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Abstract

In the present paper, we first find the fundamental met-
ric tensor of the Randers conformally transformed special
(a, B)-metric F = a+ €8+ k%Z (e and k # 0 are constants)
and then we find the necessary and sufficient condition for
this metric to be locally projectively flat.
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1 Introduction

Let @ = \/a;;y'y7 be a Riemannian metric and 8 = b;y’ be a differ-
ential 1-form of an n-dimensional differentiable manifold M ™. The
Finsler metric F = « + 8 was originated by G. Randers in his uni-
fied field theory and named the Randers space by R. S. Ingarden
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[8]. The Kropina metric F = O“T;, a kind of (a, f)-metric was in-
vestigated by C. Shibata [13] and treated by Ingarden in his paper
concerned with thermodynamics [9].

In 1976, Hashiguchi [7] introduced the conformal change of
Finsler metrics given by F = ¢@F. In particular, he studied
the special conformal transformation called as C-conformal. This
transformation has also been studied by many authors ([10], [14]).
In 1984, Shibata [12] extended the notion of S-change to a general
case in Finsler geometry, i.e., ' = f(F,3). Under this transfor-
mation, he also studied the change of torsion tensor and curvature
tensor, and also dealt with some special Finsler spaces correspond-
ing to specific forms of this function. In 2008, Abed ([1], [2]) gen-
eralized the conformal, Randers and generalized Randers changes
by a new transformation F' = ¢@F + 3. In addition to this, he
also obtained the correlation between some relevant tensors asso-
ciated with (M, F') and the corresponding tensors associated with
(M, F). Further, he discussed the invariant and o-invariant proper-
ties and determined an association between the Cartan connection
associated with (M, F') and the transformed Cartan connection as-
sociated with (M, F).

The main purpose of the current paper is to investigate the
special (a, B)-metric F' = ¢ <a + e + k%) + 3, which is ob-
tained by the Randers conformal change of the special (o, §)- metric
F=a+ef+ /{%2 (e and k # 0). The paper is organized as follows:

Starting with literature survey in section one, we find funda-
mental metric tensor g;; and its inverse §” in section two for the
Randers conformally transformed metric. In section three, we find
the necessary and sufficient conditions for the transformed metric
to be locally projectively flat (see Theorem 1).
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2 Randers conformal change of special
(ar, ) metric

A Finsler metric [1] where o = y/a;;4%y? is a Riemannian metric
and B = b;(z)y’ is a differential one form, which was introduced
by physicst Randers in 1941 from view point of general theory of
relativity. Further, Matsumoto, Ingarden ([5] and [9]) studied this
metric as a Finsler metric and investigated its properties.

In 2008, S. Abed introduced a Finsler metric F = e”® F + 3,
where F is a Finsler metric, o(x) is a conformal factor and /5 is a
one form. This metric is called Randers conformal change of Finsler
metric.

Here, we consider the Randers conformal change of the special
(o, B)-metric F' = o+ €5 + l{:%2 given by

_ Bz
F = ea+(ee+1)3+ ke";. (1)

The differentiation of (1) with respect to y* yields the normalized
supporting element [; given by

l; =€l + b,
In view of (2), we have
ey 20, .
[ = Y +(ee”+1)bi+eak}ﬁ(ﬁ— 593) 2)
a a o«

Differentiation of (2) with respect to ¢’ yields

_ 1/, B 1,362 2e7k;
o= (e =)ot (G = = b

o o 0%
2k 28
T A yibi — Eyibj: (3)
From (2) and (3), we obtain
= praij + payiy; + psbib; + pa(y;bi + vibj), (4)
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where
- oo )
Py = % <?;—522 - e") (e"a + (e7e+1)5 + 601;52>’ (5)
ps = 2%k [e” + (e7¢ + 1)§ + GUIZ—B;] ;
o (o e )

From (2) and (4), the fundamental metric tensor g;; of Finsler space
(M, F) is given by:

gij = hy+Ulj,

pai; + pobib; + p1(bic; + bjci) + pa(cia;), (6)
where
1 2 o'k 2
p = 2D (ea+er s+ T,
Q Q a
2e*7k(3k3? 4+ a?) + 4ek(ee? + 1)af
Po = 042 ) (7)
—4e* k233 + €7 (ee” + 1)(a® — 3kS%)a
,01 == 5 )
a
) €?(2 — 3ek) B3 — e (ee” + 1) fa
9 = .

ab

The contravariant metric tensor g/ of Finsler space (M, F) is given

g7 = pHa" — b’V — Y'Y}

o

_ P_l{ ’ <ﬁ>bibj CI+{a+ (A +ﬂgﬁ +ASha) u
(o) )} "

«
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%(e" - i—i) (e"a + (e%e+1)5 + e"];ﬁ2>’

118 + 1,0 + 13082 + 14,0383 + 1502 8% + lga3° — 16e*7 k43¢
lra1f 4 1501062 4 1ga® 33 + 1100854 + 1114735 + 115835
e?(2 — 3e7k)B* — €7 (ee” + 1)af
a? <e”a2 — BQ) (e"oz2 + (e“e+ 1)af + e“kﬁQ) 7
apip — (p2p0 — p1)B
appa + (papo — pi)b%a’
[Oégfh +a®Bgs + " B%q3 + a°FPqs + o Blgs + o g6 + o®BOqr +

(9)

042576]8 - aﬁﬂ% - 045526]10 - 044536111 - 043546112 - 04255%3 - O1566114
—q15} [041152(11 + 0835 + a®Big, + a* B, + a B0, + b (age +
a’Bqio + & BPqui + ' Bgia + B g1z + *Bqua + 04656115)] ,

—4e7k2af3 + (ee” + 1)a?(a?® — 3k3?)
—(ee” +D)af + (2 —3e7k)52
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in which,

l
s

d10
411
d12
413
14
dis
a4
a;
43
4
ds

620'<€60' + 1)27
—2e*7k(ee” + 1),

3e37k?(4 — 6€) — k(1 + 2k)e*™ — 9k%e*,

(ee” +1)(2e*k(2k — 3) + 8e*k),
6k (2 — 3¢7k) — 9k*e* (ee” + 1),
24k%e* (ee” + 1),

—e%7(ee” + 1),

2e3 (1 —€) — e (3k + &%) — &%,
(7€ 4+ 1)(3€*7 — 4e*7k),

(5k 4+ €%)e®” 4+ 2(e — 1)e* — 3e*k* + €7,
(ee” 4+ 1)(4€*7k — 2¢7),

¥ k(2 — 3e%k),

e (ee” + 1),

e? (ee” + 1)?,

—e%7(ee” + 1)(1 + 2e7k),

—e (4k + 2%k + €7 (e? — 6¢k) + €* (2¢ — 3k) + €7,

(2 — 7e“k)(ee” + 1)e*k,

—4e*k + €7 (3% k + 4) + 6eke™,
e (ee” + 1)(4 + 3K?),

46513,

—2ke* (k — 5¢%) + 4e* k(1 — 5¢) — 6ke* — 4e7k,

—(ee” + 1){(2k — 3)2¢* k + 8¢*k},
€2J<E€U + 1)2’
—2e%7k(ee” + 1),

— (€% 4 2k)9e* k? + (2 — 3¢)6k?e> + 9k?e™,

24¢% (ee” 4+ 1)k?,

—16e* k137,

2e37(1 — €) — e*(3k + %) — e,

(ee” +1)(3e% — 4ke®),

—e* (ee” + 1), 6

e (ke” —1)(2 — 3e7k) + €7 (ee” + 1)k,
> k(2 — 3e7k).
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3 Projectively flat (a, 5)-metric

A Finsler metric F = F(x,y) on an open subset U C R" is projec-
tively flat [6] if and only if

Fyeyyf — Fu=0 (10)

By (10), we have the following lemma [11]: An («, §)- metric F' =
a¢(s), where s = =, is projectively flat on an open subset U C R"
if and only if

(A1 = Ymyt) G+ Qs10+1ha( —2aQso+7g0 ) (hra—sy;) = 0. (11)

In this section, we consider the metric F' = e a+ﬁﬁ+k%2 +

which is obtained by the Randers conformal change of the special
(c, B)-metric.

F=a(s), ¢(s)=e"+ (ce” +1)s + ks (12)
Let by > 0 be the largest number such that
P(s) — s¢/(s) + (b° — s*)¢"(s) >0, (|s| <b<by)  (13)

that is,
1+ 2kb* —3ks®> >0, (|s| <b< by (14)

F=e¢° <a +eB+ k%) + [ is a Finsler metric iff |||, < 1

Proof. If F = ¢° <a +eb + k%Q) + [ is a Finsler metric, then

1+ 2kb* — 3ks® >0, (|s| <b < by) (15)

Let s = b, then we get b < \/kaz, Vb < by. Let b — by, then by <
So ||Bla <1. Now, if

1
Ve

1
then
1+ 2kb® —3ks® >0, (|s] <b< by (17)
Thus F = e (oz + €8 + k%) + (3 is a Finsler metric. n
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To express formulae for the spray coefficients G* of F in terms
of a and 3, we need to introduce some notations. Let b;; be a
covariant derivative of b; with respect to y/. Denote

1 1
rig = 50 o), sy = 5(big — by,
S; = CLihShj, Sj = sz; = Sijbi, Tj = Tz'jbi,

B ‘ - . o o
7”0—7”;'3/]7 So—ijl/J; TOO—Tijyy]~

The spray coefficients G of the Randers conformally trans-
formed special (a, 3)- metric are related to G%, by

G' = G +aQsh+0O(—2aQsy + 7“00)% +(—2aQso +700)b", (18)

where
0 = (€7 + 1)a? + 2ke°af

e"aQ _ k@UﬁQ

0 = [262‘%@4 — (e*e* + 1)a’B + (2e*7k? — 6eke® — 6e7k)a’B3* —

6k262054] / [-{41:%%1 N — 2k(e%e + 1)(e” + 1] —
42 k(1 — BE)]a?B2 + [2¢7 (ee” + 1)]a®B + 267 (1 + Qb%)oﬁ] ,

e“ka?

1+ 3kb2)a? — 3kp2
(

v o=

Equation (11) is reduced to the following form:

e” +1)a? + 2ke“a5] [ e“ka?
10

2 m 3 (
(amla - ymyl)Ga +a |: egag _ kegﬁg

(
[—204 [(e” +1)a? + le"aﬁ} o+ Too] (bla B gyz) o

€Ua2 _ keUﬁZ
If (@0® — ymy)G™ = 0, then « is projectively flat.
Proof. If (ama® — ymy)G™ = 0, then

«

2 m
A0 = ymylGa >

Received: July 24, 2025

1 + 3kb2)a? — 3k/32

(19)

592



International Journal of Applied Mathematics
Volume 38 No. 2s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

then there is a n = n(z,y) such that y,,G™ = a*n, we get

Aml GZL = Ny.

Contracting with a® yields G?, = ny’, and thus « is projectively
flat. O

Theorem 1. The (o, B)-metric F' = e° <a +ef+ k%) + B is
locally projectively flat iff
(i) B is parallel with respect to c.
(ii) «v is locally projectively flat, i. e., of constant curvature.

Proof. Suppose that F is locally projectively flat. First, we
rewrite (19) as a polynomial in 3" and «. This gives,

(ami® — Ymiy)G™ [{(1 + 3kb?)a? — 3kB*He o — ke”ﬁ2}} +
a?{(e” + 1)a® + 2ke’af}{e’a® — ke’ f°}sip — {4k*e* o’ Bsy —
620k’700054}(bl&2 — Byl) + a{—Qk‘e"(e" + Datsy — 620k2ar006052}
(bi® — By) = 0.

or

U+aV =0, (20)

where

U = (amo® = yuy)Gir [{(1+ 8k0)a? = 3k5%Ha? — 5%} +
2ke”atBla? — k5)si,

and

Vo= [-2ka*{(e” + 1)a® + 2ke”afB}so + karg{e’a® — /{:6"62}} (blaz - ﬁyl).

Now, (20) is a polynomial in (y*), such that U and V are rational
in 4* and « is irrational. Therefore, we must have

U=0andV =0, (21)
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which implies that
(amia® — Ymtt)G™ [{(1 + 3kb?)a? — 3kF2}{a? — k:/BQ}} + 2ka*Ble”a? —
ke’ B%)s10 = 0, (22)
and

[—21{&2{(6” + 1)a? + 2ke’ a3} sg + e karg{a® — k:BQ}} (bla2 — Byl> =0.

From (20), considering only terms which do not contain /. There
exists a homogenous polynomial V5 of degree seven in * such that

{(1 + 3kb%) (e + 1)si0 — 267k (%€ + 1)@}0/ — BVs. (23)
Since a®o(modf), we must have a function u' = u'(z) satisfying
(14 3kb?)(e%€ + 1)s19 — 2ek(e%e + 1)b; = u's. (24)
Transvecting (24) by b;, we have
(ee” 4+ 1)(1 4 3kb? — 2ekb?) sy = u'Bb (25)

That is,
(ee” + 1)(1 + 3kb* — 2e7kb?)s; = u'byb;. (26)

Further transvecting by b, we have u’b;b*> = 0, which implies u'b; =
0. Substituting this equation into (25), we get so = 0. Now, from
(22), by contracting with b’, we get

(bm® = yn )G [{(1 + 3K0%)a? — 3KB7} (0 — k%) | + 2ka' Ble7a?
—ke? 3%]sp = 0,

(27)

[—2/«12 ((e" +1)a? + le”aﬁ) so + karg (6‘7042 — ke"52>} (b%zz — 52> = 0.

Received: July 24, 2025 594



International Journal of Applied Mathematics
Volume 38 No. 2s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

(28)
Since sg = 0, from (27) and (28), we get
(bma® — ym )G = 0, (29)
and roo = 0. (30)
From (29) and (22), we get
S0 = 0. (31)

Then by (29) and Lemma (3), a is projectively flat. From (29)-
(31), b;;; =0, i. e., (8 is parallel to a.

Conversely, if 3 is parallel with respect to o and « is locally projec-
tively flat, then by Lemma (3), we can easily see that F is locally
projectively flat. m
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