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Abstract

In the present paper, we first find the fundamental met-
ric tensor of the Randers conformally transformed special

(α, β)-metric F = α+ ϵβ + k β2

α (ϵ and k ̸= 0 are constants)
and then we find the necessary and sufficient condition for
this metric to be locally projectively flat.
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1 Introduction

Let α =
√
aijyiyj be a Riemannian metric and β = biy

i be a differ-
ential 1-form of an n-dimensional differentiable manifold M n. The 
Finsler metric F = α + β was originated by G. Randers in his uni-
fied field theory and named the Randers space by R. S. Ingarden
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[8]. The Kropina metric F = α2

β
, a kind of (α, β)-metric was in-

vestigated by C. Shibata [13] and treated by Ingarden in his paper
concerned with thermodynamics [9].

In 1976, Hashiguchi [7] introduced the conformal change of
Finsler metrics given by F̄ = eσ(x)F . In particular, he studied
the special conformal transformation called as C-conformal. This
transformation has also been studied by many authors ([10], [14]).
In 1984, Shibata [12] extended the notion of β-change to a general
case in Finsler geometry, i.e., F̄ = f(F, β). Under this transfor-
mation, he also studied the change of torsion tensor and curvature
tensor, and also dealt with some special Finsler spaces correspond-
ing to specific forms of this function. In 2008, Abed ([1], [2]) gen-
eralized the conformal, Randers and generalized Randers changes
by a new transformation F̄ = eσ(x)F + β. In addition to this, he
also obtained the correlation between some relevant tensors asso-
ciated with (M,F ) and the corresponding tensors associated with
(M, F̄ ). Further, he discussed the invariant and σ-invariant proper-
ties and determined an association between the Cartan connection
associated with (M, F̄ ) and the transformed Cartan connection as-
sociated with (M, F̄ ).

The main purpose of the current paper is to investigate the

special (α, β)-metric F̄ = eσ
(
α + ϵβ + k β2

α

)
+ β, which is ob-

tained by the Randers conformal change of the special (α, β)- metric

F = α+ ϵβ+ k β2

α
(ϵ and k ̸= 0). The paper is organized as follows:

Starting with literature survey in section one, we find funda-
mental metric tensor ḡij and its inverse ḡij in section two for the
Randers conformally transformed metric. In section three, we find
the necessary and sufficient conditions for the transformed metric
to be locally projectively flat (see Theorem 1).
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2 Randers conformal change of special

(α, β) metric

A Finsler metric [1] where α =
√
aijyiyj is a Riemannian metric

and β = bi(x)y
i is a differential one form, which was introduced

by physicst Randers in 1941 from view point of general theory of
relativity. Further, Matsumoto, Ingarden ([5] and [9]) studied this
metric as a Finsler metric and investigated its properties.

In 2008, S. Abed introduced a Finsler metric F̄ = eσ(x)F + β,
where F is a Finsler metric, σ(x) is a conformal factor and β is a
one form. This metric is called Randers conformal change of Finsler
metric.
Here, we consider the Randers conformal change of the special
(α, β)-metric F = α + ϵβ + k β2

α
given by

F̄ = eσα + (eσϵ+ 1)β + keσ
β2

α
. (1)

The differentiation of (1) with respect to yi yields the normalized
supporting element li given by

l̄i = eσli + bi,

In view of (2), we have

l̄i =
eσyi
α

+ (ϵeσ + 1)bi + eσkβ
(2bi
α

− βyi
α3

)
, (2)

Differentiation of (2) with respect to yj yields

l̄ij =
1

α

(
eσ − β2

α2

)
aij +

1

α3

(3β2

α2
− eσ

)
yiyj +

2eσk

α
bibj

−2eσkβ

α3
yjbi −

2β

α3
yibj, (3)

From (2) and (3), we obtain

h̄ij = F̄ l̄ij,

= p1aij + p2yiyj + p3bibj + p4(yjbi + yibj), (4)
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where

p1 =
1

α

(
eσ − β2

α2

)(
eσα + (eσϵ+ 1)β +

eσkβ2

α

)
,

p2 =
1

α3

(3β2

α2
− eσ

)(
eσα + (eσϵ+ 1)β +

eσkβ2

α

)
, (5)

p3 = 2eσk
[
eσ + (eσϵ+ 1)

β

α
+ eσ

kβ2

α2

]
,

p4 = −2eσkβ

α2

(
eσ +

(eσϵ+ 1)β

α
+
eσkβ2

α2

)
.

From (2) and (4), the fundamental metric tensor ḡij of Finsler space
(M, F̄ ) is given by:

ḡij = h̄ij + l̄il̄j,

= ρaij + ρ0bibj + ρ1(biαj + bjαi) + ρ2(αiαj), (6)

where

ρ =
1

α

(
eσ − β2

α2

)(
eσα + (eσϵ+ 1)β +

eσkβ2

α

)
,

ρ0 =
2e2σk(3kβ2 + α2) + 4eσk(ϵeσ + 1)αβ

α2
, (7)

ρ1 =
−4e2σk2β3 + eσ(ϵeσ + 1)(α2 − 3kβ2)α

α5
,

ρ2 =
eσ(2− 3eσk)β2 − eσ(ϵeσ + 1)βα

α6
.

The contravariant metric tensor ḡij of Finsler space (M, F̄ ) is given
by

ḡij = ρ−1{aij − τbibj − ηY iY j}

= ρ−1
{
aij −

( δ

1 + δb2

)
bibj − µα

1 + {α + (λ+ ξ)β + λξb2α)}µ(yi
α

+ λbi
)(yj

α
+ λbj

)}
, (8)
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where

ρ =
1

α3

(
eσ − β2

α2

)(
eσα + (eσϵ+ 1)β +

eσkβ2

α

)
,

δ =
l1α

6 + l2α
5β + l3α

4β2 + l4α
3β3 + l5α

2β4 + l6αβ
5 − 16e4σk4β6

l7α11β + l8α10β2 + l9α9β3 + l10α8β4 + l11α7β5 + l12α6β6
,

µ =
eσ(2− 3eσk)β2 − eσ(ϵeσ + 1)αβ

α2
(
eσα2 − β2

)(
eσα2 + (eσϵ+ 1)αβ + eσkβ2

) , (9)

λ =
αρ1ρ− (ρ2ρ0 − ρ21)β

αρρ2 + (ρ2ρ0 − ρ21)b
2α
,

=
[
α9q1 + α8βq2 + α7β2q3 + α6β3q4 + α5β4q5 + α4β5q6 + α3β6q7 +

α2β7q8 − α6βq9 − α5β2q10 − α4β3q11 − α3β4q12 − α2β5q13 − αβ6q14

−q15
][
α11β2q′1 + α10β3q′2 + α9β4q′3 + α8β5q′4 + α7β6q′5 + b2(α7q9 +

α6βq10 + α5β2q11 + α4β3q12 + α3β4q13 + α2β5q14 + αβ5q15)
]
,

ξ =
−4eσk2αβ3 + (ϵeσ + 1)α2(α2 − 3kβ2)

−(ϵeσ + 1)αβ + (2− 3eσk)β2
,
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in which,

l1 = e2σ(ϵeσ + 1)2,

l2 = −2e3σk(ϵeσ + 1),

l3 = 3e3σk2(4− 6ϵ)− 9k2(1 + 2k)e4σ − 9k2e2σ,

l4 = (ϵeσ + 1)(2e3σk(2k − 3) + 8e2σk),

l5 = 6k2e3σ(2− 3eσk)− 9k2e2σ(ϵeσ + 1)2,

l6 = 24k3e3σ(ϵeσ + 1),

l7 = −e3σ(ϵeσ + 1),

l8 = 2e3σ(1− ϵ)− e4σ(3k + ϵ2)− e2σ,

l9 = (eσϵ+ 1)(3e2σ − 4e3σk),

l10 = (5k + ϵ2)e3σ + 2(ϵ− 1)e2σ − 3e4σk2 + eσ,

l11 = (ϵeσ + 1)(4e2σk − 2eσ),

l12 = e2σk(2− 3eσk),

q1 = e3σ(ϵeσ + 1),

q2 = e2σ(ϵeσ + 1)2,

q3 = −e2σ(ϵeσ + 1)(1 + 2eσk),

q4 = −e4σ(4k + 2ϵ2)k + e3σ(ϵ2 − 6ϵk) + e2σ(2ϵ− 3k) + eσ,

q5 = (2− 7eσk)(ϵeσ + 1)e2σk,

q6 = −4e4σk + e3σ(3ϵ2k + 4) + 6ϵke2σ,

q7 = e2σ(ϵeσ + 1)(4 + 3k2),

q8 = 4e3σk3,

q9 = −2ke4σ(k − 5ϵ2) + 4e3σk(1− 5ϵ)− 6ke2σ − 4eσk,

q10 = −(ϵeσ + 1){(2k − 3)2e3σk + 8e2σk},
q11 = e2σ(ϵeσ + 1)2,

q12 = −2e3σk(ϵeσ + 1),

q13 = −(ϵ2 + 2k)9e4σk2 + (2− 3ϵ)6k2e3σ + 9k2e2σ,

q14 = 24e3σ(ϵeσ + 1)k3,

q15 = −16e4σk4β7.

q′1 = 2e3σ(1− ϵ)− e4σ(3k + ϵ2)− e2σ,

q′2 = (ϵeσ + 1)(3e2σ − 4ke3σ),

q′3 = −e3σ(ϵeσ + 1),

q′4 = e2σ(keσ − 1)(2− 3eσk) + eσ(ϵeσ + 1)k,

q′5 = e2σk(2− 3eσk).

6
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3 Projectively flat (α, β)-metric

A Finsler metric F = F(x,y) on an open subset U ⊂ Rn is projec-
tively flat [6] if and only if

Fxkyly
k − Fxl = 0 (10)

By (10), we have the following lemma [11]: An (α, β)- metric F =
αϕ(s), where s = β

α
, is projectively flat on an open subset U ⊂ Rn

if and only if

(amlα
2−ymyl)Gm

α +α
3Qsl0+ψα(−2αQs0+r00)(blα−syl) = 0. (11)

In this section, we consider the metric F̄ = eσ
(
α+ϵβ+k β2

α

)
+β

which is obtained by the Randers conformal change of the special
(α, β)-metric.

F̄ = αϕ(s), ϕ(s) = eσ + (ϵeσ + 1)s+ eσks2 (12)

Let b0 > 0 be the largest number such that

ϕ(s)− sϕ′(s) + (b2 − s2)ϕ′′(s) > 0, (|s| ≤ b < b0) (13)

that is,
1 + 2kb2 − 3ks2 > 0, (|s| ≤ b < b0) (14)

F̄ = eσ
(
α + ϵβ + k β2

α

)
+ β is a Finsler metric iff ∥β∥α < 1

Proof. If F̄ = eσ
(
α + ϵβ + k β2

α

)
+ β is a Finsler metric, then

1 + 2kb2 − 3ks2 > 0, (|s| ≤ b < b0) (15)

Let s = b, then we get b < 1√
k2
, ∀ b < b0. Let b→ b0, then b0 <

1√
k2
.

So ∥β∥α <1. Now, if
|s| ≤ b <

1√
k2

(16)

then
1 + 2kb2 − 3ks2 > 0, (|s| ≤ b < b0) (17)

Thus F̄ = eσ
(
α + ϵβ + k β2

α

)
+ β is a Finsler metric.
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To express formulae for the spray coefficients Ḡi of F̄ in terms
of α and β, we need to introduce some notations. Let bi:j be a
covariant derivative of bi with respect to yj. Denote

rij =
1

2
(bi|j + bj|i), sij =

1

2
(bi|j − bj|i),

sij = aihshj, sj = bis
i
j = sijb

i, rj = rijb
i,

r0 = rjy
j, s0 = sjy

j, r00 = rijy
iyj.

The spray coefficients Ḡi of the Randers conformally trans-
formed special (α, β)- metric are related to Gi

α by

Ḡi = Gi
α+αQsi0+Θ(−2αQs0+ r00)

yi

α
+ψ(−2αQs0+ r00)b

i, (18)

where

Q =
(eσ + 1)α2 + 2keσαβ

eσα2 − keσβ2
,

Θ =
[
2e2σkα4 − (e2σϵ2 + 1)α3β + (2e2σk2 − 6ϵke2σ − 6eσk)α2β2 −

6k2e2σβ4
]
/
[
−{4k2eσ(1 + eσ)}β4 − [2k(eσϵ+ 1)(eσ + 1)]αβ3 −

[4e2σk(1− b2k)]α2β2 + [2eσ(ϵeσ + 1)]α3β + 2eσ(1 + 2b2k)α4
]
,

ψ =
eσkα2

(1 + 3kb2)α2 − 3kβ2
.

Equation (11) is reduced to the following form:

(amlα
2 − ymyl)G

m
α + α3

[(eσ + 1)α2 + 2keσαβ

eσα2 − keσβ2

]
sl0 +

[ eσkα3

(1 + 3kb2)α2 − 3kβ2

]
[
−2α

[(eσ + 1)α2 + 2keσαβ

eσα2 − keσβ2

]
s0 + r00

](
blα− β

α
yl

)
= 0. (19)

If (amlα
2 − ymyl)G

m
α = 0, then α is projectively flat.

Proof. If (amlα
2 − ymyl)G

m
α = 0, then

amlα
2 = ymylGα

m, 
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then there is a η = η(x, y) such that ymG
m
α = α2η, we get

amlG
m
α = ηyl.

Contracting with ail yields Gi
α = ηyi, and thus α is projectively

flat.

Theorem 1. The (α, β)-metric F̄ = eσ
(
α + ϵβ + k β2

α

)
+ β is

locally projectively flat iff
(i) β is parallel with respect to α.
(ii) α is locally projectively flat, i. e., of constant curvature.

Proof. Suppose that F̄ is locally projectively flat. First, we
rewrite (19) as a polynomial in yi and α. This gives,

(amlα
2 − ymyl)G

m
α

[
{(1 + 3kb2)α2 − 3kβ2}{eσα2 − keσβ2}

]
+

α3{(eσ + 1)α2 + 2keσαβ}{eσα2 − keσβ2}sl0 − {4k2e2σα4βs0 −

e2σkγ00α
4}
(
blα

2 − βyl
)
+ α

{
−2keσ(eσ + 1)α4s0 − e2σk2αr00e

σβ2
}

(
blα

2 − βyl
)
= 0.

or
U + αV = 0, (20)

where

U = (amlα
2 − ymyl)G

m
α

[
{(1 + 3kb2)α2 − 3kβ2}{α2 − kβ2}

]
+

2keσα4β[α2 − kβ2]sl0,

and

V =
[
−2kα2{(eσ + 1)α2 + 2keσαβ}s0 + kαr00{eσα2 − keσβ2}

](
blα

2 − βyl

)
.

Now, (20) is a polynomial in (yi), such that U and V are rational
in yi and α is irrational. Therefore, we must have

U = 0 and V = 0, (21)
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which implies that

(amlα
2 − ymyl)G

m
α

[
{(1 + 3kb2)α2 − 3kβ2}{α2 − kβ2}

]
+ 2kα4β[eσα2 −

keσβ2]sl0 = 0, (22)

and[
−2kα2{(eσ + 1)α2 + 2keσαβ}s0 + eσkαr00{α2 − kβ2}

](
blα

2 − βyl

)
= 0.

From (20), considering only terms which do not contain β. There
exists a homogenous polynomial V7 of degree seven in yi such that{

(1 + 3kb2)(eσϵ+ 1)sl0 − 2eσk(eσϵ+ 1)bl

}
α7 = βV7. (23)

Since α2o(modβ), we must have a function ul = ul(x) satisfying

(1 + 3kb2)(eσϵ+ 1)sl0 − 2eσk(eσϵ+ 1)bl = ulβ. (24)

Transvecting (24) by bl, we have

(ϵeσ + 1)(1 + 3kb2 − 2eσkb2)s0 = ulβbl (25)

That is,
(ϵeσ + 1)(1 + 3kb2 − 2eσkb2)sj = ulblbj. (26)

Further transvecting by bj, we have uibib
2 = 0, which implies ulbl =

0. Substituting this equation into (25), we get s0 = 0. Now, from
(22), by contracting with bl, we get

(bmα
2 − ymβ)G

m
α

[
{(1 + 3kb2)α2 − 3kβ2}(α2 − kβ2)

]
+ 2kα4β[eσα2

−keσβ2]s0 = 0,

(27)

[
−2kα2

(
(eσ + 1)α2 + 2keσαβ

)
s0 + kαr00

(
eσα2 − keσβ2

)](
b2α2 − β2

)
= 0.
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(28)

Since s0 = 0, from (27) and (28), we get

(bmα
2 − ymβ)G

m
α = 0, (29)

and r00 = 0. (30)

From (29) and (22), we get

sl0 = 0. (31)

Then by (29) and Lemma (3), α is projectively flat. From (29)-
(31), bi;j = 0, i. e., β is parallel to α.
Conversely, if β is parallel with respect to α and α is locally projec-
tively flat, then by Lemma (3), we can easily see that F is locally
projectively flat.

References

[1] S. H. Abed, Conformal β-changes in Finsler spaces, Proc.
Math. Phys. Soc. Egypt 86, (2008), 79-89.

[2] S. H. Abed, Cartan connection associated with a β-conformal
change in Finsler geometry, Tensor, N. S., 70, (2008), 146-158.

[3] S. I. Amari, Differential Geometrical methods in Statistics,
Springer Lecture Notes in statistics, 28, Springer- Verlag,
(1985).

[4] S. I. Amari and H. Nagaoka, Method of information Geometry,
AMS Translation of Math. Monographs, 191, Oxford Univer-
sity Press, (2000).

[5] P. L. Antonelli, R. S. Ingarden and M. Matsumoto, The Theory
of sprays and Finsler spaces with applications in Physics and
Biology, Kluwer academic Publishers, London (1985).

International Journal of Applied Mathematics 
Volume 38 No. 2s, 2025 
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Received: July 24, 2025 595



[6] S. S. Chern and Z. Shen, Riemann- Finsler Geometry, World
Scientific, Singapore, (2005).

[7] M. Hashiguchi, On conformal transformations of Finsler met-
rics, J. Math. Kyoto Univ., 16, (1976), 25-50.

[8] R. S. Ingarden, Trav. Soc. Sci. Lettr, Wroclaw, B 45 (1957).

[9] R. S. Ingarden, Geometry of thermodynamics, Proc. XV In-
tern. Conf. Diff. Geom. Methods in Theor. Phys., (1987), 455-
464.

[10] H. Izumi, Conformal transformations of Finsler spaces, Tensor,
N. S., 31 (1977), 33-41.

[11] Z. Shen and G. C. Yildirim, On a class of projectively flat met-
rics with constant flag curvature, Canadian Journal of Math-
ematics, 60 (2), (2008), 443-456.

[12] C. Shibata, On invariant tensors of β-changes of Finsler met-
rics, J. Math. Kyoto Univ. 24, (1984), 163-188.

[13] C. Shibata, On Finsler spaces with Kropina metric Rep. on
Math. Phys.,13, (1978), 117- 128.

[14] N. L. Youssef, S. H. Abed and A. Soleiman, A global theory
of conformal Finsler geometry, Tensor, N. S., 69, (2008), 155-
178.

International Journal of Applied Mathematics 
Volume 38 No. 2s, 2025 
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Received: July 24, 2025 596




