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Abstract

In this manuscript, we consider a parabolic epidemic sys-
tem modelling the transmission of diseases like Hepatitis B 
with a general density dependent rate in a closed popula-
tion and bounded domain. Our model takes into account 
diffusion of population as well as two classes of infected indi-
viduals: the chronic carriers and the acute infected humans. 
Based on realistic assumptions, we study the existence of a 
solution for the model and look for steady states using crit-
ical points or perturbation arguments.
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1 Introduction

The role of the spatial diffusion is important in the comprehen-
sion of the spatial dynamic of the disease (see Bengfort et al[4],
Skellam [27], Ducrot et al.[11] and references therein). Another
important parameter is the form of contact rate (see discussion in
Thieme[30]). Combine these two features in one model with a gen-
eral density1 dependent rate is sometime difficult since we need to
discuss about the existence of a solution for the model. One dis-
ease is concerned by our model: Hepatitis B (for a good review
of the disease, see [12, 13, 14, 25, 16, 35]). Its principal route of
contamination in Africa is the horizontal one[23, 33, 34], especially
in Cameroon[12, 20]. Moreover Hepatitis B virus genotypes show
a characteristic geographic distribution with a proposed associa-
tion with human migration[16]. We construct a model by adding
a continuous space structure to the ordinary differential equation
proposed by Bonzi et al.[5, 15]. We neglect vertical transmission[3].
We assume that the strength of diffusion is homogeneous in space.
Then quoting Bengfort et al[4], Fick’s and Fokker-Planck’s laws of
diffusion are identical. Our aim is to explore the existence of a solu-
tion for the model with a focus in the bilinear contact case sketched
as “[transmission rate]× [infectious]m × [susceptible individuals]α”
with powers m and α in (0; 1). The note is organized as follow. We
present the model in the next section and analyse the existence of a
solution for the parabolic and elliptic systems linked to our model
in the section before the discussion.

1Considering densities is sometime biologically more relevant[18].
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2 Preliminary

In this model the spatial variable x belongs to a bounded set Ω ⊂
RN (with N ∈ N − {0}) with a regular boundary and a gen-
eral density dependent ”immediate” contact rate2 is defined as
λm(t, x)S(t, x)α with α,m ≥ 0, λm(t, x) = βii

m(t, x) + βee
m(t, x)

and

∂tS(t, x)− dS∆S(t, x) =CS − λm(t, x)Sα − µ(x)S

∂ti(t, x)− di∆i(t, x) =− (d1(x) + µ(x)) i(t, x) + pλm(t, x)Sα

∂te(t, x)− de∆e(t, x) =− (d2(x) + µ(x)) e(t, x) + qλm(t, x)Sα

S(t, x′) =0 with t ≥ 0 and x′ ∈ ∂Ω

i(t, x′) =0 with t ≥ 0 and x′ ∈ ∂Ω

e(t, x′) =0 with t ≥ 0 and x′ ∈ ∂Ω

S(0, x) =S0(x) ≥ 0 with x ∈ Ω

i(0, x) =i0(x) ≥ 0 with x ∈ Ω

e(0, x) =e0(x) ≥ 0 with x ∈ Ω
(1)

with p + q = 1 (p and q are two positive constants), the laplacian
∆ := ∆x and C the strictly positive influx rate through births of
the susceptible individuals. Here S(t, x) denotes the space-specific
density of the susceptible individuals, e(t, x) and i(t, x) respectively
denotes the space-specific density of chronic carriers and acute in-
fected individuals (that can be symptomatic or asymptomatic). We
consider for the long term behaviour of the system that the density
of recovered individuals is decoupled from the model (1) since we
are working with a class of immunizing diseases[5]. Moreover to
perform our analysis we shall assume that the contacts between in-
dividuals are homogeneous among the different cohorts. We assume
that (positive transmission rates) βi, βe and (death rates sufficiently
smooth) µ, µ + d1, µ + d2 are positive and bounded (that means

2In fact a more accurate force of infection[30] is λm(t, x, i, e) =∫
Ω
p1(t, x, y)(i(t, y) + e(t, y))dy whose second order expansion may lead to sim-

ple diffusion through e.g. the kernel p1(t, x, y) ≡ k(x− y) [21, Li et al (2009)].
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values in a positive and bounded interval with a finite supremum
norm). S0, i0 and e0 are also sufficiently smooth, positive and also
bounded. We will consider Dirichlet conditions with a C1 regular
domain Ω. Roughly speaking, Dirichlet one induces (with enough
regularity on ∂Ω) that the normal vector is inward the domain: in
some sense boundary ∂Ω repels individuals inside Ω [28, Corollary
2.3, page 124].

The model (1) re-writes in the following abstract form (Eq,βi,βe)
∂tX(t, x) =D∆X −MX − F (X, q, βi, βe)

X(t, x′) =0 with t ≥ 0 and x′ ∈ ∂Ω

X(0, x) =X0(x) ≥ 0 with x ∈ Ω

(2)

with two real numbers p and q in [0; 1] such that p+ q = 1,

X =

 X1

X2

X3

 :=

 S
i
e

 ,

X0 =

 S0

i0
e0

 ,

D =

 dS 0 0
0 di 0
0 0 de

 and M =

 µ 0 0
0 (µ+ d1) 0
0 0 (µ+ d2)

 .

Moreover we set

B =

 C 0 0
0 0 0
0 0 0

 ,

and F (X) ≡ Fq,βi,βe(X) = F (X, q, βi, βe) = BX +Xα
1 λm(t, x)

 1
q − 1
−q

 .
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3 Existence of a solution for the system

(2) and study of the steady state(s)

3.1 Existence of a solution for the system (2)

The problem (1) (with appropriate boundary conditions) withm,α ≥
1 is wellposed by using (analytic) positive semigroup generated
by the 3-dimensional Laplacian to construct a classical positive
solution through a variation of constants formula and maximum
principles[8, 28] and assuming enough regularity on initial condi-
tions (at t = 0, on boundary, on linear and non-linear operators of
the reaction diffusion system over a bounded domain Ω ⊂ RN)[28,
(Theorem 3.1, page 127) and (Corollary 3.2, page 129)]. We will
pay attention in most part of this work on the case m,α < 1 with
Dirichlet conditions where methods of Carrero and Lizana[8] and
Hal Smith[28] should be adapted since F (X) is not twice contin-
uously differentiable in classic sense. Hal Smith[28] presents some
results on the stability of equilibria when F is quasimonotone and
irreducible. Moreover the case m,α ≥ 1 will be discussed in some
Sobolev spaces like H1(Ω).

We study the existence and unicity of a solution for the system
(2) with x ∈ Ω = RN using ideas of Theorem 5.1 in page 476 of
J. L. Lions[22]. Boundary conditions are then understood in the
limit sense. We define new variables U and V in the corresponding
systems because of the iterative process used later in Proposition
3.1 for the proof of the existence of respective weak solution of (1).
V is a version of U for the iterative process described in Proposition
3.1. We set then

U =

 U1

U2

U3

 and V =

 V1

V2

V3

 with Φ(U) =

 Φ1(U1)
Φ2(U2)
Φ3(U3)

 :=

 µ(x)U1 − CΨ(U1)
(d1 + µ)U2

(d1 + µ)U3

 .
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Moreover we consider

W (V ) =

 W1(V )
W2(V )
W3(V )

T

:=

 −(βiV2
m + βeV3

m)
pβiV1

α

qβeV1
α

T

and G(V ) =

 G1(V )
G2(V )
G3(V )

 :=

 0
pβeV1

αV3
m

qβiV1
αV2

m

 .

X, Φ, V and G are column vectors and W is a row vector. We
work on the linear case Ψ(U1) = U1 considered in W1(V ), first

component of W (V ). We denote diag(W ) :=

 W1 0 0
0 W2 0
0 0 W3


and W ∗U := diag(W ).U as matrix product of matrix diag(W ) by
column vector U . We define U ν as

U ν :=

 U
ν(1)
1

U
ν(2)
2

U
ν(3)
3

 :=

 Uα
1

Um
2

Um
3

 .

Wherein the equation (2) inspire (if U = V over Ω = RN , with
N ∈ N natural number > 0) the following system for our fixed
point method

{
∂tU −D∆U(t, x) + Φ(U) =W (V ) ∗ U ν +G(V )

U(0, x) =U0(x) ≥ 0 with x ∈ Ω = RN .
(3)

We will work on each row k ∈ {1; 2; 3} of (3) and consider (for
u = Uk and small values of u0,k(x) = Uk(0, x))[22]. We follow
for (3), the methods of J. L. Lions described in Theorem 5.1 in
page 476[22]. Since the matrix D is invertible for dS, di, de > 0,
we assume for sake of simplicity that D is the identity matrix
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instead of using a change of variables in space through the dif-
fusivity coefficients dS, di, de > 0. We obtain then the follow-
ing fixed point strategy for our problem (3). We set T (x, y, t) =

1
(4πt)N/2

exp
(
− |x−y|

4t

)
and the operators H and KV defined respec-

tively for Hölder continuous functions u0 and U respectively defined
on RN and [0; +∞) × RN with a specific weighted norm3 and the
following definitions for k ∈ {1; 2; 3} :
H(u0,k)(t, x) =

∫
RN

T (x, y, t)u0,k(y)dy

KV (Uk)(t, x) =

∫ t

0

dσ

∫
RN

T (x, y, t− σ)
(
−Φk(Uk)(y) +Wk(U)(y)Uν(k)(y) +Gk(U(y))

)
dy

(4)
Then for sufficiently large4 N ∈ N∗or sufficiently small initial con-
dition u0, there exists a solution U of (3) satisfying the nonlinear
integral equation for each k ∈ {1; 2; 3}:

Uk = H(u0,k) +KV (Uk) (5)

Proof. We define (for n ∈ N) the sequence{
u1 =H(u0,k)

un+1 =H(u0,k) +KV (un).
(6)

Following ideas of [22, Theorem 5.1 in page 476] with with ν > 0
and N ∈ N0, we set κ > 0 small enough and choose the norm |||φ||| = supx∈RN ,t≥0

|φ(x, t)|
ρ(t, x)

ρ(t, x) = T (x, 0, κ).

(7)

3See (7): |||φ||| = supx∈RN ,t≥0
|φ(x,t)|
ρ(t,x) where ρ(t, x) = ρ = T (x, 0, κ)

4We recall that N is the set of nonnegative integers or natural numbers and 
N∗ is the set of positive integers or nonzero natural numbers.
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Our strategy is working on each row k separately and let the other 
U -variables (collected in V ) in some nonlinear terms (including 
W (V ) but excluding U ν(k)) and use then Schauder’s Fixed point 
result for operator KV to obtain the resulting solution to (3) de-
pending on V . As pointed by [22], for small values of the three 
components of the initial data u0,k (with 0 ≤ u0,k ≤ δT (x, 0, κ), 
δ = (4πκ)N/2σ) with an arbitrary number σ > 0, we get (with 
c0, c1, c2 ≥ )

|||un+1||| ≤ δ + c0|||un|||ν(k)+m + c1(|||un||| + |||un|||ν(k))

Then from a discrete Gronwall result, there exists a function (in-
dependent of n) M : δM(δ) (with limδ→0M(δ) = 0) such that 
|||un||| ≤ M(δ). Moreover

|||un+1 − un||| = |||KV (un) − KV (un−1)|||

and

|||KV (un) − KV (un−1)||| ≤ c2.(δ.(M(δ) + 1)ν(k)−1) + sp

where

sp := supx∈RN (|µ(x) + d1(x) + d2(x) + C|)|||un − un−1|||

if c2.(δ.(M(δ) + 1)ν(k)−1) + supx∈RN (|µ(x) + d1(x) + d2(x) + C|) < 
1 (where c0, c1, c2 are constants), then discrete Gronwall property 
shows that

limn→+∞|||un+1 − un||| = 0.

Thus {un} is a Cauchy sequence (for small values of u0,k and Φ 
coefficients -mortalities and death rates-). Then {un} admits limits 
uk
V which is solution of (6).

We consider now a map g : V 7→ g(V ) = (uk
V )k∈{1;2;3} as 

[22, Theorem 5.1 in page 476]. Using a fixed point theorem as 
Schauder’s one, one can prove the existence of a classic solution 
U = u∗ = (u∗k)k∈{1;2;3} of (3).
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3.2 Some methods for the characterization of
equilibrium

An equilibrium X of (2) satisfies

−D∆X = −MX − F (X, q, βi, βe). (8)

3.2.1 Energy and critical points

We consider [X, Y ] as the usual scalar product in RN . The idea
is to generate an energy function J of the system (8) and prove
that gradient of J vanish at equilibrium which is then a critical
point of J . Practically we start by finding an antiderivative (in X)
F̃ of D−1F . Then through a variational method (with a Dirichlet
boundary condition) [11, 31], energy J could take the following form
(with q = βj):

Jq,βe(X) =
1

2

∫
Ω

[∇X,∇X]dx+
1

2

∫
Ω

[D−1MX,X]dx+

∫
Ω

[F̃ (X, q, βe)]dx

(9)
We recall the basic ”Implicit Function Theorem” generally admitted[2,
24] (see also [Theorem A, page 339 in Appendix A [9]]).

Theorem 1 ([2, 24]). Let F be a function in Ck(T×U, Y ), k ≥
1, where Y is a Banach space and T with U are respectively open
subsets of the Banach spaces Z and X. Suppose that F (λ∗, u∗) = 0,
with (λ∗, u∗) ∈ T × U and DuF (λ∗, u∗), the partial derivative of F
with respect to u evaluated at the (λ∗, u∗), is invertible from X to
Y . Then there exist neighbourhoods Θ of λ∗ in Z and U∗ of u∗ in
X and a map g ∈ Ck(Θ, X) such that

i) F (λ, g(λ)) = 0 for all λ ∈ Θ;

ii) F (λ, u) = 0, (λ, u) ∈ Θ× U∗, implies u = g(λ);

iii) g′(λ) = −[DuF (λ, g(λ))]−1 ◦DλF (λ, g(λ)), λ ∈ Θ.
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Let us now give a basic definition of a critical point. Let H be
a Hilbert space whose norm and scalar product will be denoted,
respectively, by ||.|| and (.|.).

Definition 2 ([24]). A critical point of a functional G ∈
C1(H,R) is an element u ∈ H such that ∇G(u) = 0, where ∇G
denotes the gradient of G, defined through the relationship

dG(u)[v] = (∇G(u)|v) , ∀v ∈ H

where dG(u)[v] denotes the Frechet derivative of G with respect to
u applied to v.

3.2.2 Another method for small values of βe: perturba-
tion and bifurcation

We start by presenting the definition of a Bifurcation point.

Definition 3 ([9]). Let W and Y be real Banach spaces, Ω an
open subset of W , ω : I → Ω, where I an interval, and G : Ω→ Y
be continuous map. Suppose there is a simple arc C∗ in Ω given
by C∗ = {ω(t), t ∈ I} such that G(ω) = 0. If there is a number
τ ∈ I such that every neighbourhood of ω(τ) contains zeros of G
not in C∗, then ω(τ) is called a Bifurcation point for the equation
ω(τ) = 0 with respect to the curve C∗.

In many situations W is of the form R ×X, where X is a real
Banach space, and

C∗ = {(λ; 0)|λ ∈ R, 0 ∈ X} .

The basic problem of bifurcation theory is the bifurcation points
for G = 0 with respect to C∗ and G−1 {0} near such points.

[[9]] A necessary condition for λ∗ ∈ R to be a bifurcation point
for G(u, x) = 0 is that Gu(λ

∗; 0) is not invertible.
The perturbation methods as Crandall-Rabinowitch method[9]

are based on Implicit function Theorem 1. Let us define φ(X, q, βi, βe) :
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C2,α → C0,α with Cπ,α a Hölder space, π ∈ {0; 2}, α ∈ (0; 1) and

φ(X, q, βi, βe) = D∆X −MX − F (X, q, βi, βe).

Here, we could study the problem (E0,0) : φ(X, q, βi, βe) = 0 as
solution of equation (8), for possible steady state(s) of (2) similarly
to Tavares[31]5 and use perturbation arguments to solve the case
(Eq,βi,βe) for small values of q and βe (see [5]) as biological assump-
tion: the third coordinate, the number/density of latent infectives
for hepatitis B virus received a very few part of new infectives (for
small q) and are less infective (for small βe) than the acute infectives
seen as the second coordinate.

In fact if for some X∗, DXφ(X∗, 0, 0) is invertible then there
exists steady state(s) X = X(q, βe)

6 lying in a neighbourhood of
X∗ for the semiflow of (2). But the converse (DXφ(X∗, 0, 0) not
invertible) leads through a bifurcation method to possible different
solutionsX = X(q, βe) if the kernel ofDXφ(X∗, 0, 0) is of dimension
1.

3.2.3 A fixed point method for N ≥ 2, α ∈ (0; 1) and m ∈
(0; +∞)

By setting with Ω ⊂ R2, X1 := S, X2 := i and X3 := e, any
equilibrium X of problem (1) satisfies:

−dS∆X1(x) =CΨ(X1)−
(
λ0
m(t, x) + µ(x)

)
X1

α

−di∆X2(x) =− (d1(x) + µ(x))X2(x) + pλ0
m(x)X1

α

−de∆X3(x) =− (d2(x) + µ(x))X3(x) + qλ0
m(x)X1

α

X1(x′) =0 with x′ ∈ ∂Ω

X2(x′) =0 with x′ ∈ ∂Ω

X3(x′) =0 with x′ ∈ ∂Ω

(10)

with λ0
m(x) = βiX2

m(x) + βeX3
m(x). We slightly modify equation

(10) in to the equation (3.2.3) in order to used a fixed point theorem

5But we lack symmetry in coefficients of nonlinearities contrary to [31]. 
6X(q, βe) is a solution of equation (8).
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as Schauder through minimizing sequences compactness. We recall
the Rellich - Kondrachov Theorem 4.

Theorem 4 (Rellich - Kondrachov, Part of Theorem 9.16 p.
290 [6]). Suppose that in Rn, Ω is bounded and of class C1. Then
we have the following compact injections:

* (a) If n = 2 (used in this subsection), then H1(Ω) is continu-
ously embedded in Lq (Ω) , ∀q ∈ [1; +∞[;

* (b) If n = 1, then H1(Ω) is continuously embedded in C
(
Ω
)
.

and this important result

Theorem 5 (Poincaré inequality, Corollary 9.19, page 290 in
[6]). : Suppose that 1 < s ≤ ∞ and Ω is a bounded open set in
RN . Then there exists a constant θ (depending on Ω and s) such
that:

‖u‖Ls(Ω) ≤ θ ‖∇u‖Ls(Ω) , ∀u ∈ W
1,s
0 (Ω) .

We will mostly use this Theorem 5 in the case where s = 2 and
W 1,2

0 (Ω) = H1
0 (Ω). Poincaré inequality remains true if Ω has

finite measure and also if Ω has a bounded projection on some axis.
We define both variables X and Y in the corresponding systems
because of the iterative process used later in subsection 3.2.3 for
the proof of the existence of respective weak solution of (10). Y is
a version of X for the iterative process described in the subsection
3.2.3.2. We set

X =

 X1

X2

X3

 and Y =

 Y1

Y2

Y3


We define also

Φ(X) =

 Φ1(X1)
Φ2(X2)
Φ3(X3)

 =

 µ(x)X1 − CΨ(X1)
(d1 + µ)X2

(d2 + µ)X3


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and W (Y ) =

 W1(Y )
W2(Y )
W3(Y )

T

=

 −(βiY2
m + βeY3

m)
pβiY1

α

qβeY1
α

T

with G(Y ) =

 G1(Y )
G2(Y )
G3(Y )

 =

 0
pβeY1

αY3
m

qβiY1
αY2

m


X, Φ, Y and G are columns vectors and W is a row vector. In
the first step for each s ∈ {1; 2; 3}, consider Xc as parameter in the
row s − th of (10) with c ∈ {1; 2; 3} − {s}. We work on the case
Ψ(X1) = X1. From the equation (10), we add Dirichlet boundary
condition and obtain

{
X(x’)= 0 with x’∈ ∂Ω, (11)Where Xν is defined as Xν = X
ν(1)
1

X
ν(2)
2

X
ν(3)
3

 with

 X
ν(1)
1

X
ν(2)
2

X
ν(3)
3

 :=

 Xα
1

Xm
2

Xm
3

 and X0 =

 S0

i0
e0

.

3.2.3.1. Critical point theory used for the system (3.2.3).
For each row k ∈ {1; 2; 3} of (3.2.3) we solve{
−Dkk∆Xk + Φk(Xk) =Wk(Y )X

ν(k)
k +Gk(Y ) in Ω

Xk(x
′) =0 with x′ ∈ ∂Ω,

(12)

re-written into the following compact form{
−D∆X =L(X, Y ) in Ω

X(x′) =0 with x′ ∈ ∂Ω,
(13)

such that for k ∈ {1; 2; 3}, L = (Lk)k∈{1;2;3} and Lk(X, Y ) =

−Φk(Xk) + Wk(Y )X
ν(k)
k + Gk(Y ). We obtain from (13) by mul-

tipling each row by a C∞ test function v∫
Ω

Dkk∇Xk∇vdx+

∫
Ω

(Φk(Xk)−Wk(Y )X
ν(k)
k )vdx−

∫
Ω

Gk(Y )vdx = 0

(14)
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Since we consider the Dirichlet condition Xk(x
′) = 0 where x′ ∈ ∂Ω

with Φ∗k(Xk) the antiderivative in Xk of Φk(Xk), then a solution
Xk(Y ) of (14) is a critical point (J ′k(Xk) = 0) of the energy function
Jk(Xk) =

Dkk

2

∫
Ω

|∇Xk|2 −
1

(1 + ν(k))

∫
Ω

Wk(Y (X))Xk
1+ν(k)(x)dx

+

∫
Ω

Φ∗(Xk)dx−
∫

Ω

Gk(Y )Xk(x)dx.

(15)
Let us define a minimizing sequence.

Definition 6. Let E be a metric space and F : E → R a map,
K ⊂ E a non empty set. A sequence {yn}n ⊂ K is a minimizing
sequence of F in K if

limn→+∞F (yn) = infx∈KF (x)

Practically, solving (15) leads to the following minimizing prob-
lem (16) (with existence of a unique minimizing sequence with
compactness through Rellich’ theorem 4). If we define J∗(Xk) :=
1
2

∫
Ω
|∇Xk|2 +

∫
Ω

Φ∗(Xk)dx, then the candidate solution X satisfies
through its components Xk:

inf{∫ΩXkWk(Y (x))Xk(x)ν(k)+1dx=1}J
∗(Xk). (16)

Since the nonlinearity Xk(x)ν(k)+1 is homogeneous in Xk, the ex-
istence of a solution Uk can be found by setting roughly Uk :=

λ
1

ν(k)−1u∗k for some Lagrange multiplier λ and u∗k satisfying

−Dkk∆u
∗
k + Φk(u

∗
k) = λWk(V )u∗k

ν(k)

Finally:
−Dkk∆Uk + Φk(Uk) = Wk(V )Ukν(k)

Then if the Palais-Smale condition (definitions 1.2.5, 1.2.6, the-
orem 1.2.8)[24, 1] is satisfied then

−Dkk∆Uk + Φk(Uk) = Wk(V )Ukν(k)
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has a (nontrivial) solution.
Since Ω ⊂ RN :

1- If we add transitions from acute infectious X2 to car-
riers X3 and the reverse transition, it would not sig-
nificantly modified the schemes and ideas developed
in this note.

2- If we assume that the limits for |x| → +∞ of functions
du(x) and µ(x) for u ∈ {S, i, e} are finite with appropriate
conditions[1], then each functional J∗ has a Mountain Pass
critical point by a compactness condition obtained through
the use of Palais-Small sequences.

3- The existence of a solution for each subsystem (12) of (13)
of the model could be also studied using ”Mountain Pass”
methods[7, 17] with N ≥ 3 in L2 with appropriate antideriva-
tive (in respect to space variable) of the right hand-side of
each row of (13): there exists then a nontrivial and positive
solution Xk(Y ) for each row k ∈ {1; 2; 3} of (13).

3.2.3.2. A Solution of the system (3.2.3) using an itera-
tive strategy.

We need the following Proposition 3.2.3 useful later to seek a
solution X = X(Y ) of the system (3.2.3).

Assume that Ω is a bounded and smooth domain in RN , 1
1−α >

1, m = 1 − α, q0 = 2
1−α > 1 for α ∈ (0; 1) (then 2 < q0 <

2N
N−2

if
N > 3; or for 2 < q0 < +∞ if N ∈ {1; 2}) and µ, d1, d2 ∈ Lq0(Ω).

Then there exist three Ω-dependent constants N1, N2 and N3

such that (for well suited parameters and eventually reducing the
”size” of Ω or increasing/decreasing values of dS, di, de > 0) these
a priori estimates for the solution X = X(Y ) hold ( for positive Ω-
dependent constants c1, c2, c3, N1, N2, N3):

• ||X1||H1
0 (Ω) ≤ c

1
1−α
1 ||∇X1||H1

0 (Ω) ≤ N
1

1−α
1

[
||Y2||mH1

0 (Ω)
+ ||Y3||mH1

0 (Ω)
+ ||µ||Lq0 (Ω)

] 1
1−α
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• ||X2||H1
0 (Ω) ≤ c

1
1−α
2 ||∇X2||H1

0 (Ω) ≤ N
1

1−α
2

[
||Y1||mH1

0 (Ω)
+ ||Y3||mH1

0 (Ω)
+ ||µ+ d1||Lq0 (Ω)

] 1
1−α

• ||X3||H1
0 (Ω) ≤ c

1
1−α
3 ||∇X3||H1

0 (Ω) ≤ N
1

1−α
3

[
||Y1||mH1

0 (Ω)
+ ||Y2||mH1

0 (Ω)
+ ||µ+ d2||Lq0 (Ω)

] 1
1−α

.

Sketch of proof. Using Young’s
(

for 1 < s <∞, a ≥ 0, b ≥ 0 : ab ≤ 1
s
as + s−1

s
b

s
s−1

)
with Hölder’s inequalities[6, Theorem 4.6, page 92] jointly with Rel-
lich - Kondrachov Theorem 4 and Poincaré inequality Theorem 5,
it can be shown using relation (14) with v = Xk, for each row
k ∈ {1; 2; 3} and α ∈ (0; 1) with Sobolev embeddings[6], the follow-
ing result:

• ||X1||1−αH1
0 (Ω)
≤ c1(Ω)||∇X1||1−αH1

0 (Ω)
≤ N1(Ω, 1

dS
)
[
||Y2||mH1

0 (Ω)
+ ||Y3||mH1

0 (Ω)
+ ||µ||Lq0 (Ω)

]
• ||X2||1−αH1

0 (Ω)
≤ c2(Ω)||∇X2||1−αH1

0 (Ω)
≤ N2(Ω, 1

di
)
[
||Y1||mH1

0 (Ω)
+ ||Y3||mH1

0 (Ω)
+ ||µ+ d1||Lq0 (Ω)

]
• ||X3||1−αH1

0 (Ω)
≤ c3(Ω)||∇X3||1−αH1

0 (Ω)
≤ N3(Ω, 1

de
)
[
||Y1||mH1

0 (Ω)
+ ||Y2||mH1

0 (Ω)
+ ||µ+ d2||Lq0 (Ω)

]
.

The purpose of the iterative strategy is the following claim: We
construct a map Γ : Y 7→ X(Y ) from (H1

0 (Ω))3 to (H1
0 (Ω))3 such

that X(Y ) is a solution of{
−D∆X(Y ) =L(X(Y ), Y ) in Ω

X(Y )(x′) =0 with x′ ∈ ∂Ω.
(17)

The idea is to assume that the Lebesgue measure of Ω is small 
enough and then use inequalities from Proposition 3.2.3 in order 
to construct a ball B(0; R) (of finite radius R and centred at 0) 
globally invariant in H0

1(Ω) by Γ since there is a continuous and 
compact injection from H0

1(Ω) into Ls(Ω), for all 1 < s < +∞. 
Then using a fixed point theorem (as Shauder theorem) to obtain a

International Journal of Applied Mathematics

Volume 38 No. 10s, 2025

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

Received: October 30, 2025 1404



function Y0 = X(Y0) (with X continuously dependent of X0), one
gets {

−D∆Y0 =L(Y0, Y0) in Ω

Y0(x′) =0 with x′ ∈ ∂Ω,
(18)

And Y0 is called a mild solution of (3.2.3) if each of its k-correspondent
coordinate is solution of (14).

Construction of an iterative sequence: With this method,
we solve iteratively the problem (3.2.3) by setting iterates (X[n])n
as follow.

Step 0: we solve (even row by row similarly to the Lax-Milgram theo-
rem (Corollary 5.8, page 140[6]), using the Schauder theorem
(Theorem 9.33, page 317[6]) in the framework Hölder spaces,
the (De Giorgi, Nash, Stampacchia, Theorem 9.34) result or
the Duality method, described in page 318[6]){

−D∆X[0] =− Φ(X[0]) in Ω

X[0](x
′) =0 with x′ ∈ ∂Ω,

(19)

Step n: For n ∈ N∗ and knowing X[n−1], we solve similarly to the Step
[0]:{
−D∆X[n] =W (X[n−1])X

ν
[n] − Φ(X[n]) +G(X[n−1]) in Ω

X[n](x
′) =0 with x′ ∈ ∂Ω.

(20)

The main idea here is to prove that this sequence (X[n])n is of
Cauchy and bounded in the complete normed linear space (H1

0 (Ω))3

and use a compactness argument to prove that the limit X∗ of
(X[n])n exists and satisfies (17). If we assume enough regularity
on W and G, [6, Corollary 9.37, page 320] can be adapted to prove
the positivity of the solution X[n] of (20) at each step n.
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4 Discussion

We study existence of a solution for the system (1) and, under some
suitable assumptions, we show how to seek equilibrium using criti-
cal points or perturbation arguments. Pao[26, Example (6.2) page
27] shows that a system similar to (2) with an Hölder continuous
function F could have multiple solutions even in the case Ω = [a; b]
in R. It would be interesting to extend this work by considering
Neumann or Robin type boundary conditions[28, 26]. The main dif-
ficulty (and perspective) is to study travelling-wave solutions and
diffusion driven instability for this system, under appropriate con-
ditions on parameters[19, 8, 32]. Another perspective could be to
introduce age structure, a vaccination strategy and migration. But
the main problem which could arise then in mathematical analysis
will be the control of the parameters in order to avoid the blow-
up of interesting solution(s). Bengfort et al[4] state that Fick’s
and Fokker-Planck’s laws of diffusion yield very different results if
there are spatial heterogeneities. It could be challenging to study
mathematically (in the general cases with spatial heterogeneities
even with singularities or variable exponents), the impacts of these
laws on wellposedness and dynamical properties of our model (2).
Another guess will be to study the following general system of equa-
tions with spatial and ages structures

(∂t + ∂a)s(t, a, x) = d∆s(t, a, x)− µs(t, a, x)− λ(t)s(t, a, x), t > 0, a > 0,

s(t, 0, x) = Λ(x),

(∂t + ∂τ )ik(t, τ, x) = Dkk∆ik(t, τ, x)− (µ+ γk)ik(t, τ, x), t > 0, τ > 0, k = 1, · · · , N0,

i(t, 0, x) = λ(t, x)
∫ A

0
pk(a)s(t, a, x)da,

λ(t, x) =
∑N0

k=1

∫ A
0
βk(τ)i(t, τ, x)dτ,

N0 ∈ N − {0}

posed on some spatial bounded domain Ω and supplemented to-
gether with no flux boundary conditions on ∂Ω, using the results 
of Ducrot et al.[10] for one compartment of infectious (k = 1). For 
individuals of the population studied, A denotes the maximal age,
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a the chronological age and τ the age of infection.
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[17] I. Ghaffour, Régularité des Solutions d’EDPs Elliptiques:
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