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Abstract

Throughout this work, we explore 3-variable (p, ¢)-Hermite
polynomials and then gain their properties, including gen-
erating function, series definition, (p, q)-partial derivatives,
(p, q)-partial differential equations and (p, ¢)-integral repre-
sentations. Moreover, we investigate their pure recurrence
relation, operational identity and addition formulas.

Math. Subject Classification: 34C05; 33C45; 34CO07;
11B83.
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1 Introduction

The mathematical framework of post-quantum calculus, often known
as (p, q)-calculus, was created in the late 20" century. The (p, q)-
calculus is complemented for the quantum calculus, sometimes known
as the g-calculus. Whenever p = 1, the (p,q)-calculus dimin-
ishes to the g-calculus. Recently, (p,q)-calculus is attracting at-
tention among researchers in several domains of mathematics and
physics. The (p,q)-analogues for multiple ordinary special func-
tions, as well as polynomials like Beta, Gamma, Euler, Bernoulli,
and other polynomials, have been explored and investigated (see
[1,2,3,6,9, 10, 11, 15, 16, 17, 18]).

We explore various terms and symbols in (p, g)-calculus (see[3, 2,

18]).
Let 0 < ¢ < p < 1. The (p, g)-number [0],, corresponds to outlined
below [3]:
o _ 0
P —q
0,4 = , 1
O (1)

assuming every integer that is positive 6.
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The (p, q)-factorial appears as stated [3]:

The expression that follows represents the (p, ¢)-binomial coefficient
3, 18]:

) e S <

According to [13], each of the (p, ¢)-exponential expressions e, ,(z)
and E, ,(z) are outlined below:

erale) = 3o ®)
and . ,
Bpala) = 3 a gy (@)

The (p, q)-derivative of an expression f alongside regards to z, ex-
pressed as D, , . f(z) is stated as [2]:

f(px) — f(qz)

(p—qz ©70,

Dp,q,xf(x) -

that satisfy the next rules:

Dpga(f(2)9(x)) = g(pz) Dy f () + [(q2) Dpog(x).  (5)
In particular, we gain [2]

Dp,q,frxe = [Q]p,qxe_lv (6)

Dp,qwep,q(:“x) = pepq(1p) (7)

Received: November 06, 2025 1455



International Journal of Applied Mathematics

Volume 38 No. 10s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

and

Dy gaEpg(p) = pEp¢(ugz).
Considering a function f, the value for the (p, ¢)-definite integral is
established through

0 0

/Oa f(z)dpqr = (p—q) ai % <%a> ‘ (8)

0=0

We extended the concept shift operator L, , [11] for each (p,q)-
function of the three variables f(z,y, z) is stated below:

Lyof(z,y,2) = f(uz,y,2). (9)
Lyraf(2,y,2) = L), . f(2,y,2) = f(p'z,y, 2), TEZ,
L f(pr,y,2) = f(z,y,2), (10)

wherein the operator L, is reversed by L \. L,, = I, wherein I
denotes the outcome for the identity operator I f(x,y, z) = f(z,vy, 2).

Hermite polynomials offer s traightforward and a daptable answers
to boundary value problems, which have many uses in applied sci-
ences including probability, numerical analysis and combinatorics,
umbral calculus, the quantum harmonic oscillator as well as explore
the statistical characteristics for chaotic light. Dattoli and his col-
leagues [7, 5] also discovered more uses for Hermite polynomials in
quantum mechanics problem theory and optical wave transmission.
Furthermore, Dattoli and his colleagues [8] examined and explored
the features for the 3VHP Hy(z, vy, 2).

The g-Hermite polynomials and their generalized, multi-dimensional
and Higher forms have many uses in modeling quantum computing
and mathematical physics [11, 12, 14, 15, 20]. Raza et al. [15] used a
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particular generating relation to create and categorize the 2-variable
q and (p, ¢)-Hermite polynomials Hy ,(z,y) and Hy,.(x,y).

eq(28)eq(yS?) ZHequ

and
3
epq (7€) epg(YE?) ZH(?M € y ] (11)
with a series expression for H97p7q(x, y) [15]:

012 (73) -2 (5) o

Hypq(z,y) = [0]p! : (12)
e i WZ:O [0 — 2w]pq![w]p.q!
The operational identity of Hy, ,(x,y) is stated as [15]:
6
Hopa.) = epa(y X7, o)’ (13)

where

Xie =0 D (L,2) (Dpa) . 721 (14)
and L . is the inverse shift operator provided by equation (10) and
the (p, ) -operator X2 =p 'L 2D> .

The (p, q)-partial derivative for the (p, q)-exponential function e, ,(y&?)
alongside relation to & is specified via [15]:

Dypac €p.q(YE%) = py€ e,4(p°yE%) + qyé ep4(pqy€®).  (15)

In 2024, Fadel et al. [11] defined the subsequent generating formula
for the 3VgHP Hy (2, y, 2) [11]:

6
eq(7€) eq(ye?)ey(2€%) = ZHeq Ty, 2 g] I (16)
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This led us to construct (p,q)-Hermite polynomials in three vari-
ables and study the corresponding formalism. In many branches of
mathematics and science, such as mathematical physics, quantum-
phase-space mechanics, wave propagation, and classical mechanics,
these polynomials are essential. Researchers will focus especially
on the 3-variable (p,q)-Hermite polynomials, which are the result
of their (p, g)-analogue study. They have discovered new and fas-
cinating possibilities that could expand the theory of (p, ¢)-special
functions, which have attracted more attention. Based by Fadel’s
et al. investigation [11] into 3V¢HP Hy ,(z,y, z) and knowing that
the 3VHP Hy(x,y, z) have applications in numerous disciplines of
mathematics and science. The written work is structured into four
sections: Section 2 contains the 3V(p,¢)HP Hy, ,(x,y, z), which
are discussed at the current study based on our findings. A handful
of its properties are investigated, including their generating func-
tion, series series expression, (p, q)-partial derivatives, (p, ¢)-partial
differential equations and (p, ¢)-integral representations. Section 3
contains the operational identity, pure recurrence relation and ad-
dition formulas for the 3V (p, ¢)HP Hy, (2, y, z). Section 4 contains
the conclusion. To summarize, many of the ideas and conclusions
reported in this work are novel and distinct from commonly recog-
nized findings in the literature.

2 Certain features for (p, ¢)-Hermite poly-
nomials of three-variable

Throughout this section, we cover (p,q)-Hermite polynomials of
three variables and explore their properties as generating function,

series expression, (p, q)-partial derivatives, (p, ¢)-partial differential
equations and (p, q)-integral representations.

We generate the (p, ¢)-Hermite polynomials for three-variable Hy , ,(z, y, 2)
having a specific generating formula employing formulas (11) and
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(16):
3 H g
€pa(T€) €pq(Y€?)epq(267) Z 0.p.0(T; Y 2 [«9] I (17)
Stretching the left part for formula (17) via formula (3), that we
gain
0 > (g) 0 (UQJ) T (;) T ¢04+2w+3T o0 0
P aplyTp\) 2T § §
Z ZZ ol | | | :Zﬂe,p,q(x,y,z) o
0—0 w—0 7—0 [0p.q![w]pq [T]p.q! 0—0 [0]p.q!

whereby, afterwards, executing the next series of reorganization ap-
proaches ([4] see page 782, Eq. 1.6):

oo [0/2]

Z ZA(w, 0) = Z Z Alw, 0 — 2w), (18)

0=0 w=0 =0 w=0

we gain

e

(0 24,.)

02w()y5000p2537
Tl

2
_QW [Wp pq

69
= ZH07p7q(x’y7z) [0] |
9:0 pvq

By employing the formula (12), that we acquire

i ip(g)ZTH&p,q(x?y) §9+3T — ng (x y Z) 59
= ,D,q R

0—0 7—0 [7]p.q'10]p.q! 0—0 [0]p,q!

This employs the next series rearrange approach (see [4] page 782,
Eq. 1.1, for m = 3):

DD Aw,0)=> > Aw,0 - 3w), (19)
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[0/3] [(6—3T)/2] p(;) Z‘rp(e—sgfz“J)xg_gf_zwp(“2’>yw§9

Z Z [Tlp.g W] — 37]p4![0 — 37 — 2wl !

0o 59
= ZHQ:p,Q(x7y7Z> [6] 1
9=0 p.q-

Through matching the associated values of £ for each part, we can
obtain the series that describes 3V(p, q)HP Hy, ,(x,y, 2) as:

/3 (3) .+
p\z HG—Squ(Iay)
H@, ) (ZL’,y,Z) - [8] ) ! ’y ) (20)
" e TZ:O [7]pg![0 = 37]p,q!
or, correspondingly
HO,p,q(xa Y, Z) =
6],.q! R p@erpls )0 () (21)
e =0 w0 [7]pa! wlpg![0 = 37]pg![0 — 37 — 2w]p !

The first few 3V(p, q)HP Hy, ,(z,y, 2) are listed as:

Hoypolz,y,2) =1

Hip (x,y,2)=x

Hypo(w,y,2) = 2° + 2], y

H pq(,y,2) = 2° + [3].4[2lp.q 2y + [3]p.4[2]p.02

Hypq(,y,2) = 4+ [4],4[3]p. gy +[4]p.4[3]p.g0° +[4]p.q[3]p.q [2]pgr2-
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Plus, formulae (20) or (21) make it clear that

Hy, q(az, a’y, agz) = aengv,q(x, Y, 2). (22)
Considering x = z = 0 and x = y = 0 into formula (17), it appears
clear that

0 [0/2]
0], (P2)y")
Hoaa0.0) = =gy 7 end
0 [0/3]
H€7p7q(07 07 Z) = [e]p’q!<p(2) Ze) 9 = O) 17 2 oo e

o3,

Furthermore, the next boundary conditions are produced when we
enter y = 0, z = 0, and z = 0 through expression (17) once by
once:

Hypo(2,0,0) = p(g)x0 and  Hp,,(2,9,0) = Hppolz,y). (23)

Assuming y = 0 in formula (17), then we may gain the subsequent

series:
0/3) (9) o (") 650
pl2)zopl 2y
Hypo(z,2) =[0],,! , 0=0,1,2.... (24)
i e u;() [0 = 3w]p.q! [wlp.q!
Considering © = [2],,z, y = —1, along with z = 0 within formula
(17) yields [10]:
HG,p,q([z]p,qxa -1, O) = Hppq(2). (25)

The next theorem is employed to show the (p, ¢)-partial derivatives
for the 3V(p, ¢)HP Hy, ,(z, vy, 2):

Theorem 1. The next (p, q)-partial derivatives with Hy ,, ,(x,y, 2)
remain valid:

DpaquHezp’q(x7 y’ Z) = [Q]P»QHQ—LP#](pxﬂ y7 Z)? 8 Z ]" (26)
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Dp7q7yH97p7q(£L" y’ Z) - [Q]qu[e - ]']p’qHG_zvpaq(l}py’ Z)’ 9 Z 2’ (27)
Dp,q,zHG,p,q(ma Yy, 2) = [e]p,q[e_ 1]p,q[9_2]p,qH9—3,p,q(x>yapz)a 0 >3,

(28)

. 0],4p(%)

Dpuq,&?He,p,q(xayaz) = [[Q]iqm] 'HG—mpq(p x7y7z)a 0 S m S 0,

p,q
(29)
. 16],,41p(%) 0
Dp7q’yH9,p,q(xayaz) - m G—Qmpq(xap y,Z), 0<m< 5
(30)

and

Dy Hopg(w,y,2) = m 0-3mpq(T,y,0p"2), 0 <m < 3
(31)

Proof. Implementing the (p, ¢)-partial derivative for each com-
ponent of (17) regard to x employing formula (7), we derive

fep,q(pr)ep,q(ygz)ep,q(zfg) = Z Dy quHopq(,y,2) 0 (32)

0=0 [ ]p,q!

Utilizing formula (17) into the left part of the formula (32), gains
us

| Z Dy gty pq(r,y,2)

N £
Ho1p.q(p2,9, 2) =
92:; i [0 - 1]p,q' =0 [e]pyq!

When the values of ¢ from every component of the aforementioned
formula are matched, we reach assertion (26).

We determine the (p,q)-partial derivative at every component of
the formula (17) according to the values of y and z, subsequently
duplicate the processes employed in the formula’s proof (26) to
yield statements (27) and (28).
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Applying the methodology from getting equation (26), we as a
species determine the 2"%-order (p,q)-partial derivative over each
component of expression (17) with regard to x. Subsequently, we
use expression (7) to calculate

D: H97p7q($v Y, Z) = [e]p,q[e - 1]p,qu9—2,p,q(p2x> Y, Z)» 0> 2. (33)

p7q7$

In a comparable vein, considering the m'* degree (p, q)-partial deriva-
tive for every component of equation (17) in regard for z, via equa-
tion (7) and performing the previous stages of demonstrating equa-
tion (26), we gain assertion (29).

In a comparable manner, if we apply the m™ order (p, q)-partial
derivatives for every component of the equation (17) alongside re-
gard to y and z, and subsequently perform precisely the same pro-
cess, we have the assertions (30) and (31). Theorem 1 has been
fully proved. [

As before, employing equations (27), (28), (33) and m = 2,3 in
equation (29), we derive the below (p, q)-partial differential equa-
tions of Hy, (2, vy, 2):

Corollary 2. The statement below summarizes the (p,q)-
partial differential equations of Hy,, (2, Yy, 2):

pD2  Hypo(x, 0%y, p"2) = DpgyHopo(0°w,p°y, p'2) (34)
and
pD; o Hopo(x, 0y, p°2) = Dy g .Hypo (0P, p'y, p*2). (35)

Example 2.1. Applying Formula (34) and (35), we have the
following;:

1/3D%/371/5’xH271/371/5 (Z‘, 1/27y, 1/812)

— D1/371/57yH271/371/5 (1/91[’, 1/27y, 1/812) = O
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and
1/2D7 )51 14w Hr1/2,1/4 (96, 1/16y, 1/32z>
. D1/271/47ZH7,1/2,1/4(1/16:75, 1/16y, 1/16,z> — 0.

We research the (p, q)-integral expressions of Hy,, (z,y, 2) as fol-
lows:

Theorem 3. The (p, q)-integral representations for Hy ,, , (v, vy, 2)

b a
H9+17p7q (5,y7Z> - H9+1,p,q (57%»75)

[0+ 1]p’ . ’
(36)

H9+2,p,q <$7 1%7 Z) - H9+2,p,q (‘1'7 %? Z)
0 + 1]p’q [0 + 2}p7q

b
/ Heupvq (x7 y? Z) dpvqx = p

b
/ HG,p,q (Z)ﬁ', Y, Z) dp,qy =p
(37)
and
H9+3,p,q <.1', Y, %) - H9+3,p,q <$7 Y, %)

[0+1],,00+2],,00+3],, ’
(38)

b
/ HG,pyq (QZ', Y, Z) dp7qz =P

hold for 6 being a positive integer.

Proof. Applying (26), we gain

b
p
/ Hopq(x,y,2)dpqr = 0+ 1
a p,q

b x
/ Dy g {Hﬂl,p,q (E,y,z)} dp,qt

H@—i—l,p,q (27 Y, Z) - H6‘+1,p,q <%7 Y, Z)
[0+1],,

= P

which completes the proof (36).
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Moreover, applying (27), we obtain

b
H, =
/a 0,p,q (.Z‘, Y, Z) dpyqy ['9 + 1]p7q [9 + 2]p’q

b
)
/ Dy gy {H6+2,p,q (L 2_9’ 2)} dpqy

H9+27p,q (ZL‘, ga Z) - H9+17p7q <$7 %7 Z)
6+ 1]p,q [0 + Q]M

=D
which completes the proofs (37).

Furthermore, applying (28), we gain

P
H&,, (.T,y,2>d733' =
/a P P 0+1],,10+2],,0+3],,

b
z
/ Dp,q;z |:H9+3,p,q (ZE, Y, ];):| dp,qz

H9+3,p,q <ZL‘, Y, %) - H9+3,p,q (ZL‘, Y, %)
[0+ 1]p7q 0+ Q]M [0+ 3]p7q

which completes the proof (38). O

=D

Corollary 4. The triple (p, q)-integration of 3V(p, q)HP H,, ,, ,(x,y, )
is as follows:

ot ! 5 0!
- Hp,(z,y,2) dyx dyy dgz = P [9 6
b

<H6+6pq(g g g) +H9+6,p7q< i) +H9+6pq<p

a d e b
+H0+6pq<p _> - H9+6,p,q<_a
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Proof. Integrating (26), then applying equation (36), we gain

o b »

/ / / HH,p,q(%ZJaZ)dp,qm dp,qydp,qz = W
e c a b,q
f d b

/ / H9+1,q(_ay7z>dp,qy
€ C p
d a
—/ H0+1,q<]_97y72>dp7qy dp,q2.
Applying equation (37), we obtain
¥ d b
/ / / Hypq(x,y,2)dp g | dpoy | dpgz

P? ! b d
= H —, TR
[0+ 1]p,q[9 + 2]p,q[9 + 3]p,q /e ( PHipa <p p )

Cc

a b ¢
+H0 3.p, (_7_72) _H9 3.p, <_7_7Z>
+3,p,q P +3,p,q P
a d
— Hypi3p,4 <Z_?’ ]_)v Z>>dp,qz'

Similarly, integrating equation (38) with respect to z, we gain as-
sertion (39). O

3 Pure recurrence relation, operational
identity and addition formulas

In this section, we realize that the use of operational identities has
simplified the study of special polynomials, that we can gain the op-

erational rule for the 3V (p, q)HP Hy,, ,(x,y, z). We also constructed
the pure recurrence relation and addition formulas for Hy,, ,(x, y, 2).
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We recall the shift-differential operator X, ,, satisfied the below
property [15]:

T oY o [9] ) ! =) o7
mexp(?)x = W——I;i,w!p( 2)20, (40)

Theorem 5. The subsequent operational identity is achieved
through the 3V(p,q)HP Hy, ,(z,y, 2):

Hypa, 0, 2) = epg(2X3, DepawX2, p®a? (41)

p7q7x p7q7x
wherein the 2" (p, q)-operator X2 . =p 'L, 2D2 . and 3™ (p,q)-

5 3 3 3 p,q,T p,q,T
operator X, . =p "L, Dy . ..

Proof. From formula (40), we gain

0,
D3T H@,p,q<aj>y) — p3[ [ ]pvq

03],

Hy 30402, y), (42)

or correspondingly

0!
Dy He,pvq(w,y)=p3L3Lq,H0—3T,pvq(%y)- (43)

pas P16 — 37,4

Applying equation (43) in the right portion of formula (20), we gain

/3] —~37 -3 (T) T 3T
p L, P\ 2T DY Hy ()
Hopl,y,2) = ) —" pas P (44)

=0 [T:Ipvq :

or, correspondingly

[9/3] p(;) (ZXg,q,z)THQ,PH(x? y)
H9>p7q(x7 y’ Z) = Z [7‘] | .
p,q-

7=0

Using formula (3) in the right portion of the equation mentioned
above yields

HG,p,q(l“a Y, 2) = 6p,q<ZX§,q7x)H9,p,q($a Y)-
We obtain the assertion (41) by employing the equation (13). ]
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Example 3.1. For § = 5,7 into equation (41), we have the
next operational identities of Hj, ,(z,y, 2) and Hz (2, vy, 2):

H5,p:Q(x7 Y, Z) = ep#](’ZXp q, :Jc)epﬂ(yxz,q,m)pwxg)a

and
H77P:Q(x7y’ Z) = 6P»Q(Zqux)€P7q(yX;3q x) 211‘77

To accomplish the fundamental recurrence relation for the 3V (p, ¢)HP
Hy,q(z,y, ), it is necessary to demonstrate the next specific lemma:

Lemma 3.1. If D, ¢ corresponds to the (p, ¢)-partial deriva-
tive relating to &, subsequently

Dy ge ep,q(zf?’) = p22£2 ep,q(p3Z§3)+qu£2 ep,q(p2qu3)+q2252 ep,q(pqzzfs)‘
(45)

Proof. Applying formulas (3) and (6), we gain

0 (5) 0 0 3—1
Dy e ep,q(zfg) = Zp Z[[S ]P',qf )

0=0 e]p:q °

Since, from equation (1), we have [?e]]p 2 —p20 4 9% + ¢?° therefore
the right component of the preceding expression generates

2n)539—1

Zp p2"+p9q +4q

3)
Dy.q¢ €pq(2€°) 1,
P

Streamlining the right part yields

9;1)(1722)9“539“ +i (9 1)(pqz)9+1§39+2
[0]p,4! — [0]p,4!
oo (U4 (q22)0+1g30+2

(
+3F 0],

0=0

ol
Dypge 6p,q<263) = Z P

0=0
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Utilizing the comprehension that (g) +6 = (0;1) within the right
portion in the previous expression, we produce

— 1l

Employing formula (3) over the right component of the previously
mentioned formula produces the statement (45). O

Listed below theorem demonstrates a pure recurrence relation of
the Hezp’q<x7 y’ Z):

Theorem 6. The subsequent pure recurrence connection to
3V(p,q)HP Hy, 4(x,y, 2) over 6 > 2 might be expressed as:

Hyy1p.4(7,y, 2) = Hpp o (pT, Y, p2) + pyl0]pg (pHGfl,p,q<q$> p°y, p2)
+ qu—l,p,q(qx,pqymZ)) + p2[0],4[0 — 154
(pHe_z,p,q(qx, qy,p°2) + qHy_2,.4(q2, qy, p*q2)

+¢*p ' Hp 2, 4(q, qy,pq22)> (0>2). (47)

Proof. Considering the g-derivative of each of the part of for-
mula (17) via regard to £ and the formula (5) for (p, ¢)-differentiation,
we as a species can easily calculate

Z Dp7q7£H97p7q(m7 y? Z)—

(6] | [Dp7q7§6P7Q(x§)€p,q(pny)
=0 Paq -

+ €p,q(q2&) Dp g ( ep,q(yg)} ep,q(piB)

+ [ep,q (qr§)epq (qy§2)} Dp,qéep,q('zf?))-

17
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Employing formula (6) into the left component of the aforemen-
tioned formula and formulas (15) and (45) in the right part, corre-
spondingly, we as a species acquire

o0 0—1
Z Hppq(,y, Z)# = 16y o (p€)ep o (PYE?) ey (p2€7)
6=1 pa e

+ py&ep,q(qzé) ep,q(p2y§2)eq(pz£3)

+ qyfep,q(qxf)ep,q(pqyfz)ep,q(ng)

+ p2252€p7q(q$§>€p7q(qy§2)ep,q(pgzgg)
+pgzE? e o(qr€)ep o (quE?)ep.q(p?q2E7)

+ P 2E% epq(qr€)ep o (que®)epq(pg?2E7).
(48)

Finally, we may deduce our claim (47) by applying the formula (17)
to the right component of (48) and matching the two equivalent
powers of £ in the two portions of the final formula. Theorem 6 is
currently fully proved. O]

Example 3.2. For 6§ = 5,7, equation (47), we have the next
operational representations of Hs, ,(x,y,2) and Hr, (2, y, 2):

Hepq(x,y,2) — 2Hs o (p2, py, p2) — pY[5lp4q (pH47p,q(q:r, p°y, p2)
+ qHyp4(q7, pqy, p2)> — pz[5p.q[4lp.q (pH&p,q(qw, qy, p°z)
+ qHsp4(q7, qy, p°q2) + ¢°p ' Hs pq(qz, qy,quZ)) =0

and

Hgpq(x,y,2) — 2Hyp o (p2, py, p2) — pY[T)pg (pHﬁ,p,q(q:r, P°y,pz)
+ qHg pq(q7, pqy, p2)> — p2[7]p,q[6]p.q (pHs),p,q(qx, qy, p°z)

+ s 4 (a, ay,0%02) + ¢*p s (v, ay,pa*2) ) = 0.
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Definition 3.1. We construct the next addition formulas
through replacing z, y and z by x; © 22, y1 ©p 4 y2 and 21 Oy, 4 22 Te-
spectively in the generating functions of (p, ¢)-Hermite polynomials
of three variables H,,,(z,y, z) at equation (17), we gain

oo tn
Epq(21t) €pq(at)ep o (yt*)epq(2t°) = Z Hippq(21@p g2, Y, 7) ],
n=0 P
(49)
oo tn
Ep (1) €pg(Y1)epq(yat?)epq(2t°) = Z Hp o (2, y19p,4Y2, Z)W
n=0 pa -t
(50)
and
o tn
€p,q(at) ep,q(ytz)ep,q(th3)€p,q(z2t3) = Z Hipq(T, Y, 218p,422) ],
n=0 p,q-
(51)
where (cf. [19])
€pq (T1 Bpg T2) = €9 (T1) €pq (T2) - (52)

We now establish the series expressions for H,,,,(z1 @©p4 2,9, 2),
H,po(T,91 Bpg Y2, 2) and Hy, p o(x,y, 21 Bp 4 22) as follows:

Theorem 7. The below series expressions for H,, , ,(x1 @p4
T2, Y, 2), Hypo(T, 01 Bpqy2,2) and Hy, p 4(x,y, 21 B4 22) hold true

0
w w 0
Hg,p,q (xl 69;0,(1 x2,Y, Z) = Z H@—w,p,q (-Tla Y, Z) p(Q) (-TQ) |: :| ’
w=0 p,q

[0/2]

H@—Qw, , (xaylaz) « w
Hypq (@91 Bpq Y2, 2) = 05! > S 7p(3) (g)
p,q- p,q-

w=0
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and

[6/3]

H973w (xayazl) w w
Hopq (2,9, 21 ©pg 22) = [0 P2 (22)°.
. i i § [w]p.q![0 = 3w]p,q!

(55)
Proof. 1t is readily seen from (17) that

Z Hypq (21 @pq 2,9, 2) 0] 1

0=0 j 2

= epg (21 +22) C) €pg(y€®)ep q(267)

= epq (710) €p g (20) ep,q<y§2)€p,q(353)

Z [Q]pq' ; He,%q ('Tla Y, Z) [e]pq!

00 0 9 } 0
=23 Houpa (200 { L,q(xz) [e]C 5

0=0 w=0

which gives the alleged result (53).
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Moreover, it is readily seen from (17) that

Z Hopq (T, 91 @pq Y2, 2) O

6=0 pq’

= e,4(2€) epq ((yl + 12) C2) 619761(253)

= epq (7€) €pg (Z/ICQ) ep,q(y2§2)€p,q('2§3)

o) ) CQG ° Ce
= 02_()p<2) (y2)6 o1 Z Hypg (31, 2) W

[ ]p’q' 9=0 P,q°

00 [0/2] 0
H9—2w ("L‘y Y1, Z) (“’) w C
= [0]p.q! o P\ (y2)° | s
g P wgo [w]pvq!w - QW]IMI! [0]p7q!
which gives the alleged result (54).
Furthermore, it is readily seen from (17) that
o0 0
Z H@,p,q (SL’, Y, 21 @p,q 22) W
=0 P’
_ 2 3
= €pq(7€) €pq (CUC ) epq((21+22) &)
= €pq (7€) €pq (y§2) ep,q(zlfg)ep,q(22§3)
© , (& 1%
- ZP(Q) (22) [‘9] ! Z HG,p,q (l‘, Ys Zl) W
0=0 P4 g=0 P.g
e [0/3] 0
H6’73wpq(x7y>zl) (‘*’) w C
= [0]p.q! - p\? (22) :
ez:; i § [W]p![0 — 3wlp,q! [e]p,q'
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which gives the alleged result (55). O

Following the same procedure for proof as Theorem 7 and using
formulas (11), (17) and (52), we deduce the following results:

Corollary 8. For any positive integer 6, we gain the following
relations:

H9,p,q (xl @p,q T2,Y1 @py Y2, 2)

6
0
= Z |:w:| Hw,p,q(xlv Y1, ZI)HG—w,p,q(J:Qa y2) (56)
w=0

p.q

and

Hppq (21 ®pg T2, Y1 Dpg Y2, 21 Dpg 22)

0
0
|:w:| Hw,p#](xla Y1, zl)He—w,p,q(x% Y2, ZQ)~ (57)
w=0 p,q

)

4 Conclusions

Properties associated with conventional three-variable Hermite poly-
nomials are extensively employed in investigating charged-beam
transfer in standard mechanics, as well as for estimating quantum-
phase-space mechanics and investigating their properties using um-
bral techniques. This explanation presents additional aspects of the
3V(p,q)HP Hy, ,(z,y, z) and their associated formalism. We thor-
oughly examine generating functions, series formulas, (p, ¢)-partial
derivatives and (p, q)-partial differential equations and (p, ¢)-integral
representations. We also investigate their pure recurrence relation,
operational identity and addition formulas. The mathematical ex-
amination of these polynomials has opened up new opportunities
for expanding the theory of (p, q)-special functions, their families,
as well as hybrid forms from diverse classes, opening up opportu-
nities for future research.
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