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Abstract

This paper introduces a new stochastic diffusion pro-
cess to model the electricity production from natural gas
sources (as a percentage of total electricity production) in
the United States. The method employs trend function
analysis to generate fits and forecasts with both conditional
and unconditional estimated trend functions. Parameters
are estimated using the maximum likelihood (ML) method,
based on discrete sampling paths of the variable ”electricity
production from natural gas sources in the United States”
with annual data from 1990 to 2021. The results show that
the proposed model effectively fits the data and provides
dependable medium-term forecasts for 2022-2023.
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1 Introduction

Electricity is a fundamental part of modern life, greatly improving 
our standard of living by powering homes, businesses, and tech-
nologies. However, generating electricity can also harm the envi-
ronment. The extent of this damage largely depends on how elec-
tricity is produced. For instance, burning coal releases twice as 
much carbon dioxide as burning an equal amount of natural gas. 
Considering the many benefits of natural gas, such as its relatively 
low cost and low carbon footprint, it is considered a good source 
of electricity. Plus, gas plants can be built quickly, unlike nuclear 
facilities. The percentage of electricity produced from natural gas,
% of total, represents the share of natural gas in overall electricity 
generation, measured in total gigawatt hours (GWh) produced by 
power plants.

Electricity production in the United States has undergone a 
structural transformation, with natural gas becoming one of the 
main sources of power generation. Understanding the dynamics of 
its share in total electricity production is essential for policy design, 
risk management, and long-term planning. Electricity generation 
from natural gas in the United States has grown steadily over the 
past thirty years. As reported in Table 1, production increased 
from 11.85815 units in 1990 to over 41.90 units in 2023, more than 
tripling. However, this growth has not been steady; the data show 
fluctuations and irregular deviations. For example, while produc-
tion rose steadily during the early 2000s, it experienced a temporary 
dip in 2003, a sharp acceleration after 2009, and more recently, a 
slight decline in 2021 before rebounding in 2022–2023. Such vari-
ability indicates the influence of both long-term growth trends and 
short-term stochastic disturbances. Modelling such behaviour re-
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quires a framework that captures both deterministic dynamics and 
random shocks. Stochastic differential equations (SDEs) provide a 
flexible approach that combines deterministic trends with random 
variability to meet these challenges.

Previous studies have extensively used stochastic models in fi-
nance and natural sciences, with growing applications in energy 
markets. For example, Schwartz [1] developed stochastic models 
for commodity prices, which were later adapted for electricity mar-
kets. Geman and Roncoroni [2] highlighted the importance of cap-
turing seasonality and jumps in power prices, Benth et al. [3] used 
stochastic processes to describe electricity spot prices with periodic 
components, while Weron [4] provided a thorough review of stochas-
tic models designed specifically for power markets, emphasizing the 
need to include both cyclical and random dynamics to accurately 
represent electricity price behavior. In the context of electricity, up 
to our knowledge, most of the literature focuses on prices, or con-
sumption, or optimization models, or uses different methodological 
approaches such as stochastic time change, hybrid diffusions, or op-
timization frameworks. For example, Borovkova and Schmeck [5] 
have primarily focused on modelling electricity prices using a time-
changed jump diffusion that adapts volatility and jump intensity 
over time. Mert et al. [6] develop a hybrid stochastic diffusion 
ensemble specifically for forecasting natural-gas prices. Leonel et 
al. [7] focus on optimization-based decision-making for large indus-
trial self-producers using natural gas, aiming to minimize energy 
costs under uncertainty through a two-stage stochastic optimiza-
tion framework. While for the natural gas production in the United 
States, Cai and Deng [8] propose a grid-optimized fractional grey 
model to forecast U.S. natural gas production; their focus is on total 
production forecasting using deterministic/grey system techniques. 
Despite these advancements, limited attention has been given to 
electricity production shares by fuel source within a stochastic dif-
fusion framework. This creates a gap in the literature. Our goal is 
to use a new stochastic differential equation model to analyze U.S. 
electricity production from natural gas between 1990 and 2021 and
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to forecast for 2022-2023. The stochastic component captures ex-
ternal shocks and random variability. Building on this foundation,
we consider the following SDE of the form

dX(t) =

(
2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)

)
X(t)dt+ σX(t)dW (t),

(1) 
which is particularly relevant for modelling U.S. electricity produc-
tion from natural gas (% of total), here W is the standard Brownian 
motion, and λ and σ are unknown indexed parameters. For more 
information about Brownian motion, SDEs, and their applications, 
we refer the reader to [9], [10], [11], [12], and [13].

The remainder of this paper is organized as follows: In the sub-
sequent section, the proposal model is defined as the solution to a 
stochastic differential equation (SDE), from which the explicit ex-
pression of the process, the transition probability distribution func-
tion (TPDF), and the moments( particularly, the conditional and 
unconditional trends of the process) are derived. Section 3 is ded-
icated to estimating the model’s parameters using the Maximum 
Likelihood Estimation (MLE) method, based on discrete sampling 
of the process. In Section 4, the application of the proposed model 
to specific data is presented: electricity production from natural gas 
sources (% of total) in the United States for the period 1990-2023. 
The accuracy of the forecast is assessed using standard performance 
metrics, including mean absolute error (MAE), root mean square 
error (RMSE), and mean absolute percentage error (MAPE). The 
performance of the proposed model is compared with that of the 
Gompertz model using the same dataset. Furthermore, a small 
Monte Carlo experiment is conducted to assess the robustness of 
the estimation procedure. Finally, Section 5 offers concluding re-
marks.
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2 The model and its probabilistic char-

acteristics

In this section, we present a novel Sine-Like stochastic diffusion
process. We derive and analyze the critical properties of this pro-
cess, encompassing the existence of solutions, transition probability
distributions, and moments.

2.1 Sine-Like (SL) stochastic diffusion model

The SL process is the non-homogeneous diffusion process {X(t), t ∈
[t1, T ], t1 > 0} with values in (0,∞), and satisfies the following Itô’s
SDE

dX(t) = a(t,X(t), θ)dt+ b1/2(t,X(t), θ)dW (t); X(t1) = X1 (2)

with infinitesimal moments given by

a(t,X(t), θ) =

(
2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)

)
X(t),

b1/2(t,X(t), θ) = σX(t) (3)

where σ > 0, and λ is a non-zero real constant. The solution of
(2)-(3) is found, by applying Itô’s integral, as follows

X(t) = X1+

∫ t

t1

(
2

s
− λ− λπ

2s2
e−λ/s cot(

π

2
e−λ/s)

)
X(s)ds

+ σ

∫ t

t1

X(s)dW (s)

2.2 Existence and uniqueness

In this part, we show the existence and uniqueness of the solu-
tion for the SL process given in (2)-(3). To achieve this goal, it is
sufficient to verify uniform Lipschitz and linear growth conditions
for the infinitesimal moments; see [14], which are realized in the
following theorem.

International Journal of Applied Mathematics

Volume 38 No. 10s, 2025

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

Received: November 5, 2025 1373



Theorem 1. The SDE in (2)-(3) has a unique solution.

Proof. On the one hand, consider x, y ∈ R+ and t ∈ [t1, T ]. It
then follows that

|a(t, x)− a(t, y)|+ |
√
b(t, x)−

√
b(t, y)|

= |a(t, x− y)|+ |
√
b(t, x− y)|,

=

∣∣∣∣(2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)

)
(x− y)

∣∣∣∣+ |σ(x− y)|,

=

(∣∣∣∣(2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)

)∣∣∣∣+ |σ|
)
|x− y|,

≤
(

sup
t1≤t≤T

∣∣∣∣(2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)

)∣∣∣∣+ |σ|
)
|x− y|

therefore, the SL process satisfies a uniform Lipschitz. On the other
hand, this process satisfies linear growth condition as for y = 0, we
have

|a(t, x)|2 + |
√
b(t, x)|2 ≤

(
|a(t, x)|+ |

√
b(t, x)|

)2
,

≤
[(

sup
t1≤t≤T

∣∣∣∣(2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)

)∣∣∣∣+ |σ|
)
|x|
]2
,

≤
(

sup
t1≤t≤T

∣∣∣∣(2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)

)∣∣∣∣+ |σ|
)2

(1 + |x|)2.

Thus, there is an almost surely (a.s.) continuous process {x(t), t ∈
[t1, T ]; t1 > 0} that is a.s. the unique solution of the SDE (2)-
(3).

2.3 The probability distribution and moments
of the process

The explicit solution of the SDE (2)-(3) can be obtained by means of
the appropriate transformation; Y (t) = log(X(t)), and by applying
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Itô’s formula [15, Theorem 4.57] to Y . Then, we have the following

dY (t) =
1

X(t)
dX(t)− 1

2X2(t)
σ2X2(t)dt

=

(
2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)

)
dt+ σdW (t)− σ2

2
dt

=

(
2

t
− λ− λπ

2t2
e−λ/t cot(

π

2
e−λ/t)− σ2

2

)
+ σdW (t)

Where Y (t1) = log(X1). By integrating the above equation, we
obtain,

Y (t)− Y (t1) =

∫ t

t1

(
2

s
− λ− λπ

2s2
e−λ/s cot(

π

2
e−λ/s)− σ2

2

)
ds

+ σ(W (t)−W (t1)),

and hence

Y (t) = Y (t1) + 2 log(t/t1)− λ(t− t1) + log
(

sin
(π

2
e−λ/t

))
− log

(
sin
(π

2
e−λ/t1

))
− σ2

2
(t− t1) + σ(W (t)−W (t1)),

Therefore, the solution in terms of the original SL process

X(t) = X1

(
t

t1

)2 sin
(
π
2
e−λ/t

)
sin
(
π
2
e−λ/t1

)e−λ(t−t1)−σ22 (t−t1)eσ(W (t)−W (t1)) (4)

Observe that since the initial condition Y (t1) is constant a.s., and 
Y (t) is a Markovian process, it then follows that the finite dimen-
sional distribution of Y (t) is normal. Then, the finite dimensional 
distribution of X(t) is log-normal distribution, and the transition 
probability distribution (TPDF) of X(t) given X(s) where s < t fol-

lows a log-normal distribution denoted by Λ1(µ(s, t, xs), σ2(t − s)),
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where µ(s, t, xs) is given by

µ(s, t, x) = log(x) + 2 log(t/s)− λ(t− s) + log
(

sin
(π

2
e−λ/t

))
− log

(
sin
(π

2
e−λ/s

))
− σ2

2
(t− s).

Therefore, the TPDF of the process has the following form

f(y, t|xs, s) =
1

y

[
2πσ2(t− s)

]−1/2
exp

(
− [log(y)− µ(s, t, xs)]

2

2σ2(t− s)

)
.

(5)

Taking into account that X(t)|X(s) = xs is distributed according
to Λ1(µ(s, t, xts), σ

2(t− s)), and taking into account the properties
of this distribution, the nth conditional moment of X(t) given X(s)
is

E[Xn(t)|X(s) = xs] = exp

(
nµ(s, t, xs) +

n2σ2

2
(t− s)

)
Then, the conditional mean, which is considered as the trend func-
tion (n = 1) of the process, is

E[X(t)|X(s) = xs] = xs

(
t

s

)2

e−λ(t−s)+log(sin(π2 e−λ/t))−log(sin(
π
2
e−λ/s))

(6)

On the other hand, the mean function or the unconditional trend of
the process under the assumption that P (x(t1) = x1) = 1 is given
by

E[X(t)] = x1

(
t

t1

)2

e−λ(t−t1)+log(sin(π2 e−λ/t))−log(sin(
π
2
e−λ/t1))

= x1

(
t

t1

)2 sin
(
π
2
e−λ/t

)
sin
(
π
2
e−λ/t1

)e−λ(t−t1) (7)
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Since the trend function of X(t) incorporates a sinusoidal com-
ponent, we refer to the resulting model as a Sine-Like stochastic
diffusion process. The variance of the process is

V ar[X(t)] = E[X2(t)]− (E[X(t)])2

= x21

(
t

t1

)4 sin2
(
π
2
e−λ/t

)
sin2

(
π
2
e−λ/t1

)e−2λ(t−t1) (eσ2(t−t1) − 1
)
.

3 Inference on the process

In this section, we examine the ML estimation of the parameters
of the model from which we can obtain, from Zenha’s theorem [16],
the corresponding aforementioned estimated trend function and the
conditional estimated trend function.

3.1 ML estimates

As long as we obtain the explicit expression of the TPDF of the
process, we can estimate the two parameters involved in the drift
and diffusion functions using the ML method. Let us consider
a discrete sampling of the process x(t1), x(t2), . . . , x(tn) at times
t1, t2, . . . , tn = T . For simplicity, put tj+1− tj = h and use xi to re-
fer to x(ti) = xi. Assuming the initial condition P (X(t1) = x1) = 1.
The likelihood function of the parameter θ = (λ, σ2)T can be ob-
tained from equation (5) as

L(θ) =
n−1∏
j=1

f(xj+1, tj+1|xj, tj),

=
n−1∏
j=1

1

xj+1

[
2πσ2(tj+1 − tj)

]−1
2 exp

(−[log(xj+1)− µ(j, j + 1, xj)]
2

2σ2(tj+1 − tj)
)

=
n−1∏
j=1

1

xj+1

[
2πσ2h

]−1/2
exp

−
[
Hλ,j + σ2

2
h
]2

2σ2h

 ,
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where

Hλ,j = log(
xj+1

xj
)− 2 log(

tj+1

tj
) + λh− log

(
sin
(
π
2
e−λ/tj+1

)
sin
(
π
2
e−λ/tj

) ) .
The log-likelihood equation is

`(λ, σ2) = −n− 1

2
log(2πh)− n− 1

2
log(σ2)−

n−1∑
j=1

log(xj+1)

− 1

2σ2h

n−1∑
j=1

[
Hλ,j +

σ2

2
h

]2
. (8)

The log-likelihood function `(λ, σ2) can be maximized by solving
the nonlinear likelihood equation obtained by differentiating with
respect to the parameter vector θ = (λ, σ2)T . The first-order partial
derivatives of `(λ, σ2) are given by

∂`(λ, σ2)

∂λ
=
−1

σ2h

n−1∑
j=1

(Hλ,j +
σ2h

2
)
[
h+

πe−λ/tj+1 cot
(
π
2
e−λ/tj+1

)
2tj+1

]
− 1

σ2h

n−1∑
j=1

(Hλ,j +
σ2h

2
)
[
−
πe−λ/tj cot

(
π
2
e−λ/tj

)
2tj

]
= 0.

(9)

∂`(λ, σ2))

∂σ2
= −n− 1

2σ2
+

1

2σ4h

n−1∑
j=1

H2
λ,j −

n−1∑
j=1

h

8
= 0, (10)

Let S(θ) = (∂`(θ)/∂λ, ∂`(θ)/∂σ2)T be the score function. The

MLE of θ̂ = (λ̂, σ̂2) can be obtained by solving the system of equa-
tions S(θ) = 0. Since closed-form solutions are not available, nu-
merical methods are required to compute these estimates. From
equation (10) we obtain

σ̂2

2
=

1

h

(1 +
1

n− 1

n−1∑
j=1

H2
λ̂,j

)1/2

− 1] (11)

International Journal of Applied Mathematics

Volume 38 No. 10s, 2025

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

Received: November 5, 2025 1378



Then, by substituting the expression of σ̂2/2 in (11) into Equa-
tion (9), we obtain the estimator λ̂ from the following nonlinear
equation:

n−1∑
j=1

(
Hλ̂,j +

σ̂2h

2

)[
h+

πe−λ̂/tj+1 cot
(
π
2
e−λ̂/tj+1

)
2tj+1

]

−
n−1∑
j=1

(
Hλ̂,j +

σ̂2h

2

)[πe−λ̂/tj cot
(
π
2
e−λ̂/tj

)
2tj

]
= 0. (12)

3.2 Estimated trend functions and confidence
bounds

We provide estimates for the conditional mean and the mean of
the process by replacing the parameters in equations (6) and (7)
by their ML estimators, due to the invariance property of the ML
estimates, see for example, Theorem [5.28, 308] in [17]. Let λ̂ and
σ̂2 be the ML estimates of λ and σ2 respectively, then the estimated
conditional mean of the process (ECMF) is

Ê(X(t)|X(s)) = xs

(
t

s

)2 sin
(
π
2
e−λ̂/t

)
sin
(
π
2
e−λ̂/s

)e−λ̂(t−s) (13)

Similarly, the estimated mean function (EMF) of the process is

Ê(X(t)|X(t1)) = x1

(
t

t1

)2 sin
(
π
2
e−λ̂/t

)
sin
(
π
2
e−λ̂/t1

)e−λ̂(t−t1), (14)

taking into account the assumption P (X(t1) = x(t1)) = 1. In addi-
tion, we can obtain a confidence band for the CMF and MF of the
process, using the procedure described in [18]. From Equation (5),

we have that for t > s, X(t)|X(s) follows Λ1(µ(s, t, xs), σ2(t − s)).
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Therefore, we have that

Z =
ln(X(t))− µ(s, t, xs)

σ
√
t− s

∼ N (0, 1).

Consequently, a (1 − α)100% confidence band for z is determined
by P (−Zα/2 ≤ Z ≤ Zα/2) = 1− α, for α ∈ (0, 1). and hence,

P

[
−Zα

2
≤
Hλ,t + σ2

2
(t− t1)

σ
√
t− t1

≤ Zα
2

]
≈ 1− α.

here

Hλ,t = log

(
x(t)

x1

)
− 2 log(t/t1) + λ(t− t1)− log

(
sin
(
π
2
e−λ/t

)
sin
(
π
2
e−λ/t1

)) .
From this, we can obtain a (1−α)100% confidence bound (CB)

for x(t) as
xlower(t) ≤ x(t) ≤ xupper(t) (15)

where,

xlower(t) = x1e
−Zα/2σ

√
t−t1+2 log( t

t1
)−λ(t−t1)+log

(
sin(π2 e−λ/t)
sin(π2 e−λ/t1)

)
−σ

2

2
(t−t1)

xupper(t) = x1e
Zα/2σ

√
t−t1+2 log( t

t1
)−λ(t−t1)+log

(
sin(π2 e−λ/t)
sin(π2 e−λ/t1)

)
−σ

2

2
(t−t1)

.

4 Applications

This section focuses on giving an application of our model to real 
data, where we give an application in real data for the electric-
ity production from natural gas sources (% of total) in the United 
States during the period 1990 to 2023. Raw data are shown in Ta-
ble 1; these data are annualized and available in the World Bank’s 
database. We compare our model with an existing model, Gom-
pertz, which is suitable for modelling increasing trend data.
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4.1 Application to electricity production from
natural gas sources in the United States (%
of total)

Using data from 1990 to 2021, we train the model and estimate
its parameters: λ̂ = −0.03828096, and σ̂ = 0.0673062. To fore-
cast electricity production from natural gas sources in the United
States (% of total) for 2022 and 2023, we apply EMF and ECMF,
replacing the estimated parameters in (7) and (6), respectively. See
Table 2. Figure 1 shows the performance of the stochastic SL diffu-
sion process for our forecasts. The left panel displays the observed
data, estimated trend function (EMF), and estimated confidence
bands, illustrating how well the SL process fits the current data
and makes accurate predictions. The right panel also shows the
conditional trend function estimation, forecasts, and estimated con-
fidence bands. All computations in this paper were performed using
R software [19].

Table 1: Electricity production from natural gas sources in the
United States.

Year 1990 1991 1992 1993 1994 1995
Data 11.85815 12.27868 12.97155 12.92770 14.16742 14.76346

Year 1996 1997 1998 1999 2000 2001
Data 13.02046 13.67453 14.57905 14.93086 15.65117 17.07274

Year 2002 2003 2004 2005 2006 2007
Data 17.58605 16.41918 17.52281 18.22920 19.59561 21.03976

Year 2008 2009 2010 2011 2012 2013
Data 20.83612 22.67735 23.24735 24.03179 29.47220 26.90093

Year 2014 2015 2016 2017 2018 2019
Data 26.75654 31.79336 32.81091 31.20787 34.09804 37.33868

Year 2020 2021 2022 2023
Data 39.43958 37.35339 38.71585 41.90800
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Table 2: Predictions with EMF and ECMF of the process.

Year Real Data EMF ECMF
2022 38.71585 41.67541 38.84946
2023 41.90800 43.34456 40.26646

Figure 1: Observed data, EMF, ECMF, and the forecasted values.

We compare the proposed diffusion process with the Gompertz 
process [20] using the existing data. Table 3 shows the estimated
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parameters and the AIC criterion. The SL has a lower AIC and
thus excels the Gompertz diffusion process.

Table 3: SL, Gompertz: Parameters and AIC.

Model λ β σ AIC

SL -0.03828096 NA 0.06730620 112.3892
Gompertz 0.060000022 0.006881754 0.067492691 114.3477

Figure 2 shows the fits made using the methods mentioned in
Table 3.

Figure 2: Observed data, EMF using SL, and Gompertz diffusion
processes.
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4.2 Goodness of fit

Forecast accuracy can be measured using metrics such as mean ab-
solute error (MAE), the root mean square error (RMSE), and the
mean absolute percentage error (MAPE). We consider the observed
data as x(t), the predicted data x̂(t) which is obtained by substitut-
ing the estimated parameter λ̂ = −0.03828096 in equation (14), and
the difference between them x(t) − x̂(t) over the years 1990-2021.
We calculate the mean absolute error (MAE), the root mean square
error (RMSE), and the mean absolute percentage error (MAPE) as
follows

MAE =
1

32

32∑
i=1

|x(ti)− x̂i(t)| = 1.718274,

RMSE =

√√√√ 1

32

32∑
i=1

|x(ti)− x̂i(t)|2 = 66.1315,

MAPE =
1

32

32∑
i=1

|x(ti)− x̂i(t)|
x(t)

× 100 = 7.559711.

The value obtained for MAPE is less than 10, and this indicates 
that we obtained a high-accuracy prediction according to [21].

4.3 Simulation

The sample trajectories were simulated using Equation (4) with 
values of α, σ, and x1 that approximate the values of these param-
eters in the real example in the application on which this study is 
conducted in section 4.1. Ten trajectories were generated, each con-
taining 500 values. Figure 3 shows the simulated trajectories of the 
SL process versus to MF for the particular case of λ = −0.03828096,
σ = 0.0673062, t1 = 1990, ∆t = 0.066, xt1 = 11.85815 which re-
spectively correspond to values close to those obtained in the study 
of X(t). We used the same algorithm as in [22] to simulate the 
trajectories of the SL process.
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Figure 3: Sine-like (SL) process simulated along with the mean 
function (MF).

5 Conclusions

Based on the results obtained (see Table 2, Figure 1), we con-
clude that modeling the U.S. data on electricity generated from 
natural gas (% of total) over the period 1990–2021 using the novel 
Sine-Like model- estimated according to the procedure outlined in 
Section 3- yields a high level of accuracy in the historical trend 
and produces reliable medium-term forecasts for 2022–2023. The 
conditioned trend function provides much better descriptions and 
forecasts than the basic trend function. Furthermore, a compari-
son with the Gompertz model using the same dataset and sample 
period demonstrates that the sine-like stochastic diffusion model 
achieves superior overall performance.
Future work could build on this study by incorporating external 
time-varying factors-such as natural gas prices, renewable energy 
adoption, or seasonal demand- directly into the drift and/or diffu-
sion terms of the SDE. This would require moving from a univariate
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to a multivariate stochastic framework, such as coupled SDE sys-
tems or stochastic regression models.
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