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Abstract

A Majority Roman Dominating Function (MRDF) on
a graph G=(V,E) is a function f : V — {—1,+1,2} sat-
isfying the conditions that (i) the sum of its function val-
ues over at least half the closed neighborhood is at least
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one and (ii) every vertex uw for which f(u) = —1 is ad-
jacent to at least one vertex v for which f(v) = 2. The

weight of a MRDF is the sum of its function values over

all vertices. The Majority Roman Domination Number of

a graph G, denoted by yayr(G), is defined as vy r(G) =
min{w(f) | f is a Majority Roman Dominating Function of G}.
In this paper, we found some results on Majority Roman
Domination In Graphs.
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1 Introduction

By a graph G = (V| F), we mean a finite, non-trivial, connected,
and undirected graph with neither loops nor multiple edges. The
order and size of G are denoted by n and m respectively. For graph
theoretic terminology we refer to Chartand and Lesniak [1].

The study of domination is one of the fastest growing areas
within graph theory. A subset D of vertices is said to be a dominating
set of G if every vertex in V either belongs to D or is adjacent to a
vertex in D. The domination number v(G) is the minimum cardi-
nality of a dominating set of G. Survey of several advanced topics
on domination is given in the book edited by Haynes et al. [2].

For a real valued function f : V — R on V weight of f is de-
fined to be w(f) = >,y f(v) and also for a subset S C V, we
define f(S) = > ,cq f(v). Therefore w(f) = f(V). Further, for a
vertex v € V, let flv] = f(N[v]) for notation convenience. A func-
tion f:V — {—1,+1} is called a majority dominating function if
flv] > 1 for at least half of the vertices in G. The majority domina-
tion number of G is denoted by Ymq;(G) and is defined as 7,45 (G) =
min{w(f) | f is a majority dominating function of G}. Major-
ity domination was first introduced by Broere et al. in [3] and fur-
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ther studied in [4].

H. Abdollahzadeh Ahangar et al. [5] defined a Signed Roman
dominating function (SRDF) on a graph G = (V, E) to be a func-
tion f:V — {—1,+1,2} satisfying the conditions that (i) the sum
of its function values over any closed neighborhood is at least one
and (ii) every vertex u for which f(u) = —1 is adjacent to at least
one vertex v for which f(v) = 2. The Signed Roman Domination
Number of G, denoted y5z(G), is the minimum weight of a SRDF
in G.

S. Anandha Prabhavathy [6] defined a Majority Roman Dom-
inating Function (MRDF) on a graph G=(V,E) is a function f :
V — {—1,+1,2} satisfying the conditions that (i) the sum of its
function values over at least half the closed neighborhood is at least
one and (ii) every vertex u for which f(u) = —1 is adjacent to at
least one vertex v for which f(v) = 2. The weight of a MRDF is the
sum of its function values over all vertices. The Majority Roman
Domination Number of a graph G, denoted by yy/r(G), is defined as
ymr(G) = min{w(f) | fis a Majority Roman Dominating function of G}.

2 Majority Roman Domination In Graphs

Theorem 1. Let G be a connected graph of order n such that
exactly one vertex in G has degree n — 1. Then vy r(G) < 4.

Proof. Let G be a connected graph of order n such that exactly
one vertex say x in G has degree n—1. If n = 2k is even then partite
the vertex into three sets V1,V_1, Vo with |Vo| = 1, |[V_41] = k — 1,
and |Vj| = k such that (i) number of edges induced by V; and V_;
is as large as possible and (ii) # € V5. Then each vertex v in V;
is adjacent to at least as many vertices in V; as in V_;. Now by
assigning 2 to z, the value 1 to each vertex in Vi and the value
-1 to each vertex in V_; we produce a MRDF. Hence vyr(G) <
24 (1)(k) —1(k—1) = 3. Now if n = 2k + 1 is odd, then G — v has
even number of vertices where v # x. Then as discussed above we
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have vy r(G — v) < 3. Further by assigning 1 to the vertex v, we
obtain the MRDF of G. Hence vy r(G) < yyr(G—v)+1=4 O

Theorem 2. Let G be a regular graph of order n. Then

21 (r—1)+n(2-r)
Ymr(G) > 2] T :

Proof. Let f be a MRDF of G. Since for at least half of the
vertices v € V, f(N[v]) > 1, we have

> (NP = 1([5]) + (=r +2)(n = [3])

veV
Also the > f(N[v]) counts the value f(v) exactly deg v+ 1 times
veV
for each vertex v € V. That is, Y. f(N[v]) = > f(v)(deg v+ 1).

veV veV
Hence,

> ) r+1) > ()([2]) + (—r+2)(n—[2])

=[2](r—=1)+n2-r)

f(v) > (%—I(r_l)-i-n@_r)

r+1

[l
Theorem 3. Let G be a graph and A(G) = 3. Thenyyr(G) >
- 151

Proof. Let f be ayyr - function of G. Then each vertex u € V_4
is adjacent to at least one vertex v € V5. Also |[Vi| > 0. Since
maximum degree is 3, we have |V_;| < 3|V4|. Again since A(G) =

3, if we assign f(v;) = 2 for each odd i,then we have f(N[v;]) > 1,

for each even . Therefore |V5| < [2]. Hence vyr(G) > —[2]. O

Theorem 4. LetG=Kj,, — M; where M is a perfect matching
in the complete graph Ks,. Then vy r(G) = 0.
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Proof. Let V(Kas,) = (v1,v9, ..., Vo) and M = (v1vg, U3U4, V5Ug, ..., Vap_1V2p,)-
Now define a function f:V — {—1,1,2} by
(i) 2n = 0(mod 6)

2 if1§i§2n/3,
f(Ui =

—1 otherwise.

(ii) 2n = 2(mod 6)
2 if1<i<|[2n/3],
fo) =4 1 ifi= 12n/3| +1,
—1 otherwise.

(iii) 2n = 4(mod 6)
2 if1<i<|2n/3] -1,
flv;))=< 1 ifi=|2n/3] andi=|2n/3|+1,
—1 otherwise.
Then it is easy to verify that f is a MRDF. Hence vy r(G) < 0.
Now let g be any MRDF of G with vy r(G) = g(V). Let v; € N,

and let v; be the vertex which is not adjacent to v;. Hence g(V) =
g(Nv]) +g(v;) >1—-1=0. O

Theorem 5. Let G denote the friendship graph with t-triangles. Then

4—1t if tis even,

Q) —
"aar(G) {3—t if ¢ is odd.

Proof. Let u be the central vertex of G and let (vy,vg, ..., va)
be the vertices in the triangles. Now define f : V — {—1,1,2} by
f(u) =2 and

1 it 3<i<t+3andi=1(mod2),
flui) = —1 otherwise.

Then it is easy to verify that f is a MRDF with

n(G) < {

4—t if tis even,
3—t if tis odd.
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Now let g be any MRDF with yyr(G) = g(V). If u € N, then
Ymr(G) > 1. Now suppose u ¢ Ny. If g(u) = +1, then yyr(G) >
1+t If g(u) = —1, then yyr(G) > —1+t. Now if g(u) = 2.
Since deg v; = 2,for all i, and |Ny| > [2], we have [Vi| > [L] + 1.
Therefore yyp(G) > 2(1) +1(|L] +1)—1(2t+1— L] -1-1). O

Theorem 6. Given any positive integer k > 1, there exists a
graph G with n = 6k vertices such that vy r(G) = k

Proof. Let G = C,, o Ky, where n = 0(mod3), n > 3. Let
(v1, V9, ..., Uy, v1) be the vertices of C,, and let (uq,ug, ..., u,) be the
pendant vertices of C,,. Now define a function f: V — {—1,1,2}
by

if i=1andi=1(mod 3),
otherwise.

fvi) = { 2_1

and
—1 if i=1andi=1(mod 3),
+1 otherwise.

f(uz')Z{

Then it is easy to verify that f is a MRDF with vy r(G) < k. Now
let g be a MRDF with vyr(G) = g(V'). Now suppose [V_| = 541,
then there exists adjacent vertices v;u;, with f(v;) = f(u;) = —1
which is a contradiction, by the definition of MRDF. Hence |V_;| <
5. Also since |V_;| < 3|Va|, we have 3|V3| = 5. Therefore |[V3| = §.
Since [Vi1| + [Voq| + [V2| = n, we have [V;| > %. Thus yyr(G) >
s—5t3=k O

Theorem 7. Let G be the graph obtained by adding 5 pendant
vertices to each vertices of C,,. Then yyr(G) = —3n.

Proof. Let (v, va, ..., vn, v1) be the vertices of C,, and let (uq, ug, ..., usy,)
be the pendant vertices. Now define a function f:V — {-1,1,2}
by f(v;)) =2forall 1 <i<nand f(u;) = —1 for all 1 <i < 5n.
Then it is easy to verify that f is a MRDF with vyr(G) < 2(n) —
1(5n) = —3n. Now let g be any MRDF with vy z(G) = g(V). If
g(v;)) = 1 or — 1 for any i, then we must assign 1 to all pendant
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vertices for the corresponding v;. Therefore g(v;) = 2 for all . Thus

Corollary 8. Given any positive integer k > 3, there exists a
graph G with n = 6k vertices such that vy r(G) = vsr(G) = —3n.

Proof. Let G be the graph obtained in the Theorem 2.7. Then
Yur(G) = —3n. In the similar way one can easily prove that
Ysr(G) = —3n. Thus yur(G) = vsr(G) = —3n.

Theorem 9. Let G1,G5 and G3 be complete graphs of order
r, s and t respectively with r > s > t. Let V(G1) = {vy,vg, ..., v},
V(Gs) = {wy,ws,...,ws} and V(G3) = {uy,ug,...,u;}. Let G be
the graph obtained from G1,G5 and G3 by adding the edges viw,
and woly.

(i) If r > s+ t, then yyr(G) =7 — (s + 1)
(ii) If r < s+t, then yypr(G)=5—7
Proof. Case 1. r > s+t

Now define the function f:V — {—1,+1,2} by

(i) r is even

2 if v=vq, wy, ua,
flv)y=1< +1 if 2 <i <3,
—1 otherwise.

(ii) r is odd
2 if V=V1, Up—1, W1, U2,

floy=¢ +1 if2<i<|5] -1,
—1 otherwise.
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Then it is easy to verify that f is a MRDF of G. Hence yyr(G) <
7T—(s+1)

Now, let g be any MRDF of G with vy r(G) = g(V). Since
r > s+tand n = r+ s+t there exists a vertex v; in V(Gy),
which belongs to N,. Therefore yyp(G) > 1+24+ 2+ (—1)(s —
D4+ (=D)({t—-1)=7—(s+1).

Case 2. r=s5+1
Now define the function f: V — {—1,+1,2} by

(i) sand t are even
2 if v=vy, wy, g,
flo)=3 41 ifv=w;, (2<i<%) and v=u; 2<j <
—1 otherwise.

),

N+

(ii) s and t are odd
2 if v=vi, we_1, wy, ug, w1,
floy=< +1 ifv=w;, (2<:1< [%J —1) and v=u;, (2<j< \_%J - 1),
—1 otherwise.

(iii) s is even and t is odd
2 if v=vy,wq,uy, up_1,
fy=4 41 ifvew, 2<i<$) and v=u;, (2<j<]|
—1 otherwise.

| =),

IS

(iv) s is odd and ¢ is even
2 if V=V1, W1, Ws—1, U1,
floy=14 +1 ifv=w;, 2<i<[%]-1) and v=u;, (2<j<D),
—1 otherwise.

Then it is easy to verify that f is a MRDF of G. Hence vyr(G) <
5—r

Now, let g be any MRDF of G with yyr(G) = ¢g(V). If N, N
V(Gy) = ¢, then V(G2) UV (G3) € N,. Hence yyr(G) > 1+ 1+
2—1(r—1)=5—r. Now if N, NV (G4) # ¢, then as dicussed in
Case 1, yir(G) > 14242+ (—1)(s—1)+(=1)(t—1) = T—(s+1).
Therefore yyr(G) > 5 — r.
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Case 3. r < s+t

Now define the function f : V — {—1,+1,2} as in Case 2, we
obtain the MRDF of G. Hence vy r(G) < 5 —r. Now, let g be
any MRDF of G with yyr(G) = g(V). Hence [N,| > [2]. Also
n =r+s+t > 2r and hence |Ny| > r. Therefore N, has non empty
intersection with at least two of the sets V(G1), V(Gsy) and V(G3).

Since r > s > t, we have yyr(G) > 5 —r. O
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