                 

                                     (2.1) 

            The process of converting continuous functions, models, variables, and equations into 

their discrete equivalents is known as discretization in mathematics. Depending on the real-

world scenario, this procedure is typically used to mimic a specific discrete event. 

3. DISCRETIZATION OF A CONTINUOUS DISTRIBUTION 

In the present work, we modify current continuous circular models using discretization 

from [8] to create discrete circular models. The procedure is as follows: 

To create a probability mass function 
2 r

Pr
m



 

= 
 

 on a set of evenly spaced points 

for 0,1,2... 1r m= −  with a fixed integer m  equal to or larger than 2, consider a continuous 

circular distribution with probability density function (pdf) ( )f   on the circle. 
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                                                                                    (3.1) 

shows the corresponding discrete circular model's probability mass function (pmf), 1m =  is 

eliminated since it is degenerate. 

Here, we use the discretization of a continuous circular model to generate a new discrete 

circular model. 

 

4. DISCRETE WRAPPED LENGTH BIASED EXPONENTIAL DISTRIBUTION 

A wrapped length biased exponential distribution's probability density function is 

( )
1

2
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Where  >0 is a parameter. 

The probability mass function of the Discrete Wrapped Length Biased Exponential 

Distribution is now defined using equation (3.1) as 
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     By Arithmetic- Geometric progression       
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Then by Geometric progression 
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      By using   (4.3) and (4.4)               
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5. DISTRIBUTION FUNCTION FOR DISCRETE WRAPPED LENGTH BIASED   

EXPONENTIAL DISTRIBUTION 
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The Discrete Wrapped Exponential Distribution's distribution function is described as 
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6. CHARACTERISTIC FUNCTION FOR THE DISCRETE WRAPPED LENGTH 

BIASED EXPONENTIAL DISTRIBUTION

 The Discrete Wrapped Length Biased Exponential Distribution's characteristic function is 

described as  
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− + − +      

     
=    

− − +    
          

− − − −       
       







 
 


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2 2 2 2 2 2

2 2 2

2 2

2 2 2 2 2
sin 2 2 sin sin

2 2 2 2
sin sin

1 1

m m

m m

p p p
e e e e e e

m m m m m

B p p
e e e

m m
e e

     

     

  

  

 

 

    
 

   

− − − − − −

− − −

      
+ + − −      

      
 =    

+    
       

− −    
    

 
2 2

Clearly andp P p  = +
1tan

p

p

p






−
 

=   
 

 

Here 1  denotes circular mean direction which is given by 

1 1
1

1

tan





−  
=  

 
 

Now 1  stands for the concentration in the direction of the mean, which is described as 

2 2

1 1 1  = +  

1 1In general  = and =    . 

The circular variance is expressed by the symbol oV  and can be defined as 1oV = − . 

Additionally, the definition of the circular standard deviation is  

2log(1 )o oV = − −
 

7. CENTRAL TRIGONOMETRIC MOMENTS 

The definition of pth Central trigonometric moment of θ is 
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  ( )* ( )( ) ipp E e  


−=  

( )ip ipE e e −= ( )ip ipe E e −=
 

( )( )cos sin p pp i p i   = − +  

( )cos cos sin sinp p p pp i p i p p       = + − +
 

cos sin ( cos sin )p p p pp p i p p       = + + −
 

* *

p pi = +
 

*

*

where cos sin

cos sin

p p p

p p p

p p

p p

    

    

= +

= −
 

 

The Discrete Wrapped Length Biased Exponential Distribution's skewness is now defined as 

( )

*

2
1 3

2
oV


 =

        

For the Discrete Wrapped Length Biased Exponential Distribution, the definition of kurtosis 

is    

( )

( )

4*

2

2 2

1 o

o

V

V




− −
=

 

8. CONCLUSION 

     Through a suitable discretization process, we were able to successfully extend an existing 

continuous circular model into the discrete domain in this study. We created a new Discrete 

Wrapped Length Biased Distribution with clearly defined structural properties by discretizing 

the Wrapped Length Biased Exponential Distribution. The probability mass function, 

distribution function, characteristic function, and key population characteristics of the 

proposed model were all carefully calculated. These results demonstrate that the newly 

developed discrete circular distribution improves the family of discrete circular statistical 

models and opens up new theoretical and practical research opportunities by providing a 

practical and mathematically sound framework for representing circular data in discrete form. 

References 



International Journal of Applied Mathematics  

Volume 38 No. 10s , 2025  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Received: September 08, 2025  2264 

[1] S.V.S Girija,”Construction of New Circular Models”,VDM VERLAG, Germany. ISBN   

     978-3-639-27939-9, 2010.  

[2] S.V.S Girija, A.V.DattatreyaRao and Y.Phani,  “On Stereographic Lognormal    

     Distribution”, International Journal of Advances in Applied Sciences (IJAAS), Vol. 2      

     No.3, pp.125-132,2013. 

[3] A.J.V Radhika, S.V.S.Girija,  and A.V DattatreyaRao,”On Univariate Offset Pearson    

    Type II Model – Application To Live Data”, International Journal of Mathematics and     

    Statistics Studies, Vol.1, No. 1, pp.1-9,2013.  

[4] Srihari G.V.L.N., Girija S.V.S, and Dattatreya Rao A.V “On Discrete Wrapped    

     Exponential distribution-Characteristics” International Journal of Scientific Research In    

    Mathematical and Statistical Sciences,,volume5(2),pp.57-64(2018). 

[5] Girija S.V.S Srihari G.V.L.N and Srinivas. R “On Discrete Wrapped Cauchy Model ”,   

    Mathematical Theory and Modeling, Volume9(4), pp.15-23(2019). 

[6] S. V. S Girija, A. V. DattatreyaRao and G.V.L.N. Srihari, “On Characteristic                    

    Function of  Wrapped Poisson Distribution”, International Journal of Mathamatical      

    archive Volume5(5), pp.168-173,2014(b).  

[7] Phani Yadlapalli, S V S Girija and Y Sreekanth “Wrapped length biased exponential   

      distribution” Thailand statistician vol 22, No 3, July 2024 

[8] Srinivas . R Srihari G.V.L.N , and Girija S.V.S “On Construction of Discrete   

      Wrapped Lindely Model ”, i-Managers Journal of Mathematics,     

     Volume7(4), pp.1-19(2018). 

[9] A. Pewsey,  “A Wrapped Skew-Normal Distribution on the circle,”   

      Communication in Statistics: Theory and Methods, Vol.29, No.11, pp.2459    

      2472,2000. 

[10] A.V. DattatreyaRao, I. RamabhadraSarma and S.V.S Girija, “On Wrapped Version of     

        Some Life Testing Models”, Communication in Statistics: Theory and Methods, 36,     

        issue # 11, pp.2027-2035,2007. 

 


