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Abstract: This distribution is a continuous distribution based on two parameters which is a generalized case of
modified Mishra distribution (MMD) of Sah. The characteristics necessary for studying, analyzing and drawing
inference from this distribution have been precisely defined and derived. This distribution appears more useful
than MMD for statistical modelling of variables related to survival time data.
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1.0 Introduction: There is a distinct joy and feeling in the insights gained from studying and researching by
following the law of nature. Sah has discovered many new continuous probability distributions that are based on
only one parameter, (see, [1] to [7]). The above-mentioned distributions also include Mishra distribution (MD)
and modified Mishra distribution (MMD). To generate probability density function of MD and MMD), Sah used
the following two different functions respectively.

y=U+u+u’)e ™ (1.1)
y=(m+u+u’)e™ (1.2)

The first equation contains a mathematical constant e, also known as Euler number, is approximately equivalent
to 2.718281828. It is an irrational number related to the concept of continuously compounded interest. That is

Limit(1+lj [ 2.718281828 (1.3)

n—0 n

The second equation has two irrational numbers, e and 7 . It is the number which cannot be expressed as a ratio
of two integers. The probability distribution based on (1.2) gives more reliable result than based on the first
function and it happens only due to an extra addition of another irrational number (7 ). The probability
distributions based on the first and second function, (1.1) and (1.2), were obtained by Sah, known as Mishra
distribution and Modified Mishra distribution respectively and their probability density function ( pdf ) are given

by (1.4) and (1.5) respectively.

93

m(l+u+u2)e_0“ (]4)

Si(w,0) =

Provided that @>0and u >0
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M(ﬂ+u+uz)6_91l (]5)

S, 0) =

Provided that #>0and u >0
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Let us consider another function as given in the expression (1.6).
y=(m+pu+u*)e™ (1.6)
Provided that &>0and u >0.

This is a quadratic-exponential function which contains two irrational numbers as well as two parameters € and
.1t is our responsibility to use all information of the data collected and in this process we may need additional

parameters in the distribution. We can see that the expression (1.6) has two parameters and the probability
distribution based on this function is our proposed distribution named as “Two-Parameter Modified Mishra
Distribution” and abbreviated as “TPMMD”.

All the necessary characteristics such as Probability density function, Probability distribution function, the
moments, estimation of parameters and chi-square goodness of fit have been explained. It has been observed that
it gives better goodness of fit for survival time data than MMD.

2.0 Results: The results obtained of this distribution have been presented from (2.1) to (2.5) as follows.

2.1 Probability Density Function, Probability Distribution function and Moment Generating Function of
TPMMD: These characteristics have been given by the expression (2.1.1), (2.1.2) and (2.1.3) respectively.
93

M(ﬂ+ﬂu+u )e_" (211)

S ()=

It is noted that ¥ >0, @>0and (76° +§B+2)>0. When S=1and S =0, the expression (2.1.1) is changed
into the Probability density function of MMD and New Quadratic-Exponential distribution (NQED) respectively.

Figure-1 It shows probability density function of TPMMD when 8 =0.2,0.4,0.6,0.8 and 3 =-1
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Figure-2 It shows probability density function of TPMMD when € =0.1,0.2,0.3,0.4 and f=-1
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Figure-3 It shows probability density function of TPMMD when € =0.1,0.2,0.3,0.4 and =2

Probability Density Function
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FU) =0—3]‘(7r+ﬂu+u2)e’"‘gdu
(70> +6B+2)y

_ub(pO+6u+2) o

Or, FU)=1-¢&" -
(70* + 6B +2)

(2.1.2)
Figure-4 It shows probability distribution function of TPMMD when 6 =0.5,1.0,1.5,2.0and £ =-1
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Figure-5 It shows probability distribution function of TPMMD when 6 =0.1,0.2,0.3,0.4and [ =-1

Distribution Function of TPMMD
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Moment Generating Function:
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1) _ uty tu _ 2\ —6u tu
M =E(e )—-([e f(u)du——(2+0ﬂ+m92).([(7r+,3u+u )e e du
0 _ ¢’

B o0 o0 o0
Or, M 7Z'J e dy + ﬂj ue™ " dy + ﬁjuze'(g")"du}
L 0 0 0

Y Q+08+76%)

Or, M

(2.1.3)

o _ &’ _{”(5’—1)2+,3(9—t)+2}
‘(2468 +10%) @-1)

2.2 Moments of TPMMD: The expression (2.2.1) is the general form of the moments about the origin of TPMMD.
The expression from (2.2.2) to (2.2.5) are the first four moments about the origin of TPMMD respectively.

& T PN
’ - - + + r Md
H (m92+9,3+2)~([(7[ Puru e du
Or, u =9—3 ﬂTu’e’g"du +ﬂTu”1e’9"du+Tu’+2e’9“du
T (0 +68+2)| 4 ) !
1 476° +(r+1) SO+ (r +2)(r +1
or, ﬂgzi{ ( )zﬂ (+2(r+D) @2.2.1)
o (70* + OB +2)
;1 {70+ (1D O+ (1+2)(1+ 1)
s (20 +08+2)
2
Or, =L 70 +2B0+6) 222)

'O (n6*+6B+2)
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, 2l {70 + 2+ pO+(2+2)2+1)
= (7 + 6B +2)

2
Or, ﬂézéw (2.2.3)
6> (n0° +6B+2)

;31 {A0 +B+DO+(3+2)B3+1D)]
o (2 + 68 +2)

2
Oor, i :%w (2.2.4)
& (n60*+0B+2)

1 {70 +(4+1) SO+ (4+2)(4+1)}
o (6” + B +2)

Hy =
. 24 (70> +586 +30

Or, 4 = 22 (70 _+5(6+30) 2.2.5)
6° (26” +OB+2)

The expression from (2.2.6) to (2.2.8) are the second, third and fourth moments about the mean of TPMMD
respectively.

_{i (7[6’2+3,6’6‘+12)}_{1 (76 +2ﬂ6’+6)}2

| @ (6 +08+2) 0 (20> +6B+2)

2

on 1 [ 200 +3p0-412) (26 +65+2)~ (20" + 250+ 6)
> He 0> (26* + 9B+ 2)°
2 N4 3 2 2 02
_ (76" +47p0° +1676° +20° B +1256+12) 026

Or,
#h (76 + 0 B+ 20

_[ 6 @0 +4po+20)| [ 2 (0 +360+12)[[ 1 (w6 +259+6)| L[ 1 (6’ +280+6) ’
T (20 +0B+2) & (2 +08+2) || 0 (20 +68+2) 0 (70 +6B+2)

[ 6(70* +4B0+20) (70 + 6B +2)* —6(n6” +3B0+12)(n0° + 280+ 6)(76* + B +2)
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Or, 1, = s ) — 3 2.2.7)
(70 + 6B +20)

[24 (=6 +5p0+30)] [ 6 (n6° +450+20)|[ 1 (x6* +26+6)
M=o o +0p+2) & (70 +0B8+2) || 0 (x> +68+2)

| 2.0 +3p0+12)][ 1 (20> +20+6) 2_3 1 (=6 +250+6)|
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[24(70° + 580+ 30) (70 + OB+ 2)° — 24(70° + 46 + 20)(6” + 2,80 +6)
on 1 _| BT OB+ 27 4128 430412026 420+ 6 (20 + 0 +2) -3t +20+6)°
» 0 (20" + B+ 2)"
(07408 +727°07 B +3847°6° +1327°6° B> +9676° B +10327°6° B +12247°6" |
1240° B* +96070" B* +2886° B + 230476 B +172870°
+10088°0” +144080+720
Or, u, = s s — i (2.2.8)
0" (70° + 66 +2)

2.3 Co-efficient of Skewness and Kurtosis: The expression (2.3.1) and (2.3.2) are the co-efficient of skewness
and kurtosis of TPMMD respectively.

(27[3196 +127Z'295ﬂ+ 127rﬂ294 +607°0* +493ﬂ3 -i-8472'ﬂ93 +3692ﬁ2 + 72707
+726f +48)
n= 2 n4 3 2 2 92 3/2
(770" +4npO° +1670° +20° 5" +1240 +12)

(2.3.1)

As 8 >0,7, > 2/(\/5) and as @ — o0,, — . Hence, {2/(\@)} <y, <oo. Itis positively skewed.

OO0 +727°07 B +3847°60° +1327°0° B* +9670° B° +10327°0° B+ 122476
+240* B* +96076° B* + 2880’ B° + 230470’ B + 1728 16"

_ +10083°6 +1440,86 +720)

Z (720" +47p0° +1670° + 20 B +1280+12)’

2.3.2)

As 8 >0,5, >5and as @ - o, f, — 0. Hence, 5< f3, <. It is Leptokurtic.

2.4 Nature of Dispersion: The proposed distribution will be over-dispersed if

(7°0* +471B0° +1676° +26° B> +1286 +12) N 1 (70” +260+6)
(76 +6° B +260)° 0 (76° +6B+2)

Or, [(7°60" +47B6° +1620F +20° f° +1280+12) | > | 026 + OB+ 2)(n0" +280+6) |
Or, {[(;;294 +47p6° +1670° +26° B +1280+12) || O(70® + OB+ 2)(n0’ + 280+ 6)]} >0

o (7°0* +47B60° +1676° +26° B> +1286 +12—7°0° —876° —376° B —26° §*
r

) 2.4.1)
~-1060°5-126) >0
Index of Dispersion:

2 2 04 3 2 2 2
Index of Dispersionza—z(ﬁ 0 +47zﬂ29 +1676 +292ﬂ +1240+12)
(70 +260 +6)(n0” + 6B +2)

(2.4.2)

This distribution will be Equi-dispersed if index of dispersion is equal to one, Under-dispersed if index of
dispersion is less than one and Over-dispersed if index of dispersion is greater than one.

2.5 Hazard Rate Function, Reliability Function and Mean Residual Life Function of TPMMD: These
functions for TPMMD are denoted by A(u), R(z =¢)and m(u =t) respectively and given by the expression
(2.5.1), (2.5.4) and (2.5.5) respectively.
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h) = S & (r+ Pu+u®) @25.1)
[1-F@)] {(z0° +6B+2)+Ou(Ou+ 0B +2)|
h(u =1) = O+ pr+r) 252)
{(20 +6B+2)+01(0t + B +2)}
03
Wu=t=0)=—0 ™ 253
(== {0 +6B+2)} (2:33)
The expression (2.5.3) shows it is increasing function of u as well as 4.
0° + B +2)+ 00t + 0B +2
R(u:t)=1—1?(14)={(7z Mt Gl s )}e'”’ (2.5.4)

(70* + 9B +2)
At t >0,R(t) >1 and at t > o0, R(t) > 0.1.e. R(t)ocl/t.

Figure-6 It shows Reliability function of TPMMD when 6 =0.5,1.0,1.5,2.0and f=-1

Reliability Function of TPMMD
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Figure-7 It shows Reliability function of TPMMD when 6 =0.05,0.1,0.15,0.20and f=-1
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(707 +0B+2)+(0°u” +2u0+2) + (6B +2)(Ou+ 1)}

)= 0{(x0" + 0B +2)+ Ou(Ou + 0B +2)} 23.3)
0> +260B+6
m(u=0)={(” Y26 )} (2.5.6)
0{(z60 + 0B +2)}

The expression (2.5.6) is the mean of TPMMD.

2.6 Estimation of Parameters of TPMMD: This distribution has two parameters, « and £, which can be

estimated by different estimation techniques but we are going to use method of moments (MoM) only with the
help of first and second moments about the origin of TPMMD which have already been defined by the expression

(2.2.2) and (2.2.3). From the expression (2.2.2.), ,é is an estimator of /8 which can be obtained by using (2.6.1)
P20 - /Jl'gz) = (/'11,72'93 - 70 + 2:u1l9 —6)

’ 3 _ 2 n_
or, Bz(ylﬁﬁ 70 +22,u]0 6)
(20 14/6%)

Replacing x4 (Population mean) by u (Sample mean).

(un6 - 70* + 20— 6)

2070 2.6.1)

B=

Substituting the value of £ in the expression (2.2.3) and replacing by s°, we get an estimate of & which is

given by the expression (2.6.2) as

75°0" —4ni@ —25°0° + 270" +120—12=0 (2.6.2)

3.0 Applications of TPMMD: It may be applicable to fit the data related to survival life time of animate or
inanimate variables. Here, we apply chi-square goodness of fit test to mortality grouped data of blackbirds’
species reported by Paranjpe and Rajarsi [8].

Table-1
Survival Time (in days) | 0-1 1-2 2-3 3-4 4-5 5-6 6-7 7-8 >8
Observed Frequency 192 60 50 20 12 7 6 3 2
Table 2- This table contains observed frequency and expected frequency based on MMD and TPMMD based on
Table-1.
Survival Time Observed Theoretical Frequency
(in days) Frequency LD MD MMD TMMD
0-1 192 173.5 142.8 165.0 173.9
1-2 60 98.6 104.5 83.3 74.2
2-3 50 46.5 58.7 51.9 45.2
3-4 20 20.1 27.5 27.4 27.6
4-5 12 8.1 11.5 134 15.5
5-6 7 32 4.5 6.2 8.1
6-7 6 1.4 1.6 2.8 4.0
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7-8 3 0.4 0.5 1.2 1.9

>8 2 0.3 0.4 0.8 1.6

Total 352 352.0 352.0 352.0 352.0

0 - .984 1.311017 1.10616888 1.05261

B - - - - -1.179541

d.f. - 4 4 5 4

;(d_f_z - 49.85 46.37 17.60 8.36

P—value - 0.0001 0.0001 0.0035 0.0792
5.0 Findings:

* From table-2, It is concluded that this proposed distribution may be a better alternation to LD, MD and MMD
for statistical modelling of similar kind of survival life data.

* Tt is positively skewed distribution.
* It is Leptokurtic by size.
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