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Abstract
This study focuses on the Hadamard-Hilfer Volterra-Fredholm

system with non-local conditions. The existence of solutions
is demonstrated by applying Krasnoselskii’s fixed point the-
orem (FPT). When the Banach contraction mapping con-
cept is applied, the solutions are distinct and well-defined
under the correct conditions. The stability of solutions is
also examined using the Ulam-Hyers (U-H) and Ulam-Hyers-
Rassias (U-H-R) stability concepts.
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1 Introduction

Since fractional differential equations are utilized extensively in
many scientific fields, including physics, engineering, and mathe-
matics, they are now considered to be among the most crucial top-
ics for mathematicians (see |1, 2, 3, 1]). At the same time, numer-
ous researchers provided arbitrary order explanations of significant
theoretical findings in differential equations (DEs) and fractional
calculus; for clarification, one might refer to monographs by Kilbas
et al. [5] and Samko et al. [6]. In fact, the searching for the exis-
tence of solutions to DEs with various fractional derivatives (FD)
using many FPTs has become the focus of interest for many authors
in recent time, see( [7, &, 9, 10]). Furthermore, many researchers
are attracted to study the stability of solutions because it is check
the behavior of solutions over the time. Also, many stability styles
such as U-H and U-H-R have been developed and get interesting by

audience, see ([11, 12, 13, 11]). On the other hand, the attractive
results for various classes of fractional integro-differential equations
(FIDESs) are considered in (|15, 16, 17, 18, 19, 20]). The existence

of solutions for the nonlinear FIDEs studied by Ahmad et al. [21].
“DIE() = ¢(9, B(), (0E)(9), WE)(¥)), ¥€[0,1], qe(1,2],
with the boundary condition

E0) + aB (M) =

0
bE'(1) + E (My) = 0

where 0 < M; < M, < 1, and “D{_, is known as Caputo FD of
order ¢ and a,b € (0, 1), with the property

(9E)(19)=/0 y(0,s)E(V)ds, (dJE)(ﬂ)Z/O G(0,s)E(V)ds

In [22], authors apply Schaefer’s FPT to seek for the existence
of solutions of fractional Hadamard-Hilfer IDEs and using U-H to
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analyze the stability. Additionally, the authors in [23] establish the
existence of solutions for Hadamard-Hilfer (GH) fractional bound-
ary value problems (BVP) by employing FPTs, specifically those of
Krasnoselskii and Schaefer, along with the Leray-Schauder nonlin-
ear alternative. Regarding recent findings related to G H —fractional
derivative, see ([24, 25, 20]).

Inspired by the aforementioned research, we investigate the exis-
tence and stability properties of solutions to the following (GH)-
fractional Volterra-Fredholm system:

G D, 2eu() = o0, u(®), (9u)(0), (Lu)(D), (Ru) (9)), ¥ € Q = [(11,)6]700 € [0,1],
Hpo=2u(1) =0
D (1) =117 u(p), (2)

where U = Q + nw — Quw,7DY2 is Hadamard FD of order U -
2, 7 19-1 is Hadamard fractional integral of order §—1 and &% D, %

is Hilfer-Hadamard FD with ¢ : Q x R* — R is continuous with
the property

9
(Ou)(9) = /1 y(9, s)u(V)ds < oo,

9
(Yu)(9) = /1 2(Y, s)u(V)ds < oo, (3)

(Ru) () = /16 m(¥, s)u(V)ds < oo,

where ¥y, z, m are continuous functions on Q X Q
This paper is organized as follows. Section 2 provides prelimi-

nary results that will be utilized in subsequent sections. In Section
3, we establish the existence and uniqueness of a viable integral
solution to the system (1)-(2) by apply standard FPTs. Section 4
discusses the U-H stability and U-H-R stability of the solutions.

Received: October 10, 2025 1431



International Journal of Applied Mathematics
Volume 38 No. 10s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

2 Mathematical Background

Definition 2.1. [5] Let v € R, then the Hadamard fractional in-

tegral:
el [ (0(5) a0

Definition 2.2. [7] Let v € R, with n = [I] + 1 and § = (z-L);
then the Hadamard derivative of fractional of a continuous function
¢ is defined as:

=g [

where I' is the gamma function and [y] denotes the integer part of
the real number ~.

Definition 2.3. [I| Let ¢ : [0,4+00) — R, is differentiable function
then the Hilfer-Hadamard FD order n — 1 < v < n, and type
0 <w <1, is defined by

(5 D 2<o) (9)
_ (H @(n= Q) gnH [(n— Q)(l—W)¢> ()
= (et Qg [ 0g) ()
= (H]w(”‘ Q)HD%) (), U= Q+nw— Qu,

where 6 = £, and #10, #D0) are defined as Hadamard frac-

tional integral and Hadamard FD respectively.

Definition 2.4. [15] The initial value problem (1) is known as
U — H stable \if d any positive constant such that for each ¢ > 0,
when w € C( Q,R), is a solution of the below inequality

D, Fu(9) = (0, u(®), (0u)(9), (u)(¥), (%U)(ﬁ‘))’ <e Ve Q
(6)
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and 3 an additional solution y € C( Q,R), to equation (1) that
satisfies the following inequality

u(@) —y(9)| < de, Ve Q, (7)

Definition 2.5. [15] The system (1) is said to possess Y — H — R
stability with respect to a function g € C( Q,R) and let V be a
positive. Specifically, for any e > 0 and any function u; € C( Q,R)
that satisfies the inequality

S D, () = 6(0, u(9), (9)(9), () (0), (Ru) (9))| < B0, V€ Q,
®

thus, there exist a solution S € C'( Q, R) of the problem (1) satisfied

u(¥) = SW)| < Vep(®), Ve Q. (9)

T\heorem 2.6. Let Q >0,0<w<1,0= Q—i—nw — Qw,n =
[ Q]+ 1. If f € LY(a,b) and (F1"5¢) (¥) € AC}a,b], then

11,0 (4D Qg (9) = 1P (1 DV) ()

R

k=0

clearly that T(G—Fk) exists for allk =1,2,...,n—1 for U € [ Q,n)].

Theorem 2.7. [15] (Krasnoselskii FPT). Consider a Banach space
E and a subset z C E be a closed, convex and nonempty. Suppose
that Fy and Fs are two operators satisfying the following conditions:

1. Fiz1 4+ Fyzo € Z, whenever z1,29 € 4,
2. F\ is compact and continuous;

3. F5 is a contraction.
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Then there exists x € Z such that x = Fix + Fyx.

Lemma 2.8. For any u(¥) € C(Q,R), 1< Q < 2, then the
IVP (1)-(3) has a solution

u(?) =

In@)0 (@)™, Cav il () T av
F(U)—b/ IN(OEE Q—l)h(v)v+1 r'(Q) "I

Proof. Applying the Hadamard fractional integral on (1) and
apply Theorem 2.6, we obtain

o) - " Dy - L2 W guyoms = w1200
u(@) = 24 ]r(zsq)i) @) gyt 4 & ]( ) ;1)(111(19)) +H12h(9),

which can be rewritten as follows:

9 (I (2)) @7
u(9) = co(In(9))°" + ¢ (In(9))° 2 + /1 %h(V)dvv

Next, we will use the boundary conditions specified in (2) to
determine the values of the constants ¢y and ¢;

9 n 9 n—0-3 9 n 9 Q-1
DU2u(19):F(U)co(ln(19))+cl+/1 (1 (F((%))—)% (/1 —(1 (V)\) h(V)

1 n 9 n—0-3 (% n 9 Q-1
DU_2u(1)—F(U)co(ln(l))+cl—|—/l (1 g((%))_)m (/1 —(1 (V)\) h(V)

we get ¢ =0,
which can be rewritten as follows:
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9 (In (2 Q-1
u(¥9) = co(In(9))°* +/1 %h(V)g.

Now, take the derivative D®~!, to both sides

VRS

9 (In
Diiflu(ﬁ) — Diiflco(ln(ﬁ))iifl +Dl$1/ (
1

<o [ R (e

—~ M

—~ e — <]|@,

—
&

) \Y

K;
L
4
E
SN—————
E

DY tu(1) = T'(U)cy

But, from the condition D% 1u(1) = I tu(y), implies that

rw Y
L@)(In()20=2 (&) [ Y mY) ¥ ar av
L'(O)eo — co (20 — 1) —/1 —F(Zjv—l) (/1 —F(Q) h(r)7 v
Let b = FOMOIE2 ey
L @) T D a4 av
CO‘P(U)—bfl TG 1) </ rg T
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by using Fubini’s theorem, we get

L[ [ I ) ) ST
—1) I'(3) \% r
(10)
Suppose that In(V) = In(r) + u(In(p) — In(r)), when s = r —
u:()and,s:,u—>u—1dv:( ())du From (10), we obtain

[ ([ et

By using beta function we have

o @)™ av o (@)Y av
“(8)_r(6)—b/1 F(6+Q—1)h(v>v(ln('])) +/1 —F(Q) h(V)v.

3 Existence and Uniqueness Results

In this section, we investigate the existence of solutions for the
system (1)-(2) then we prove uniqueness.

Let ¢ be a continuous function, and C( Q,R) be the Banach
space which consisting of all continuous functions of real-valued

defined on

[ul| = sup{lu(d)[; 0 € Q}.
In order to establish our findings, we use the below assumptions:
(F1) Let L > 0, be a constant such that

|6(0, u(?), (0u)(V), (Pu)(), (Ru) (V)| < L.

(F2) There exists positive functions ki (19), k2(9), k3(9), and k4 (0),
such that
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|0(0, w(?), (Ou) (D), (Yu)(9), (Ru) ()= (9, w(?), (Qw) (), (Yw)(@), (Rw)(D))]
< ki (9)u—w[+ k2 (9)|0u — Ow] + k3 () [1hu — hw| + ks (9) [Ru — Ruw).
For all ¥ € Q.

9 9 e
Yo = sup/ y(9, s)u(V)ds, zy= Sup/ 2(9, s)u(V)ds, mo= sup/ m(v, s)u(V)ds
ve Q1 ve QY1 ve QJ1
dy = sup {1 Qe (9), I (9, T Qs (9), Qm(&)}

V€[ e]

dy, = max {JU+ Q-1g (), 5% QL (1), 10 Qg (1), 10+ ‘Q—lm(u)} .

Theorem 3.1. The system (1)-(2) has at least one solution if ¢ :
Q x R* = R is continuous and satisfies (F1) — (F2).

Proof. Let the set G, = {u €_ Q : |lu|| < r}, then G, is a
closed, bounded, and convex set of (). Now, let the operators A
and B on (@) defined as:

9 (In (2 Q-1
/1 ) 9, u(9), (009, (50)(9). R (7).

(Au)(@)] = Q) v
n(g) * av

19(— i 5
g/l (Q 10(V,u(V), (0u)(V), (vu)(V), R(u)(V)) ¢(v,o,o,o,o)yV

)
) o
+/1 0 9(7,0,0,0,0)| 5
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< (1 °%%( Q) + ol Ua(9) + 201 Ug(9) + mol Oy (1)) + ————(in(9)) °

rcQ+1)
q
< dy (14 yo + 20 + my) |lul| + m
Hence, we obtain
| Aul| < da (1 + yo + 20 +mo) [[ull + ﬁ. (11)
By the same way, we estimate ||Buy||, let u; € G,., and §e Q,
then
|(Buy) (9)]
()Pt e (n (&) 0
- T o g () 0n) (9), () (9), () (9)
()Pt (in (£))° %7
= I'(©) -0 /1 T+ Q—1)
<16 (7, ua(V), (0ur) (V), () (V), (Ru) (V) = 6(9,0,0,0,0)|
(In(@)°-1 f* (in (£))° @ v
[(0) —b /1 T+ Q—1) 10(v,0,0,0,0)17
(In(9)) |
= o) <o
% <[U+ Qil/ﬁ(,u) + yOIUJr \Qflkz(ﬂ) + ZOIZH \Qilk;g(,u) + mOIUJr Qilkz;(/ﬁ))
L a(n()* @ ()
I+ Q) TM®)—b
dl q
| Buy|| < () = b ((1 + Yo + 20 +myg) |lut| + m) .

Now, from the result (11) and (12), we obtain that for any
u,uleGr,andSG\Q
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[Au+ Bui|| < [|Aul| + || Bua ||
q
P(Q+1)
—|—L (1 4+ yo + 20 + mo) ||ua| I — ,
I'(©o) -0 IO+ Q)
da (14 0+ 20+ mo) Jul =2+ I (1 yot b mo) ] + —L ) <R
r(Q+1) T®)—-b 'C+ Q)
then ||Au + Buy|| < R.
Now, we must\show that B is a contraction, by assume that uq, us €
G,, and ¥ € Q. Therefor,
[(Bur) (9) — (Buz) (9)]
U+ Q-2
(In())°~"! / (In(5)) dv
S V), (0 , R V)) =
07 ), T gy (7 (9 0) (9), ) (9), (Ru) (V)

_(ln(ﬁ))U—l p (ln (%))ZH Q-2 ) ) ) ) ﬂ
[O)-»b / (U + Q—l) ¢ (V,uz(V), (Ouz) (V), (Yuz) (V), (Ruz) (V)) v

(In(@)° f* (In (&) @72
- I'(O) - /1 o+ Q—1)
aVv

x[¢(V,u(V), (0u)(V), (u)(V)) = & (V,ur(V), (0u1) (V), (Yur) (V), (Rua) (V) T

()t ()7 O y u ) &
< Sy [ gy (Tl + ()0 + ko)l + k) )
< (;11(%9))) U+ Q- Uor () + 9o O Q_1k2(l~b) T Q_Ik:g(u) 4 IOt Q_lk’4(u))
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di

[(Bua) (9) = (Bug) ()| < T(0) = b (

L+ yo + 20 + mo) ||ug — usl|,

we have shown that B is a contraction mapping.

To establish that A is compact and continuous, we must demon-
strate that A is both continuous and compact on the region G,.
Furthermore, A is uniformly bounded within G, as evidenced by
equation (11) we have

q
Au < dy (1 +yo+ 20 +myp) ||| + ———
Al <o (14 o+ 20+ o)l + et
q
<dy(1+yo+z0+mg) R+ ——.
2( Yo 0 o) F(Q+1)

Let u € G, and t; < to,
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Hence, by the profound Arzela-Ascoli theorem, it follows that
A is a compact operator on G,. Consequently, A is completely
continuous. Applying the robust framework of Krasnoselskii’s FPT,
so we obtain that the boundary value problem described by (1)- (2)
has at least one solution within the interval Q The proof is thus
thoroughly complete.

Theorem 3.2. Then the problem (1)-(2) has a unique solution. If
¢ : QxR — R is continuous and satisfies (F1) — (F2), and
suppose that supyep; o #(9,0,0,0,0) = ¢, and

<d1+d2

m) (1—|—y0—|—20—|—m0)<1

Proof Let B : C( Q,R) — O Q,R) be operator defined as
the following

61 pa (g (£))0F Q2
(r(0) el [ .91, 009), (9. R

S(m(g) ! Y
n /1 Ty T TR, ()(9). RV
(13)

Our objective is to demonstrate that the operator 1" admits a
fixed p oint within t he set GG ., w hich c oincides with a solution to
the initial value problem specified by equations (1)-(2).

First, we establish the invariance of G, under T, namely, that
T(G,) € G,. To this end, consider an arbitrary u € G,.where,
G, ={ue C:|ul]| <r}. Foru e G,. The operator T is bounded

set into the bounded sets in C'( Q, R).
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(Tw)) |
| (In(9))"-! / (in ()" %
ro)-o Ji T+ Q—-1)
x (¢(V,u(V), (0u)(V), (pu)(V), Ru)(V)) — ¢(V,0,0,0,0) + ¢(V,0,0,0, 0))%v
ﬁMVUV@uV w)(V), (Ru)(V
+/1 [ O(V,u(V), (0u)(V), (¥u)(V), (Ru)(V))
— 6(V,0,0,0,0) + 6(V,0,0,0, 0”@ ,
(In()>-! f* (I (&))" %7
<o TR
X (k1 (V)|u] + k2 (V)|0u] + k3(9)[vu] + ka(9)|Rul) + q) dvv
7 (in () * av
by (D ka0l ]+ )l )
1 q q
< m <d1(1+yo+zo+mo)+m> +d2(1+y0+20+m0)+m

1 | 1
= (F(U) —ph +d2)) (L+ 30+ 20 +1m0) +g ((F(U) “oro+ Q) o+ 1)) ’

To prove that B is a contraction mapping, we need to show that

for any u,u; € G, and for each ¥ € Q, the following inequality
holds
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|(Tw)(0) = (Twy) (V)]

_ | ey m ()™ o

- F&D—b[ NUZC%JJMVUW%wme@wxwxwmvnﬁf
’ () " av

v [ B, uw), 00(9), ()(9), (D) G

(n@)*" (I (&))" 2 av

e [ s (7). (0m) (9, (o) (9). ) (9)
SLYE0) AN . oo Y

[ 0 (T (D), 00 (9), ) (9), (R (V)

| (In(9))°* /u (In (£))°* ¢
ro)-bv Ji T+ Q—1)
AV

< (&(V,u(V), (0u)(V), (pu)(V), Ru)(V)) = ¢ (V, ua(V), (0u1) (V), (Y1) (V), Rur) (V) T

r(Q)

X (¢(V,u(V), (0u)(V), (Yu)(V), Ru)(V)) = ¢ (V,u1(V), (Our) (V), (Yur, (Ruq) (V)))) g
O-1 i (In (£ U+ Q-2

< O [ ) ()l + b (O + 2okl + o))

U+ Q-1)
Q-1

*n(g) oY
+/1 r(Q) (ka (W)l + goka (V)] + 20ks(V) ] + moka (V)|ul) 5
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Where <Fd(15r)‘izb) (14 yo + 20 + mo) < 1. Hence, the operator T’

is a contraction mapping. Consequently, we deduce that T is the
unique solution to the problem (1)-(2).

4 Stability Results

In this section, we analyze the stability of our result, focusing on
U-H stability and U-H-R stability.

Theorem 4.1. Assuming condition (F2) holds, the problem (1)-(2)
is U-H stable.

Proof. Assume that the inequality (6) has a solution known as
weC(Q,R)ie,

D, Fw(®) - ¢, w(0), (Bw)(9), (bw) (), (%w)(ﬁ))‘ <e Ve Q
. (14)
If u e C(Q,R) is defined as the unique solution of the problem

(1)-(2). Since u&w are continuous functions on C( Q, R), and from
lemma 2.8 we get

av
\Y

5o1 p (Ig (£ U+ Q-2
(o) =BV [T L) (9, 0(9), 00)(9), (o0 9), 009

['(©) b O+ Q-1)

() * v
+ / rg T T ) (V) (V) Re) (V)G

Integrate (14) and we obtain
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(@) (n ()" v
W)~ F5 T . T g T T G ) (9), () (9)'G
Q-1

-/ (n ;g BV (V). (60)(V), (4)(9), () (V) 'S
_ elin(@) ®
S I(Q+1)

On the other hand, we have

‘w(ﬁ)—u(ﬁ)‘
gy @) (i (£))% av
=20~ T | T g AT ) (), ) (9), (R (D)

Q-1

-/ (n 1({)& SV, u(V), (Bu) (), ($)(V), (Ru)(V)) &

(@) = u(®)

gy @) (n ()7 av
= w0~ K5 | T gy T T G () (9), () (9) G

(@) (n (£))"" % v
RO ) o g AT e G (9), ) (V). (R (D)

(n()" f* (n (4)" > av
1T | T g T T G0, (D), ()G

(

Received: October 10, 2025 1445



International Journal of Applied Mathematics
Volume 38 No. 10s, 2025

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Y (1 (2 Q-1
o )9, (v, (0u)(9). (600 (7). (Ru) (V)

)
9 (I (2)) @
-/ ) 9, u(9), (009, ()(9). (R (7)Y

e(In Q 9 (1 (2)) 971
= % " /1 % (/ﬁ(V) + yokQ(v) + 20k3<v) + mok4< )) ]w - u|alvv
+g%?ﬁb<ﬂHQ4k<)+%ﬂHQ1@()+%ﬂ”Q*@OO+mde4mw0Hw—ML
then
[lw(?) — ()]

n()) @ . Q-1

- % i /1 % (k1(V) + yoka(V) + 20ks (V) + moka(V)) |w - ulg

vdy (1 +yo+zO+m0)

Let £ = Ml?i’g—w then we get
e(In(9)) @
L(Q+1)(1-¢

e(In(9)) @
T T(Q+(1-¢)
Hence, the initial value problem (1)-(2) is U-H stable

[w (@) —u(@)] <

oI Qk1 ()30l hn(9)+201 U3 (9)+mol Uhka(9))

ed2(1+yo+zo+mo)

Theorem 4.2. Suppose that the assumptions (F1)— (F2) are sat-
isfied, and we have another condition,

(F3) The function p € C ( Q,R+> s increasing and there exist
Op > 0, such that, for each de Q, we have

Received: October 10, 2025 1446



International Journal of Applied Mathematics

Volume 38 No. 10s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

128(9) < BA(0). (15)
Then, the problem (1)-(2) is U-H-R stable with respect to [3.

Proof. Assume that w € C( Q, R) be a solution of the inequal-
ity (6) i.e,

S D Fw) — o0, w(), (0w)(©), (Gu)(¥), (Rw)(@))| < B9), Ve Q.

(16)
when v and w being continuous functions on Q X Q Nowfrom
lemma 2.8
() (n ()"0 av
W) =557 | T g AT T G0, (V). (Re)(9) g

n(2) i
T / rgy AV (VL ) (V) ) V), (Re) (V)

integrate (16) and the result become

@) ()" v
W) 55 T gy T T G ) (9), () (9)'G

Q-1
_ / ' %W, w(V), (u)(9), (Y1) (V), (Ru) (V))& |

reQ) |
 (In(9))®t e (I (£)7 av
w(9) = Ty / FG s o T ) B0)T), (V). R (V)
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On the other hand we have

\MW—M@\

n(&)° ¢ av

(In(9))"" BT, u(V), (0)(V), () (V), (Ru) (V) -

u(l
v~ Ty - /1 TG+ Q-—1)

@) y Y

/1 ST ) O0(), ) (V) RV |
and

‘w(ﬁ)—u(ﬁ)’

(@) [* (I (&))" %
<80+ | i | T g T ) BT, () (), () (V)
9 (1n (2)) 971

- oTu®), @) g+ [ L

X DV, w(V), (00)(V), () (V), (Re)(V) ~ (T, u(V), (0u)(V), (6u)(V), (Ru) (V) &
then,

(9 — u(9)]

< BaH09) + “d1(1+y°“°+m°)|| (9) —u(®)]

T(0) —

(m(g) * v
. /1 O (k:l(V) + Yok2(V) + 20k3(V) + moks(V)) |w — U‘V

Let & = % then we obtain
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ey OsB) 17 () Y
o) — o)l < TS + = | S
dv

Hw(ﬁ) - u<19)|| S %edz(l‘*‘ym—ze—kmo)

Hence the initial value problem (1)-(2) is U-H-R stable
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