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Abstract: 

The key information of images is typically embedded in their configuration, specifications, and 

surroundings. These components require unique processing techniques to improve image 

resolution adequately. In this paper, we develop a formula capable of significantly improving 

image sharpness and clarity using the point spread function (PSF) equation for a rectangular 

aperture and a triangular aperture optical system using Mathcad. The Hanning amplitude filter 

(β=0, 0.25, 0.50, 0.75, 1) is applied as the image enhancement technique. The research addresses 

an optical system constrained by diffraction limits (an ideal system). The two apertures of the 

optical system are compared, and the full width at half maximum of half of each curve, a 

measure of the spectral linewidth, is measured. The results are presented graphically. 

Keywords: imaging systems, optical system, point spread function, Hanning amplitude filter, 

pupil function. 

Introduction: 

The objective of lens makers is to assess the effectiveness of that lens, which reflects the 

precision of that optical design, by evaluating picture quality. A multitude of elements 

significantly influence the assessment of picture quality in the imaging system [1]. One factor is 

wave front aberration, which includes issues such as coma, spherical aberration, field curvature, 

and astigmatism, intrinsic to optical systems; however, alignment or manufacturing errors, along 

with ergonomic issues, can introduce more aberrations. The defocus effect results in the 

longitudinal displacement of the focal point from the anticipated Gaussian point, propagating the 

ray from the centre maxima to the lateral lobes. Correction of optical lens flaws and spherical 

aberration is mostly accomplished through the use of filters [2]. Although the amplitude filter 

lowers aberrations, the light that the optical system transmits is sacrificed in the process [3]. 

Since the majority of optical functions may be thought of as being generated from the picture 
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plane (PSF) by a differential or integral connection, the second element is the ascertainment of 

the intensity distribution in one PSF [4]. 

The intensity of distribution at a point in that picture, a plane of a point object, such as a sharp or 

straight edge, is described by the PSF. The kind and degree of aberration in the lens, as well as 

the diffraction produced by the aperture, determine the intensity distribution. As a result, it 

frequently combines several optical phenomena, such as veiling glare, defocus, aberration, and 

diffraction. The most popular metric for estimating the distribution of energy along the optical 

axis and assessing the quality of PSF close to the focal plane was the Strehl ratio [5]. One 

method that is comparable to the characteristics of an imaging optical system is apodization. In 

instrumental optics, several apodization filters have been suggested for a variety of uses]6[. 

Visual optical systems either have aberrations or are constrained by diffraction (ideal system). In 

optical processing, using a flawless system is crucial for assessing any system's effectiveness. 

Particularly when taking into account both internal (like vibration or optical system movement) 

and exterior (like the actual presence of clouds, fog, or dust) affecting variables [7]. The 

mathematical techniques that are now accessible provide a clear picture of the image quality 

when both internal and external affecting factors are present. 

In our previous paper[8], we studied the optical properties of a circular aperture optical system 

for a diffraction-limited system and applied a parabolic filter. Initial results indicated that the 

numerical results appear to be an improvement over the standard method. In this paper, we 

studied the properties of an ideal diffraction-limited optical system and applied a Hanning 

amplitude filter. The central maximum width was calculated to achieve good resolution for 

rectangular and triangular aperture optical systems. A comparison between these two apertures 

was made, and the results were presented. 

An essential image evaluation criterion for discussing the intensity distribution in the imaging 

plane is HWHM, or half-width at half-maximum, which is estimated 50% out of the primary 

peak's peak intensity is the estimated distance at the diffraction canter [9]. 

Related work: 

A number of researchers have examined diverse techniques to alter the aperture in order to 

enhance image quality when the aperture's size and shape impact an image's structure. Ali H. Al- 

Hamadani et al[10] assessed the resolving power of an optical system in relation to pupil shapes. 

Under the effect of coma aberration, these systems are apodized using the amplitude filter of 

Hanning. Graphical representations of the analytically calculated results are provided by point 

spread function graphs under various aberration of coma concerns, as well as amplitude 

apodization levels. According to this study, a system with a half diagonal square aperture (1) 

possesses an elevated Strehl ratio. Additionally, the apodized Hanning filter has the least effect 
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on systems with a half diagonal square aperture (√
𝜋
). Devi et al[11] formulated an expression 

2 

for the point spread function of an apodized optical system, a Gaussian filter. The calculated 

outcome is completed for multiple scenarios of apodized parameters. Ban et al [12] This study 

encompasses the formula of the point spread function (PSF), formulated for a series of concealed 

circular synthetic apertures. It examines the impact of varying obscuration ratios (ε = 0, 0.25, 0.5, 

0.75). Mathcad applications were employed to replicate the PSF equation derived from this 

analysis. The outcome is an enhancement in the secondary peaks' intensity and superior power 

for resolution in comparison to the resolving power of a concealed singular circular aperture. 

Narsaiah et al [13] investigated the impact of the filter to determine the optimal apodization 

value for an annular aperture, aiming to achieve the minimal radius for the initial dark ring, 

which subsequently affects the resolution characteristics of optical imaging systems. Campos et 

al [14] investigated the impact of various amplitude, complex, and phase filters applied to axial 

and transverse dimensions characteristics pertaining to an optical system, and endeavoured to 

regulate the amplitude and phase within the LC-SLM to facilitate the implementation of a pupil 

filter. 

Venkanna et al[15] calculated the point spread function of a deviated optical system using 

apodized Lanczos, Hanning, and amplitude filters for a coherent optical system with rotationally 

symmetric. 

The formula of the point spread function (PSF): 

A function, when it comes to point spread, represents a single-point source radiation picture 

within a system of optics. One may derive this process via this function by taking the complex 

amplitude of the function when both u and v are in the picture plane and transforming it to use 

the Fourier transform [16] [17]. 

 

 

This may be stated as where A(u, v) is the amplitude at point (u,v), denoted as (A.S), represents 

The area of the exit pupil, whereas f(x, y) is the function that denotes the role of the pupil (1): 

f ( x, y)   ( x, y)  eikW ( x,y)  ........................ 
(2) 

τ(x, y): "Pupil transparency" describes the authentic distribution of amplitude inside the exit 

pupil; under homogeneous light, it typically equals one unit. 
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𝒆𝒊𝒌𝒘(𝒙+𝒚) : The wave front regarding the function of aberration, w(x,y), represents the 

aberration coefficient. The point spread function is represented through the intricate amplitude 

squared in the picture [18]: 

𝑃𝑆𝐹 = |𝐴(𝑢, 𝑣)|2…… (3) 

 

𝑃𝑆𝐹 = 𝑅| ∬ 𝑓(𝑥, 𝑦). 𝑒𝑖2𝜋(𝑢𝑥+𝑣𝑦) 𝑑𝑥𝑑𝑦|2 … … (4) 

 
Where R is the normalization constant. 
 

1 

𝑓(𝑥. 𝑦) = (cos (𝜋𝛽𝑟2))2: equation of the Hanning amplitude filter[19]. 

Let z=2πu and m=2πv; hence, equation (4) transforms into: 

 

𝑃𝑆𝐹 = |𝑅 ∬ 𝑓(𝑥, 𝑦). 𝑒𝑖(𝑧𝑥+𝑚𝑦)𝑑𝑥𝑑𝑦|2  … … (5) 

 
Due to the symmetry, we shall consider just one axis; so, equation (5) is expressed as follows: 

 

𝑃𝑆𝐹 = |𝑅 ∬ 𝑓(𝑥, 𝑦). 𝑒𝑖(𝑧𝑥)𝑑𝑥𝑑𝑦|2 . . … (6) 

 
The amalgamation boundary for the point spread function is determined through the aperture 

pertaining to the optical system; the study employed a horizontal rectangular aperture and a 

triangular aperture. 

The boundaries of a rectangular lens aperture are ascertained using the rectangular pupil aperture 

within an area normalized by π, the measurement of the length of the horizontal dimension, and 

the extent of the vertical edge (2). Consequently, equation(6) for a diffraction-limited optical 

system possessing a rectangular lens aperture will be[20]: 

π/4 1 

𝑃𝑆𝐹 = 𝑅| ∫ ∫ 𝑓(𝑥, 𝑦). 𝑒𝑖𝑧𝑥 𝑑𝑥𝑑𝑦|2 … … (7) 
−π/4  −1 

When the optical system has a triangular aperture, the point diffusion function equation is as in 

Equation No. 8, and the results were extracted using MathCAD. 
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The Strehl ratio (SR) was also calculated and is characterized as the proportion of the center 

intensity of the point spread function (PSF) of the optical system and the regular pupil function 

of the diffraction-limited system. The Strehl criterion is a suitable measure of the quality of the 

image formed in lenses[21]: 

𝑆𝑅° = 
𝑃𝑆𝐹(𝐻)

……… (9) 
𝑃𝑆𝐹(𝐴) 

 

Where parameters A and H are applied to the Hanning filter, respectively. 

Hence [22] [23][24][25], examining the imaging characteristics of optical systems through the 

understanding of intensity distribution possesses emerged as a crucial approach in the design and 

evaluation of these systems. 

Discussion and results 

We calculated the intensity numerically for the amplitude Hanning filter for non-coherent light 

sources. The filter is placed concerning the rectangular aperture of the polarised optical system, 

and the intensity is calculated from equation (7) using Mathcad. The results of the PSF intensity 

values are listed in Table 1. They were plotted in the origin program and shown in the form of 

curves showing the distribution of the PSF intensity polarised by the amplitude filter for various 

Values of (β=0,0.25,0.50,0.75,1), and it is clear from Figure 1 that the PSF intensity increases as 

the β values decrease. When β=0, the PSF peak=1 indicates that the light intensity distribution is 

greater in this region. It is noted from the curve that it is sharper, as this curve contains more than 

eighty four percent of the total intensity, and the rest is distributed in the secondary peaks, which 

is the Airy disk curve. As for the second curve for the intensity when β=0.25, it was shown that 

the intensity drops to less than 84% when entering the value (0.25), and we notice that the peak 

of the intensity drops to (0.70). When β=0.50 is entered, the central intensity drops more than the 

previous two curves, so that the peak intensity becomes 0.18. When β=0.75 is entered, the 

intensity decays, the peak PSF becomes (0.002), and the intensity distribution in the secondary 

peaks becomes higher than the previous curves. In Table 2, we have given the computed values 

of the quality evaluation whole width at half maximum, half width at half maximum for the 

amplitude filter, and diameter of the PSF; the term for the value at half of its maximum is 

referred to as the entire width at half maximum, where the whole width at half maximum the full 

width at half maximum (FWHM) is utilized to specify the breadth of any intensity distribution at 

half the maximum intensity in particular. The FWHM is used to determine the width of the 

beam, and the spectral width of light sources is often used, for example, when measuring the 

sharpness of spectral lines. The FWHM value describes how wide or narrow the spectral line is, 

describing the amount of light propagation. The data in Table 2 show that the FWHM value 

when β=0, 0.25, 0.50, and 1 is (2.63), indicating a good breadth of the energy distribution, while 

when β=0.75, the FWHM value is zero and indicates that the energy and light rays are not 
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distributed in this region. The Strehl ratio was calculated from Equation (9). Rayleigh showed 

that the intensity ratio is greater than or equal to 0.8 for the highly corrected system and that the 

intensity is greater than or equal to 0.7 for the system, including amounts of aberration. We 

showed the results in Figure 3. We notice that the Strehl criterion is at its best when β =0 and 

gradually decreases as the value of β increases. 

 

 

Figure 1: Shows the PSF intensity curves for a rectangular aperture when an amplitude hanning 

filter is applied to the optical system. 
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Table 1: Shows the PSF intensity for different values of β for a rectangular aperture hanning 

amplitude filter. 

 

 

Table 2: Measure the full width at half maximum and half width at half maximum of the 

apodized point spread function (PSF) for the specified values of β when a rectangular aperture. 



International Journal of Applied Mathematics 

Received: August 03, 2025 2126 

 

 

Volume 38 No. 10s, 2025 
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2:Variation of Strehl ratio (SR°) with β when a rectangular aperture. 

A triangular aperture optical system was also used, where the PSF intensity of the triangular 

aperture was calculated using Equation No. 8, and the same Hanning amplitude filter was applied 

to it. The results were displayed graphically in Table No. 2 for the PSF values, where the results 

were displayed in Figure 3, showing the distribution of the PSF intensity polarised by the 

Hanning amplitude filter for various values of β: 0, 0.25, 0.50, 0.75, and 1. Figure 3 shows that 

when β = 1, 0, it gives the same intensity, which is the best value, which is 0.605. However, 

when β = 0.25 or 0.75, it also gives a similar intensity, which is 0.303, which gives the lowest 

intensity, and when β = 0.50, it gives a very low intensity, which is zero. When β =0.1, the 

intensity distribution of light is greatest in this region; when β =0.25 or 0.76, the intensity 

distribution is average. When β =0.50, the intensity distribution is poor. We presented the 

calculated values of the quality evaluation factor for the full width at half the maximum of the 

triangular aperture and half the width at half the maximum of the Hanning amplitude filter. The 

results are shown in Table 4, as this data facilitates our analysis. When β =0, 0.25, 0.75, and 1, 

the FWHM value is 1.99, indicating a good breadth of the energy distribution. When β =0.50, the 

full width at half the maximum value is zero, indicating that the energy and light rays are not 

distributed in this region. The Strel ratio for the triangular aperture was calculated from Equation 

9. We presented the results in Figure 4. We note that the Strel criterion is at its best when β =0.1. 
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Figure 3: Shows the PSF intensity curves for a triangular aperture when an amplitude hanning 

filter is applied for the optical system. 
 

 
Table 3: Shows the PSF intensity for different values of β for a triangular aperture hanning 

amplitude filter. 
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Table 4: Measure the full width at half maximum and half width at half maximum of the 

apodized point spread function (PSF) for the specified values of β when using a triangular 

aperture. 

 

 

Figure 4: Variation of Strehl ratio (SR°) with β when a triangular aperture. 

Conclusion: 
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In this study, the intensity redistribution of the polarized point distribution coefficient was 

determined for diverse values of B under the impact of a Hanning amplitude filter for a 

rectangular aperture optical system and a triangular aperture optical system. We analyzed the 

results utilizing half of the width maximum (FWHM). We note that when the FWHM is zero, 

this is not a realistic peak width for any actual measured peak. Between FWHM = 1.99 and 

FWHM = 2.36, 1.99 is the best choice if a sharper peak and higher resolution are desired, in 

which case the triangular aperture system is preferred. However, if more smoothing, better noise 

suppression, or a wider peak are desired for any reason, we choose FWHM = 2.63, in which case 

the rectangular aperture system is preferred. 
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