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Abstract

In [1], the authors established a prior estimation for the
solution of quasi-inverse problem. In this paper, we get some
estimations of the classical solution of the same problem
from series representation of solution [10]. Also we estab-
lish a prior estamation of solution of higher order than that
one in [1]. Our results play an important role in optimal
control theory. Many works were devoted to this problem
and the control problem of heat conduction with the in-
verse direction of time and integral boundary conditions.
2,3,4,5,6,7,8,9,11].
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1 Introduction

Consider the following quasi-inverse problem:

ou.  0%*u, Pu,
B o o (me@i<T

ue(z,T) = X(x), 0<z<1
uc(0,) =0

1
/ ue(z,t)de =0, 0<t<T (1)
0

The solution of Eq. 1 can be written in a bi-orthogonal series
as follows:

3 At
(x,t) = E l( T P2k-1t T P2k) Xok(x) + pog—1Xok_1(2) eThe!
=1 1 + )\ke

(2)
where Xop () = sin(2rkz), Xo_1(x) = z cos(2mkx), \p = (27k)?
(formula (14), [10])
Proposition 1. For the solution of (1), the following estimation
holds

1
/0 (el 1) di < al| X2, 00 3)
where op )
t 2t
a27<m“)“ @
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Proof. For any function p(x) € Lo(0,1), it is proved that the
following estimation holds:

[e.e]

rllpllzaon < Y ok < RlIpllZ 00 (5)

k=1

where p, are the expansion coefficients of this function in a
biorthogonal series by basis X;(z),r = 3, R = 16. It is obvious that
now the series (2) is biorthogonal for u.(x,t), where the variable ¢ is
considered as a parameter. Using both sides of (5), and elementary
transformations, we have:

/0 (e, 1) [l <x,t>r|ig(o,1)
1 o0
<13

2 L2V ) L2V
1+>\ 2/)% 1t par | e A Py e

2=l 5 412 2
<;kz Pak T P21 W"‘l e«
< 2% (o +1) F el

(6)

O
Proposition 2. For the solution of ( 1 ), the following estimation
holds: ) )
Duc(z,t)
Z ) de < bllzl|3 . 7
[ (F) o <bleliigan )
where

27 12 1 4
(L) 9

r 1672et 72

Proof. We set & qg(;" ) in the following form:
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82u€ (x,t)

> 2 )‘7’@1
pak—1t + por + ) M Xok () + pag—1 A Xok—1(x) | €T ke
Zl K 1+ )\k ? V AkpP2k—1

(9)
where t is a parameter. Applying elementary transformations
from the left-hand side of (5), we get:

1 2 2
[ (Gwn) a®
0 r

0%u,

W(%t)

L2(0,1)

1 [/ 20 9 2 2y,
< DN ( Et po e ) Py | e
r k _ (14 Ape )2p2k 1 P2k \/)\—szz 1 Pak—1
e [ ANy 4 2y,
<_§ A2 (3— 2 P4 3p%, +3—p2_, +3 2_):|61+Ak6
=52 k i (1+)\k€)4p2k 1 P2k )\kp% 1 P2r—1
3= ., [ 42 4 u
< = A2 | p2 2 1
=7 E: i _P2k+P2k—1 )\3 1t . +
3 12 2 >
S; m 651)\ Py + Pri 1)

(10)

If we integrate por and por—1 from ( formula (9), [10] ) twice by
parts, and taking into account that X (0) = 0, and X'(0) = X'(1),
we get

Pok—1 = 2k2/ X"(z) cos(2mkz)dx

1 2 1
Dok = W/o (1 —2)X"(x) sin(2rkx)dx + o2 /0 X'(x) sin(2rkz)dx
(11)
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or, we set poi, por—1 in the form

-1
P2k—1 = O
2m2k2
v (12)
= T T2

where

ap = /X” V2 cos(2mkx)dx
B = /(1—:E)X”( )V2 cos(2mka)da (13)

Vi —/ X'(2)V2sin(2rkz)da
Fourier coefficients of the functions X”(z), (1 — x)X”(x) and
X'(z) are as in ( formula (25),[10] ). We estimate the series (10 ):
Z)\ o, + Pap—1) <8 Z (af + 267 + 873) = Z (ak + B + i)
k=1 k=1 k=1

(14)
and using Bessel’s inequality from (10 ) we get:

2
fol ( = (:c,t)) dv < 247 <16t22€4 + = ) X (a4 B+
4 2 2t
<82 (gl + i + 1) I, + X2,
(15)
from where implies estimation (7). [
It is obvious that the following estimation is correct:
1 2 2
0“Ue
[ (5) o< nixlon, (16
where
b1 = ;2 /0 (167‘(’264 + P + ].) e« dt (17)

Received: July 16, 2025 639



International Journal of Applied Mathematics

Volume 38 No. 2s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Proposition 3. For the solution of (1), the following estimation

holds:
1 2 2
0*u,

/0 (W(Iat)) dr < cl| X [Fyz 0.1

(18)
where 2 9

t 2t

C_QSR(167TGE4+4 +1> E (19)

Proof. Formally, we set %(x, t) in the following form:

Pu, 1 — 2V 3
D3 (‘C’t):_ZZK(HA e IV Wi 1)

k=1

)‘k\/_Y% 1 +,02k 1)\k\/_Y2k ] 1+>‘k€
+Zp2k AV Ao Xz () TP

(20)
where the first series is a bi-orthogronal expansion of the func-
tion Fy(z,t) defined by this series with basis:

Yor_1(x) = 4 cos(2mkx),
Yor(x) = 4(1 — z) sin(27kx),

1 2v/ Mk 3
- _ZZ {( 1+ Age) R AR C \//\kp2k1> .

k=1
A

eV AeYor—1(x) + por—1 eV Ak Yor(z ] e R

(21)
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and the second series is an expansion defined by this series by the
functions Fy(x,t) with the functions Xy (x) = sin 2nka:

d Ak
t) = Z p2kz—1)\k\/ )\kXQk(l‘)ehL)‘ket (22)
k=1

Next, for the functions p(z) € Ly(0,1), with the coefficients py,
an expansion in bi-orthogonal series with conjugate basis Y (), the
following eatimation holds:

[e.o]

1
EHP”%(M Z - |P||L2(0 1 (23)

r
k=1

)—l

We estimate the norms of the functions Fi(x,t) and Fy(x,t)
from the left-hand-side of (23) and froms Parseval equalities, con-
sidering t as a parameter:

R o
" il
[PSTEN: ||L201 6; (1—|—)\k€)

3R a2 9 w
_62 {p% ()\34+)\ +1)P%k—1}66
k=1
3R t2 2 fe'e)
16 (1671'664 s 472 ) ‘ Z)‘ (P3k + P3k—1) -
k=1

(24)
Then, using the results of [10], it is not hard to get the following
estimations:

22

2
3
par—1t + por + \/)\—p%—l) )\2 + ng—1)\i] 61“’“€t
k

| /\

IN

t2 9 2t
2 2 2
‘|F1(‘>t)||L2(0,1) <2-3°R (167T6€4 + An2 + 1) e

and for the function Fy(z,t), we get that:

X[2s0,y- (25)

| F2 (-, HL201 Z VO 165 <8€ HX,”HL (0,1) (26)
k=1
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Next, using an obvious inequality:

3 2
‘%w)

3 <2 <||F1(=’B7t)”ig(o,1) + ||F2($>t)||iz(o,1)> , (27)
O La(0,1)

We get the required estimation (18). [

It is obvious that

Du, ? )
[ () deit <l Xy, (28)
where
R 9 2
=2"-3°R ——+—+1]e-dt 29
“ /0 (1671'664 * 472 - )6 (29)

From propositions 2 and 3, implies the following theorem:
Theorem 1. For the classical solution of problem (1), the fol-
lowing estimation holds:

2

max
0<z<1

uE
<x,t>' < allX s, (30)

2

where o = 4c.
Proof. We set xzy € (0,1) and Vz,0 < 29 < x < 1. We write the
following equity,
0%u, T 9Bu, 0*u

S (@) = | Z5(6 0+ 55 (n0,1). (31)

Using Cauchy inequality, we have:
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<o (([ Fxeni) + (5n (xo,t>)2>

<2 /0 (83“6@ t)> d£+<%2;; (a:o,t))2>.

(32)
Integrating both sides with respect to zy, we get

0%u, 2 Pu, 2 0%u, 2
paTey sz(/ (Gten) de+ [ (Fieien) ac).
z 0 0
(33)
From propositions 2 and 3 | implies that
a2ue 2 2
G| < 41Xy, (34
from where implies the theorem’s statement.
Corollary 1.
2.,
ma; x,t)| < aq|| X 35
e | 250,60 <l Xlhgon, (39
where
wogup (L 0 )2 (36)
ap =27 — <.
! 1676et 472
Theorem 2. For the classical solution of (1), the following esti-
mation holds:
1 4 2
0*u, 9
/0 <8x38t) dr < CHXHWS(O,l) (37)

where
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C= (5 + ief‘?) . (38)

e et

Proof. We set 22<@9 in the following form:

Ox30t
Mue(z,t)
W = ‘/E(x7t) + We(l‘a t)> (39)
where
> )\k 83u6 k
t) = : t 4
Vilant) = 30 TS ) (40)

<8SU72 (z,t) is the k™ term of the series (20) ,

ox3

> 2\2 2k
We(z,t) = — e TN Py 1 Yo (). (41)
; (1 + )\k€>2

From the estimations (5), (18), (23), and Parseval’s equality, we
estimate the norms

=
€

2
||‘/€(x7t)||L2(0,1) < |X||%2(0,1)a

2 2
2 2t
Wl )0y < e

X”%Q(O,l)' (42)
Using triangle inequality for the norm, we get the required es-

timation (37).

Corollary 2. For the classical solution of problem (1), the fol-
lowing estimation holds:

Oue \? 9
| (G) e <l Xl (43)

where
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2 s 9 2 1 o
(2 2R (=T 1) etar —(?—1> .
AT e < /0 (1671'664 * 472 N ) e e \°

(44)

Note that, the estimation (44) of the classical solution of prob-

lem (1) is higher than the order of the a priori estimation in [1].
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