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Abstract

The present research paper we look into the transformation groups n = 3. To developed the
representation of fuzzy semi-groups and isomorphic fuzzy semi-group with permutations. Also
fuzzy semi-groups are developed with the identities Cayley table of regular representation of S.We
solve the propositions of fuzzy-semi-groups. In addition, to extension of the concept of monogenic
Fuzzy-semi-groups and, explore some fuzzy sub-semi-group propositions. This study investigates
the transformation groups for n>3, with particular emphasis on the construction and analysis of
fuzzy semi-groups and their isomorphic counterparts through permutations. The Cayley tables
related to the ordinary representation of symmetric groups (S) are examined in request to extend
the notion of fuzzy semi-groups. Fuzzy semi-bunch propositions are also presented and solved in
the paper, with a focus on monogenic fuzzy semi-groups. Additionally, in request to advance our
knowledge of fuzzy algebraic structures, we examine the characteristics and propositions of fuzzy

sub-semi-groups.
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1. Introduction

The concept of a (binary) connection on a set X—that is, a fuzzy sub-set p about the Cartesian product X
x X—was already introduced in our discussion over ordered fuzzy automation semi-groups. Let a be a
fuzzy semi-group S component. It is appropriate to construct the idea of relations in a little more abstract
and broad manner at this point. We often opt to compose the connection as x p y rather than (x,y) €p because
we instinctively consider elements x as well as y that make up (x,y) €p to be connected [4]. The binary
relations of X encompass the empty fuzzy sub-set @ of X xX. Other special relations that are worth
mentioning are the equality relation [5, 6], which is followed by the diagonal relation 1_X={(x,x):x€X},
which states that two elements have connections if and only if they are equal, as well as the universal

relation X XX, which states that everything is related towards everything else[7].

Suppose the set of all binary relations on X is denoted by X5. A binary operation ° on X by the rule that,
[8,9] forallp,cd € Xg,p°o={(x,y) EXXX:((3z € X)(x,z) € pand (z,y) € p}. 1t is easy to see
that for all p,candt€BX,p S o==p°1Soc°tandt° p C 1 °o.ltis also easy to see that the operation

° is associative: for all p, o and T EBy , we have(x,y) E(p° o) ° 1.
&= (Az €x)((x,z) E(peo)and (z,y) ET),
&= (3z €x)(Fu € X)((x,u) € p,(u,z) €E(z,y) ET),
&= (zex)((x,u) Ep)and (u,y) Ecet),

&= (X,Y) € pe(o°1).The relationship among the conventional method via regular sub-groups and the
broader approach via consistency depends on the notion of fuzzy semi-modularity [7, 8]. These

statements describe fuzzy semi-sub-groups [9].

The study of fuzzy semi-groups and their computational applications has gained significant attention in
recent years, particularly in the context of automation systems. In this article, we investigate the concept of
requested fuzzy automation semi-groups, which serve as an essential tool in the generalization of algebraic
structures that are fundamental in automation and fuzzy systems [1, 2]. At the centre of this study lies the
possibility of a relation on a set X, which in the context of fuzzy semi-groups, is represented as a fuzzy
subset p of the Cartesian product X X X. A relation between two elements x and y in X is denoted as x p y,
meaning that the pair (x, y) is included in the fuzzy relation p [5, 6, 7]. To better understand these structures,
we start with the definition of a fuzzy semi-bunch. A fuzzy semi-bunch is an algebraic structure that allows

for the application of fuzzy logic principles to the set of semi-groups. In this structure, an element an of a
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fuzzy semi-bunch S exhibits properties that are consistent with the structure of a semi-bunch but incorporate
fuzziness to handle uncertainty or vagueness. For instance, the operation in a fuzzy semi-bunch is typically
defined in a manner that accounts for the level of membership of elements, unlike traditional semi-groups

where the operation is binary and crisp [3, 4].

In the context of requested fuzzy automation semi-groups, we introduce the notion of binary relations [5].
These relations are central to understanding how elements of a set are connected to one another under a
fuzzy operation. A binary relation p on a set X is a fuzzy subset of the Cartesian product X X X. This allows
us to display the connections between pairs of elements within the set, which can be thought of as "fuzzy
connections" that indicate how much two elements are related [8]. A specific illustration of a binary relation
is the universal relation, XxX, wherein each element is related to each and every other element, effectively
representing the greatest level of relatedness. Another important relation is the equality relation, where only

elements that are identical are considered related.

The study of fuzzy semi-groups is further enriched by the introduction of binary operations. Specifically,
we define a binary operation o on the set XB [9, 10], which consists of all binary relations on X. The
operation o is defined as follows: for any two relations p and ¢ in XB, the operation poc is the set of all
pairs (x, y) in XxX such that there exists an intermediate element z€X for which (x,z)E€p and (z,y)€Ec. This
operation can be seen as a fuzzy composition of relations, which generalizes the notion of composition in

traditional semi-groups [11].

This property is analogous to the associatively property in traditional semi-groups, and it ensures that the

fuzzy relations act consistently when composed in sequence.

An important concept related to fuzzy semi-groups is fuzzy semi-modularity. This concept bridges the
opening between the general system of fuzzy semi-groups and the traditional methodology involving
normal sub-groups. Fuzzy semi-modularity is urgent for understanding how fuzzy relations and operations
can be applied to semi-groups and how these operations maintain consistency across different fuzzy sets.
The concept of fuzzy semi-modularity leads to the definition of fuzzy semi-sub-groups, which are sub-

structures within a fuzzy semi-bunch that preserve the semi-bunch properties under fuzzy operations.

The theory of fuzzy semi-sub-groups is investigated in several propositions, which help to characterize and
identify the conditions under which fuzzy semi-sub-groups exist. These propositions also give insight into
the relationships between fuzzy semi-groups and traditional semi-groups [12] , demonstrating how fuzzy

logic can be integrated into classical algebraic structures to enhance their flexibility and applicability in
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certifiable automation systems. By extending the traditional concepts of semi-groups to fuzzy semi-groups,
we can demonstrate more mind boggling, uncertain, or imprecise systems in a way that classical algebraic

structures cannot [9, 10].

Furthermore, the application of fuzzy semi-groups and their associated relations has profound implications
in the field of automation and systems theory. Fuzzy semi-groups take into account the representation of
uncertain or incomplete information within automation processes, where the level of relation between
elements is not always obvious [11, 12, 13]. This is particularly relevant in the context of decision-making
processes, control systems, and artificial intelligence, where uncertainties are common. By utilizing fuzzy
relations and operations, we can show more adaptable systems that are better ready to handle vagueness

and ambiguity, offering a more robust structure for automation applications.

In this article, we plunge into these topics in greater detail, providing a comprehensive analysis of the
computational applications of {, Tn, and TS fuzzy automation semi-groups. We investigate the
mathematical foundations of fuzzy semi-groups, discuss their computational aspects, and examine how
these structures can be applied to various domains, including decision-making and system control. The
results of our research give significant insights into the gig of fuzzy logic in enhancing the capabilities of

automation systems and plan for further advancements in the field [14].
2. Main Results

Theorem 2.1: [10] A semi-group may be isomorphic to a semi-group of maps in more than one way. For

example, for the semi-group S = {e. a. x. y} with cayley table

o
o
(¢}
>
< <K ¥ Y| <

Show that the map ¢ given by ep = [1 é], ap = B ﬂ, xXQ = [1 ﬂ, Vo = B 3], embeds

S in T 3. [11] Show also that ¥, defined by
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W=le o x ha=lo oy A= %A=Y,

embeds S in T(e g x). (Notice that y is the right regular representation of S.)

Proof :[11. 12, 13] We must demonstrate that the maps @ and Y maintain the semi-group structure of S in
order to demonstrate that they embed the semi-group S into their respective semi-groups of maps. We'll

deal with each map independently.

Semi-group S: [14] Given S = {e, a, x, y} with the Cayley table:

e a x y
e e a x y
a a e X |y
X X y X Yy
y|y x x vy

. . _ 2 1 2 1 2 b .
map @ is defined as ep = [1 2], ap =\, | xp= [1 1], Yo = [2 2]The symmetrical group

71,2, corresponding to a collection of all mpas form the set S, is represented by these matrices. We wish to

demonstrate how @ incorporates S into this group. [15] .
Step 1: Verify Homomorphism

We must confirm that the map fulfils (u-v)e=u@-ve for any elements u,vE€S in order to determine whether

@ is a homomorphism [16, 17]. For a few key pairs, let's verify this:1l.e-e = eand ep - ep = [1 é .
[1 21 _ [1 2] e
1 2071 217

2.a-a=eanda<p-a<p=B ﬂl ﬂ=[; ﬂ=e<p.

I 1 N s Y s
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Mapping Complexity and Computational
Efficiency of Semi-Groups
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Figure 1: Mapping Complexity and Computational Efficiency of Semi-Groups

By examining these as well as additional arrangements, we may determine that ¢ is a homomorphism
because it maintains the semi-group function.

Step 2: Injectivity

[18] Since S is finite, and ¢ is a homomorphism, injectivity can be verified by checking that ¢ (u) =

@(v) implies u = v. As each map is distinct, ¢ is injective. Thus, ¢ embeds S in 74 5.

C{](.’I.‘)

(1(‘1)th(7}?"( )

Figure 2: Mapping Complexity and Computational Efficiency of other Semi-Groups.

Embedding: Since ¢ isinjective (distinct elements of S map to distinct transformations),

@ embeds S into the transformation semi-group 7 .

Step 3: Embedding of S into T(, 4, via ¢:
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The map ¢ is defined as the right regular representation of S. That is [19] :
a

e e a e a e
e¢=[§i 3],a¢=[5“< §]=x¢=[§ 5],y¢=[¥
y y X X X y

X

LR Q
—_—

Verification of ¢ as a homomorphism:The right regular representation satisfies:

(ab)Y =ayp°by,Va,b €S . ToChecka -x =x: (i)InS,a -x = x, (ii) Under y, we compute:
e a e a e a

ay = [ﬁ f}],xt/) = [§ ;] then: (ay ° by) = [§ i‘,] This is x1.
y x x x X x

Similarly to Checky -y =y: (i)In S,y -y =y, (ii) Under ¥, we compute:

=

e a e a
y zl then, (y Y ° yy) = [§ §].The same process verifies all combinations in the Cayley table.
y 'y X X

mbedding: Since P is injective (distint elements of S map to distinct transformations ),

Y embeds S into the transformation semi — group T q xy}-

Conclusion:

Thep embeds S in 7, , and the map ¢ (right regular representation)S in T q x,y}

Theorem 2.2: [20, 21, 22] A semi-group may be isomorphic to a semi-group of maps in more than one

way, then show that if |X| = n, then |Bx| = 2’
Proof:

1. Assuming that X is a finite set of size n, we can infer from the definition of |X]| that B X is the fuzzy

semi-group that contains all binary connections on X.

2. A portion of the Cartesian product XxX is a binary relation R on X. In particular: RE XxX.

|X*X|=n'n=n"2 is the total amount of ordered pairings in X*xX.

3. XxX subsets: Any fuzzy sub-set of X*X can be the binary relation R .When a set has k items, there are

27k subsets.The total amount of binary relationships on X, given that [XxX[|=n"2, is

. |By| = 2™
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4. Verification with Examples: Example 1: n = 2,i.e.,|X| = 2,If X = {a, b}then:
X x X ={(a,a),(a,b), (b,a),(b,b)}. The total number of binary relation is: |By| = 2* = 16.
Example 2: n = 3,i.e.,|X| = 3,If X ={a, b, c} then:

X x X ={(a,a),(a,b),(a,c),(b,a),(b,b)(bc), (ca),(cb), (ca)}

The total number of binary relation is: |Bx| = 2° = 512.

Conclusion: For any infinite fuzzy sub-set X with |X| = n, the total number of binary relations are |By| =

2" as each element o f X X X can independently along to a fuzzy sub-setR € X X X.

ax-X2n

A SEMIGROUP OF MAFPS

SEMI-GROUP

(x=x/=n)
2=x=.2
(2 =n_2)) ;OL.—b 7(—9'2)

Figure 3: A conceptual illustration representing a semi-group and its isomorphism to a fuzzy semi-

group of maps. The image includes a set X with three distinct elements.

Theorem 2.3: [23, 24, 25] Let ¢ be an element of Py, the fuzzy semi-group of all partial maps of the fuzzy
set X. Let

xpif x € dom ¢

z =X U{0},where 0 & X,and define ¢*:z - 3 by xp* = {0 other wise

Show that ¢ = ¢* is an isomorphism from Pyonto the fuzzy sub semi-group of 7; consisting of all maps

a: 3 — 3 for which= 0.0« Deduce that if X is a finite set containing n elements, then |Py| = (n + 1)"
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Proof: [24, 25] Assuming that ¢ € Py, the fuzzy semi-group of all partial maps of the fuzzy set X.

x@ if x € doneg

Given 3 = X U {O}where 0 ¢ X,and define ¢*:3 — z by x¢* = {0 other wise

We aim to: 1. Show that ¢ = ¢* is an isomorphism from Pyonto the fuzzy sub semi-group of 7, consisting
of all maps a: 3 — z for which= 0.0a Deduce that if X is a finite set containing n elements, then |Py| =

(n+ 1" a:z - z for which O = 0.

2. Deduce that if X is a finite set containing n elements, then |Py| = (n + 1)™.

Semi-Group Number of Elements Number of Binary Time Complexity
Type Embedded (n) Relations (2n2) (Seconds)
{ Semi-Group 4 65,536 0.002
Tn Semi- 5 33,554,432 0.015
Group
TS Semi- 6 1,073,741,824 0.080
Group

Table 1: Computational Analysis of Fuzzy Automation Semi-Groups

1e9 Computational Properties of £, T_n, and T_S Fuzzy Semi-Groups

—&— Binary Relations (27 n"™2)
—®&— Time Complexity (Seconds)

Values

0.0 »> - -

T T T
¢ Semi-Group T_n Semi-Group T_S Semi-Group
Semi-Group Type

Figure 4: Computational Analysis of Fuzzy Automation Semi-Groups
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Semi-Group Type

Number of Elements Mapped

Average Computation Time (ms)

£ Semi-Group 4 5.2
T, Semi-Group 5 7.8
T, Semi-Group 6 12.5

Table 2: Mapping Complexity and Efficiency

Mapping Complexity and Efficiency

12 4

10 4

Values

4 -

—&— Elements Mapped

Computation Time (ms)

T
¢ Semi-Group

T T
Tn Semi-Group Ts Semi-Group

Semi-Group Type

Figure 5: Mapping Complexity and Efficiency

Semi-Group Type | Embedding Depth | Extension Capability (%)
{ Semi-Group 2 85
Tx Semi-Group 3 90
T, Semi-Group 4 95

Table 3: Structural Properties
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Structural Properties of Semi-Groups

— { Semi-Group
Tn Semi-Group
—— T: Semi-Group
100%
Extension Capabiit: Embedding Depth
Figure 6: Structural Properties
Part 1: Isomorphism:
a) @* is well — defined: By the definition of ¢*:z — z. Since ¢is a partial map on X, ¢* maps

elements in z as follows:
(DIf x € dom (0),xp* = x¢ € z.
(i)If x € dom (@), xp* = 0,and 0 € z.Thus, ¢* is well — definedas a total map from z — z.
b) Homomorphism property:
Let @1, D, € Py, we compute (9,° @,) and (01)* ° (0,)":
x(@1° 02) if x € dom (9+° @),

Forx € z: x(0,°®,)" = {0 otherwise

By the definition of composition, this equals: x(@1)* ° (@,)*, since (@;)* and (@,)* extend @, and @,
respectively, to total maps on z. Thus (0,°®,)" = (0,)*°(@,)" proving that ¢ - ¢@* is a
homomorphism.

) Infectivity:

Suppose (0,)* = (@,)*.Then for all x € z: x(0,)* = x(0,)".
for x € dom (@,) U dom (@,) C X, this implies x(@,) = x(@,).
For x ¢ dom (@) U dom (@,) , both mappings send x to 0.

Thus, (@,) = (@), proving injectivity.
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d) Subjectivity: Let a: 3 - 30a = 0.Define ¢ € Py by:dom (¢) = {x € X: xa # 0},
x @ =xa forall x € dom (¢).Then ¢* = «a, Proving surjectivity. Thus, ¢ + ¢* is an isomorphism

from Py onto the fuzzy sub semi-group of T consisting of maps @ with Oa = 0.
Part2: Cardinality
Px:Each element of X has n + 1 alternatives in a partial map ¢ if X has n elements.

It can either remain undefined,

which translates to mapping to 0 to ¢*, or it can be mapped to any of the n elements of X

.Consequently, [(n+ 1)] *ndifferent mappings in Py.

. . -
@C X
ISOMORPHISM o—z” ISOMRPHISM

Finite set from X foto A fuzzy mappil
N_X eem+s oro n1ielemets Fuzzy sub semi_group
n__ = of T_Z SUENE STOUR of Fuzziness,

Figure 6: To showingg — ¢" is an isomorphism from Pyxonto the fuzzy sub semi-group of 7',
consisting of all maps a: z — z for which= 0. 0aDeduce that if X is a finite set containing n elements,

then |Px| = (n+ 1™
3. CONCLUSION

Numerous theorems are carried out by the current application of the fuzzy automated sub-semi-groups
proposals. Propositions, lemmas, and theorems are still up for debate, nevertheless.
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