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Abstract

This article offers an extensive examination of the significance, cal-
culation methodologies, and applications of one of the eccentricity-based
topological indices in molecular chemistry. New closed formulae are de-
veloped for the total eccentricity index of linear and triangular systems
of benzenoids. Further, the correlation of the total eccentricity index
of benzenoids with some of its physical properties is studied with the
help of regression analysis. It is found that the index exhibits a strong
correlation with molecular weight and Log P, where P is the partition
coefficient.
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1. Introduction

In graph theory, a topological index is a numerical value that charac-
terizes the topology (structure) of a graph. It is often used to describe the
molecular structure of chemical compounds, where atoms are represented
as vertices and bonds as edges in a molecular graph. Topological indices
help in understanding the physical, chemical, and biological properties
of molecules without conducting experimental studies. They are widely
applied in quantitative structure-activity relationship (QSAR) and quan-
titative structure-property relationship (QSPR) studies, [1].

G(V, X) represents a graph with the vertex set V and the edge set
X. Throughout the article, we consider only simple, connected, and
undirected graphs. In a graph G, two vertices u, v are adjacent (denoted
by u ~ wv) if and only if there is an edge e between them, which is
represented as e = uv. The degree of a vertex u, denoted by d, is the
number of vertices adjacent to it. The distance D,, between two vertices
u and v is the length of the shortest path between them. The eccentricity
of a vertex w is given by e, = maz{D,, : v € V}. The maximum and
the minimum eccentricities in a graph G, respectively are the diameter
dia(@) and the radius rad(G).

The journey of topological indices started when the chemist Harold
Wiener introduced the Wiener index in 1947 [2]. In recent decades, nu-
merous topological indices have been introduced based on degree, dis-
tance, and eccentricity. Furthermore, the existing topological indices are
continuously being redefined and modified in an effort to achieve bet-
ter approximations and strengthen correlations. One of the well-known
eccentricity-based topological indices defined by Farooq et.al. [3] in 2015
is the total eccentricity index

T(G) =) e

veV

The normalized version of the total eccentricity index gives the average
eccentricity of the graph. That is, the average eccentricity of a graph
G(V, X), denoted by avec(G) is
T(G)

Vi
The total eccentricity index is found useful in analyzing the physico-
chemical, pharmacological, and toxicological properties of the oxide net-
work [4]. The total eccentricity index is also studied by the name of
eccentricity sum or total eccentricity ([5], [6]). The eccentricity-based

avec(G) =
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indices for copper oxide are computed in [7]. Gao et al. calculated the
eccentric version some of the well-known degree-based indices of linear
polycene parallelogram benzenoids in [§].

2. Motivation and methodology

The eccentricity-based topological indices often leads to sharper cor-
relations than the classical degree-based indices, leading to novel discov-
eries and insights in QSPR/QAPR studies. This turns out to be the
strongest driving force to take up this study for a class of aromatic hy-
drocarbons.

To compute our results, we use the method of combinatorial comput-
ing, graph theoretical tools like vertex and edge partitioning, and analytic
techniques. Moreover, we use MATLAB for mathematical calculations
and verifications. A statistical technique called regression analysis is used
to capture the correlation between the dataset containing the physico-
chemical properties and the indices.

3. Total eccentricity index of some benzenoid systems

Benzenoids are a class of organic compounds that consist of fused
benzene rings (hexagons) arranged in a specific geometric pattern. They
are a subset of polycyclic aromatic hydrocarbons and are characterized
by their conjugated m—electron systems, which provide them with aro-
matic stability. Benzenoids are used in the production of dyes, pigments,
and plastics also as intermediates in pharmaceuticals and agrochemicals.
A linear system of benzenoids contains benzene rings arranged linearly
in a row (refer to Fig. . Let L, represent the benzenoid, contain-
ing p hexagons, arranged in linear order. For example, naphthalene is
represented by Lo and anthracene is represented by Ls.

SSpves

Naphthalene Anthracene

.

FIGURE 1. Ly and Ls
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THEOREM 3.1. Let G(V,X) = L,. Then,
T(G) = 6p* + 8p + 2,

3p* +4 1
avec(G) = }72—;—:91—’_

Proof Itis clear that |V| = 4p+ 2 and |X| = 5p + 1. The vertex
eccentricities in G are given as in Figure [2|

2p

. B3~ T~ T~ T~ 2 ®2p+1
2 2p-1 2p-3 2p-1 2p+1
2p 2p-2 2p

FIGURE 2. Eccentricity of vertices in L,

The two vertices with degree 2 in the extreme ends of the hexagons
have the largest eccentricity and it goes on decreasing by one as shown.
The diameter being 2p 4+ 1 and the vertices belonging to hexagon in
the median position have the least eccentricity p + 1. When p is odd,
the two vertices of degree two belonging to hexagon in (’%l)th position
has the least eccentricity of p + 1. But when p is even, the vertices of
degree 3 shared by two hexagons in the positions £ and (%’ + 1) have the
least eccentricity. The graph L, has 4 vertices of eccentricity k, for each
k= p+2,p+3,...,2p+1. Further, there are 2 vertices of eccentricity p+1
in the median position. On enumerating and adding the eccentricities of
all the vertices in G, one can get the expression for T(G) and avec(G).
O

Another system of benzenoids most commonly available is the tri-
angular system. The benzene rings are arranged in triangular patterns,
sharing one or more edges (refer to Fig. . A triangular benzene T}, has p
hexagons in the base graph (the lowest row L, containing the maximum
number of hexagons).

THEOREM 3.2. Let G(V,X) =1T,. Then

AP+ 13p* + 1Tp + 2

N 2

wvee(G) = 4p® + 13p? + 17p + 2
2P +4p+1)

T(G)
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FIGURE 3. A triangular system of benzenoid Tj

P r oo f. Observe that |[V| = p?+4p+1 and all vertices are of degree 2
or 3. From Fig. , one can note that there are (3p+3) vertices of degree 2,
which lie in the exterior of the graph (belonging to exactly one hexagon).
Remaining all the other vertices are of degree 3, out of them some lie in
the exterior (shared by two hexagons) of the graph, and some lie in the
interior (shared by three hexagons). We now use the technique of vertex
partition based on their eccentricities as below. Let V = V;UVLUV3UV,
where:

| i il
%:{UGVZdUZQQndQUZQp_I_l} 3p+3
Vo={veV:d,=3and e, =2p} 3p—3
Vs={veV:d,=3ande, =2p—1} P(p;l)
Vi={veV:d,=3and e, =2p—2} (=D(=2)

The set V; contains all the vertices of degree 2. The set V5 contains all
the exterior vertices of degree 3. The remaining vertices of degree 3 are
contained in V3 and V;. On enumerating and adding the eccentricities of
all the vertices in GG, one can get the expression for the total eccentricity
index and the average eccentricity index. a

4. Correlation analysis

Benzenoids are primarily used as components in fuels (particularly
gasoline) as solvents, and as building blocks for the synthesis of a wide
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range of chemicals including plastics, detergents, dyes, and pharmaceuti-
cals, [10]. Monocyclic aromatic hydrocarbons also represent very impor-
tant petrochemical and other intermediate, [I1]. For example, toluene
is used as a starting material for the synthesis of benzoic acid and ben-
zaldehyde (used as food preservatives and flavoring and fragrance agents
in food and cosmetics).

Correlation analysis is a statistical method that is used to discover if
there is a relationship between two variables/datasets, and how strong
that relationship may be. To quantify the strength of the relationship
between two variables shown to have a linear relationship on the scatter
plot, the coefficient of determination, denoted by R? is computed. The
coefficient of determination, R? is a measure that provides information
about the goodness of fit of a model. The range is 0 to 1, indicating 0%
to 100% of the variation in the relationship.

The physical properties include molecular weight m(g/mol), boiling
point BP(°C'), melting point MP(°C'), Complexity (C), and LogP (where
P is the partition coefficient) (refer to Table (1| for the data set). The
empirical data (source: PubChem database) containing the properties of
various compounds used for the analysis is given in Table [I}

4.1. Discussion. When exploring the relationship between two numer-
ical variables, the first and essential step is to graphically depict the
relationship on a scatter plot. For each of the parameter, a linear regres-
sion model is derived and the coefficient of determination R? associated
with both the total eccentricity index and average eccentricity index are
given.

Though we have considered several properties, not all of them yield
a good correlation with all the indices. For example, the melting point
does not correlate with both the indices considered here. The description
of the correlation and the strength is interpreted in Table [2]

5. Conclusion

From Table [2 the properties like melting point, boiling point, com-
plexity do not correlate with two of the eccentricity-based indices we have
considered. But the total eccentricity index shows a strong correlation
with the molar mass and Log P. The scatter plots of the two parameters
are given in Figures [4] and [5

It is noteworthy that this study concerns the prediction of physical
properties like boiling point, molecular weight and Log P on the basis
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Compound G | T(G) | ave(G) | m C BP | MP |logP
Benzene 18 3 78.11 | 15.5|80.1 |5.53|2.13
Naphthalene 42 4.2 128.17 | 80.6 | 217.9 | 78.2 | 3.34
Phenantherene | 80 5.7142 | 178.23 | 335 | 338 101 | 4.68
Chrysene 130 7.2222 | 228.29 | 264 | 448 448 | 5.73

Tetraphene 130 | 7.222 | 228.29 | 294 | 438 158 | 5.8

Triphenylene 130 | 7.2222 | 228.29 | 217 | 438 | 198 |5.14
Tetrahelicene | 130 | 7.2222 | 228.29 | 266 | 436 |68 | 4.46
Naphathcene 130 | 7.2222 | 228.29 | 304 | 440 | 357 | 5.91

Pyrene 86 5.0588 | 202.25 | 236 | 404 | 150 | 4.88
Perylene 122 | 6.1 252.31 | 217 | 467 | 276 | 6.3
Benzo[a]pyrene | 122 | 6.1 253.30 | 372 | 495 | 179 |6.13
Benzole|pyrene | 122 | 6.1 252.31 | 372 |492.2 | 177 | 6.44
Anthracene 80 5.7142 | 178.23 | 154 | 341.3 | 216 | 4.56
Picene 192 | 8.7272 | 278.33 | 361 | 693 | 366 |7.14
Coronene 150 | 6.25 300.35 | 376 | 525 | 437 | 6.05
Heptacene 352 11.733 | 378.45 677.2

Triangulene 139 | 6.3181 | 276.33 410 | 171
Benzopyrene 135 | 6.75 252.31 | 372 | 496 178
Phenalene 60 4.6152 | 166.22 | 216 | 70 159

TABLE 1. Index values and physicochemical properties of
benzenoid systems (source: PubChem database)

| Parameter | R? with T(G) | R* with avec(G) |

Molar mass | 0.8375 0.733

Complexity 0.6219 0.4725
Boiling point | 0.3619 0.3219
Melting point | 0.4366 0.3566
LogP 0.8291 0.6737

TABLE 2. The coefficient of determination obtained by
linear regression model between the topological indices and
the physicochemical properties.

of some eccentricity based topological indices. This inference is expected
to contribute significantly to the Quantitative Structure-Property Rela-
tionship analysis.
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