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Abstract

In this paper, we define the notion of g-absorbing primary submodules.
We can see that S-absorbing primary submodules are a generalization of (-
absorbing submodules and 2-absorbing submodules. Several properties con-
cerning S-absorbing primary submodules and examples are given.
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1. Introduction

Throughout this paper all rings are commutative with identity and all
modules are unital. Prime ideals have an important role in commutative rings.
There are several ways to generalize the concept of prime ideals. Badawi [I]
defined a nonzero proper ideal I of a ring R to be a 2-absorbing ideal of R if
a,b,c € Rand abc € I, then ab€ I or ac€ I or bc € I.

Let R be a ring and X C R. The radical of X with respect to R is to
VX = {z € R| 2™ € X for some positive integers n}. If I is an ideal of
R, then /T is an ideal of R. In [2], Badawi et al. generalized the concept of
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2-absorbing ideals to 2-absorbing primary ideals. A proper ideal I of a ring
R is said to be a 2-absorbing primary ideal of R if whenever a,b,c € R with
abc € I, then ab € I or ac € VT or be € VI. Every 2-absorbing ideal is a
2-absorbing primary ideal. However, the converse is not true. For example,
127 is a 2-absorbing primary ideal of Z but 12Z is not a 2-absorbing ideal of
7.

Several authors have extended the notion of prime ideals, 2-absorbing
ideals and 2-absorbing primary ideals to modules (for example, see [6], [3],
[7] and [5]). These are idea of our research.

Recall from [4] that a proper ideal I of R is called a S-absorbing ideal of
R if whenever a,b,c € R with abc € I, then a(b+b) € I or a(c+¢) € I
or b(c +¢) € I. We can say that S-absorbing ideals are generalizations of
2-absorbing ideals. Moreover, we give the ideal 8Z of a ring Z as a example of
(B-absorbing ideal but is not 2-absorbing ideals.

In Section 2l we extend the notion of S-absorbing ideals to S-absorbing
primary ideals. Some of examples are given. In Section Bl we present the
concept of B-absorbing primary submodules and study some properties of (-
absorbing primary submodules. Section Ml is devoted to the characterizations
of S-absorbing primary submodules. Several examples of S-absorbing primary
submodules of Z-module Z are given in Section [l

2. f-Absorbing primary ideals

We begin this section with the definition of S-absorbing primary ideals.
Some examples of S-absorbing primary ideals are also given.

DEFINITION 2.1. A proper ideal I of R is said to be a [-absorbing
primary ideal of R if whenever a,b,c € R with abc € I, then a(b+b) € I or

alc+c) € VI or b(c+c) € VI.

From the definition of S-absorbing ideals and S-absorbing primary ideals,
we have every S-absorbing ideal is a S-absorbing primary ideal but the converse
does not necessary hold.

Note that for an integer n, nZ is a S-absorbing primary ideal of Z if and
only if for all a,b,c € Z, if n | abc, then n | 2ab or n | (2ac)! for some integers
t or n | (2bc)* for some integers k.

ExaMPLE 2.1. In this example, we show that 36Z is a S-absorbing pri-
mary ideal of Z but 36Z is not a S-absorbing ideal of Z.

(1) To show that 36Z is a [-absorbing primary ideal of Z, let a,b,c € Z be
such that 36 | abc. Note that 36 = 22-32. Then 3| a or 3 |bor 3 | c. This
implies that 22 - 32 | (2ac)? or 22 - 3% | (2bc)?.
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(2) Next, we prove that 36Z is not a -absorbing ideal of Z. Given a = 4 and
b=c=3. Then 36 | 4-3-3. But 36 { a(b+ b) and 36 t a(c + ¢) and
361 b(c+c).

ExAMPLE 2.2. By Example 1.6 and Proposition 3.2 from [4], we have that
30Z is a p-absorbing ideal of Z. Since f-absorbing ideals imply S-absorbing
primary ideals, 30Z is a S-absorbing primary ideal of Z. To show that 30Z is
not a 2-absorbing primary ideal of Z, let a = 2,b = 3 and ¢ = 5. Then 30 | abc.
Since 30 1 ab and 30 1 (ac)! for all integer ¢ and 30 1 (be) for all integer ¢. This
shows that 30Z is not a 2-absorbing primary ideal of Z.

ExamMpLE 2.3. If p is a prime number, then 2™p"Z is a [-absorbing
primary ideal of Z for all positive integer m and n.

P roof. Assume that m and n are positive integers and p is a prime
number. Let a,b,c € Z be such that 2™p"™ | abc. Then p | ac or p | b. If
p | ac, then p™ | (ac)™. So 2"p™ | 2™(ac)". Hence 2™p™ | (2ac)™™. If p | b,
then p™ | b™. Thus p" | (be)™. This impies that 2"p™ | 2™ (bc)". Hence
2mp™ | (2bc)™™. Therefore 2™p"7Z is a (-absorbing primary ideal of Z. O

Now we give some preliminary results.

Let a,b,c € R and I be an ideal of R. Then a*(b* + b*) = a¥b¥(1 + 1).
Moreover, if a¥(b* +b*) € I, then [a(b+b)]* € I, where k is a positive integer.
Note that if I is an ideal of R, then \/ﬁ =T

PROPOSITION 2.1. IfI is a S-absorbing primary ideal of R, then VI is a
B-absorbing ideal of R.

P r o o f. Assume that [ is a S-absorbing primary ideal of R. Let a,b,c €
R be such that abe € VI. Then a*bkck € T for some positive integers k. Since
I is a B-absorbing primary ideal of R, a*(b* + b¥) € I or a*(c* + c¥) € VI or
V(e + &) € VI. Tf aF(bF +bF) € I, then [a(b+b)]F € I. So a(b+b) € VI.
Assume that a*(c* + ¢*) € VT or v¥(c* + ¢*) € VI. Then [aF(cF 4+ F)]t € T or
[bF(cF + #)]' € I for some positive integers ¢ and 1. Hence [a(c + ¢)]* € T or
[b(c + ¢))* € I. Therefore a(c+ c) € VT or b(c + ¢) € v/I. This implies that
VTis a [-absorbing ideal of R. O

However, the converse of Proposition 2.1 is not true which are illustrated
as follows.

ExaMPLE 2.4. If p and ¢ are distinct odd prime numbers, then 4pqZ is
not a B-absorbing primary ideal of Z.
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P r oo f. Assume that p and ¢ are distinct odd prime numbers. Given
a =p,b=qand ¢c = 4. Then 4pq | abc. Since 4pq 1 2ab and 4pq 1 (2ac)? for
all integers t and 4pq | (2bc)? for all integers t. This implies that 4pgZ is not
a [-absorbing primary ideal of Z. a

ExamMprLE 2.5. Consider submodules v60Z and 30Z of a Z-module Z.
We know that v60Z = 30Z. It follows from Example 2.4] that 60Z is not a
B-absorbing primary ideal of Z. Then v60Z is a [-absorbing ideal of Z but
60Z is not a S-absorbing primary ideal of Z.

COROLLARY 2.1. If I is a B-absorbing primary ideal of R, then v/I is a
B-absorbing primary ideal of R.

Let R be aring and M be a left R-module. The commutative ring R(+)M
is defined by R(+)M = R x M with the operations (a, m)+(b,n) = (a+b,m+
n) and (a,m) - (b,n) = (ab,an +bm). If I is an ideal of R, then I(+)R is an
ideal of R(+)M.

THEOREM 2.1. Let I be a proper ideal of R. Then the following state-
ments hold.

(1) I is a B-absorbing ideal of R if and only if I1(+)M is a [3-absorbing ideal
of R(+)M.

(2) I is a B-absorbing primary ideal of R if and only if I(+)M is a 3-absorbing
primary ideal of R(+)M.

P roof. (1) The proof is obvious.

(2) (=) Assume that [ is a [S-absorbing primary ideal of R. Let a,b,c €
R and m,n,p € M be such that (a,m)(b,n)(c,p) € I(+)M. We have the
fact that (abc,abp + acn + bem) € I(+)M. Then abec € I. Since I is a -
absorbing primary ideal of R, a(b+b) € I or a(c+ ¢) € VT or b(c+ ¢) € V1.
If a(b+b) € I, then (a,m)[(b,n) + (b,n)] € I(+)M. Next, assume that
a(c+¢) € VT or b(c+c¢) € VI. Then al(c+c)t € I or b¥(c+ ¢)* € I, where
t and k are integers. This implies that (a,m)[(c,p) + (¢,p)] € /I(+)M or
(b,n)[(c,p) + (¢,p)] € VI(+)M. Therefore I(+)M is a B-absorbing primary
ideal of R(+)M.

(+) Assume that I(+)M is a S-absorbing primary ideal of R(+)M. Let
a,b,c € R be such that abc € I. Then (a,0)(b,0)(c,0) = (abc,0) € I(+)M.
Since I(+)M is a B-absorbing primary ideal of R(+)M, we have that (a,0)[(b,0)+
(0,0)] € I(+)M or (a,0)[(c,0) + (¢,0)] € \/I(+)M or (b,0)[(c,0) + (¢,0)] €
\/I(+)M. This obtains a(b+b) € I or a(c+c) € VI or b(c+¢) € VI. Hence
I is a B-absorbing primary ideal of R. a
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3. p-Absorbing primary submodules

In this section, we generalize the concept of S-absorbing submodules to
B-absorbing primary submodules. Recall from [4], a proper submodule P of
M is call a f-absorbing submodule of M if for any element r,s € R and
m € M such that rsm € P, we have rs+rs € (P : M) or r(m+m) € P or
s(m+m) e P.

DEFINITION 3.1. Let M be an R-module and P be a proper submodule
of M. Then P is called a S-absorbing primary submodule of M if for any
elements r, s € R and m € M such that rsm € P, we have rs+rs € \/(P: M)
or r(m+m) € P or s(m+m) € P.

Note that every p-absorbing submodule of a module is a -absorbing pri-
mary submodule. However, a -absorbing primary submodule need not be
B-absorbing submodules. (See Example and Example (5.3 in Section [).
Now, we give some properties of S-absorbing primary submodules.

ProrosITION 3.1. If P is a $-absorbing primary submodule of M and K
is a submodule of M, then P N K is a §-absorbing primary submodule of K.

P r o o f. Assume that P is a S-absorbing primary submodule of M and K
is a submodule of M. Let r, s € R and m € K be such that rsm € PNK. Since
rsm € P and P is a $-absorbing primary submodule of M, rs+rs € /(P : M)
or r(m+m) € P or s(m+m) € P. Assume that rs+rs € /(P : M). Then
(rs +rs)k € (P: M) for some positive integer k. Then (rs+ rs)*K C K and
(rs +rs)*K C (rs +rs)*M C P. This implies that rs +rs € /(PN K : K).
Next, assume that r(m+m) € P or s(m+m) € P. Sincem € K, r(m+m) €
PN K or sim+m) € PN K. Therefore PN K is a f-absorbing primary
submodule of K. O

Let » € R and N be a submodule of a left R-module M. We define
(N:yr)by (N:iyyr)={me& M |rme N}. Then (N :js r) is a submodule
of M containing V.

Note that for r € R, r € (N : M) if and only if (N :py r) = M.

ProproOSITION 3.2. If P is a $-absorbing primary submodule of M and an
element r € R\(P : M), then (P :p; r) is a S-absorbing primary submodule
of M.

P r oo f. Assume that P is a 8-absorbing primary submodule of M and
an element r € R\(P : M). Let a,b € Rand m € M be such that abm € (P :
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r). Then ab(rm) € P. Since P is a (-absorbing primary submodule of M,
ab+ab € \/(P : M) or a(rm+rm) € P or b(rm+rm) € P. If a(rm+rm) € P
or b(rm+rm) € P, then a(m+m) € (P :pr ) or b(m+m) € (P :p 7). Assume
that ab+ab € /(P : M). Then (ab+ ab)! € (P : M) for some positive integer
t. Then (ab+ab)!M C P. This implies that r(ab+ab)tm € P for allm € M. It
means (ab+ ab)'m € (N :p7 r) for all m € M. Hence (ab+ ab)!M C (N :pr 7).
We have that (ab + ab) € \/((N :p 7) : M). Therefore, this completes the
proof. O

Let m € M and N be a submodule of a left R-module M. We define
(N :g m) by (N :gm)={r € R|rméec N}. Note that for each m € M,
m € N if and only if (N :g m) = R.

ProrosiTiON 3.3. If P is a (-absorbing primary submodule of M and
m & P, then (P :g m) is a B-absorbing primary submodule of M.

P r oo f. Assume that P is a S-absorbing primary submodule of M and
m ¢ P. Let a,b,c € R be such that abc € (P :gp m). Then abem € P. By
assumption, ab 4+ ab € /(P : M) or a(cm + em) € P or b(ecm + em) € P.
Assume that ab+ ab € /(P : M). Then (ab + ab)!M C P for some positive
integer t. This implies that (ab + ab)'m € P. Hence (ab + ab)! € (P :g m).
This shows that ab+ab € \/(P :g m). If a(cm+cm) € P or b(em+cm) € P,
then a(c+c¢) € (P :gp m) or b(c+¢) € (P :gr m). Therefore (P :p m) is a
(B-absorbing primary submodule of M. a

ProrosiTION 3.4. If P is a B-absorbing primary submodule of M, then
(P : M) is a [-absorbing primary ideal of R, and hence /(P : M) is a (-
absorbing primary ideal of R.

P r o o f. Assume that P is a S-absorbing primary submodule of M. Let
a,b,c € R be such that abc € (P : M). Suppose that a(b+0b) ¢ (P : M)
and b(c+c¢) ¢ \/(P: M). Then b(c+c) ¢ (P : M). There are my,mg € M
such that a(b + b)m; ¢ P and b(c + ¢)mg ¢ P. Since ac(bmy + bms) € P
and P is a f-absorbing primary submodule of M, ac + ac € /(P : M) or
a(bmy + bmg + bmy + bmgy) € P or c(bmy + bma + bmy + bmgy) € P. We
consider two cases.

Case 1. a(bmj + bmgy + bm; + bmy) € P.

Since a(b+ b)my ¢ P, ab(ma + ma) ¢ P. Since ac(bmsy) € P and P is a
B-absorbing primary submodule of M, ac+ ac € \/(P : M).

Case 2. c¢(bmj + bmgy + bmy + bmy) € P.
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Since b(c + ¢)mg ¢ P, cb(mi +my) ¢ P. Since ac(bm;) € P and P is a
B-absorbing primary submodule of M, ac+ ac € \/(P : M).

Hence (P : M) is a B-absorbing primary ideal of R.

Moreover, it follows from Corollary 2] that if (P : M) is a S-absorbing
primary ideal of R, then /(P : M) is a S-absorbing primary ideal of R. O

Let R; and Ry be commutative ring with identity and M; be a unital R;-
module where i = 1,2. Then M; x My is an (R; x Rg)-module by the operation
(m1, ma)+ (n1,n2) = (M1 +n1,ma+ng) and (r1,r2)(my, ma) = (rimy, roms).
Next, some properties of S-absorbing primary submodules of My x My are
studied.

PrRoOPOSITION 3.5. Let R = Ry X Ry and M = My X M> and let Ny be
an Ro-submodule of My. Then M x Ny is a -absorbing primary submodule
of My x Ms if and only if Ns is a B-absorbing primary submodule of M.

P roof. (—) Assume that M; x Ny is a S-absorbing primary submodule
of My x My. Let r,s € Ry and m € My be such that rsm € Ny. Then
(0,7)(0,5)(0,m) = (0,rsm) € M; x No. Since M; x Ny is a (-absorbing
primary submodule of M; x Ms, (0,rs 4+ rs) € \/(Ml X Ny : My x My) or
(0,7(m+m)) € My xNyor (0,s(m+m)) € My xNy. If (0,7(m+m)) € My x N
or (0,s(m+m)) € My x Na, then r(m+m) € Ny or s(m+m) € Na. Assume
that (0,7s+7s) € \/(My x Ny : My x Ms). Then we obtain that (0,rs+rs)! €
(My x Ny : My x My) for some integers t. Hence (0, (rs + rs)!)(M; x Ms) C
Mj x No. Let x € M. Then (0, (rs+7s)tz) = (0, (rs+rs)')(0,2) € My x No.
So (rs+rs)ix € Ny. This implies that (rs+7s)!My C Ny. Therefore rs+rs €
/(N2 : Ms). This complete the result Ny is a S-absorbing primary submodule
of Mg.

(+) Assume that Ny is a S-absorbing primary submodule of Mjy. Next, we
let (r1,72), (s1,52) € RixRgand (m,n) € MyxMs besuch that (r1,r2)(s1,s2)(m,n) €
My x Ny. Then roson € Ny. Since N is a S-absorbing primary submodule of
My, 1989 + 19892 € \/(No : Ms) or ro(n + n) € Ny or sa(n+n) € Ny. Hence
(r1,72)(s1,82) + (r1,72)(51,52) € \/(Ml X Ny : My x My) or (ri,r2)((m,n) +
(m,n)) € My x Ny or (s1,s2)((m,n)+ (m,n)) € My X Na. Therefore My x No
is a f-absorbing primary submodule of M; x Ms. O

PROPOSITION 3.6. Let R = Ry X Ry and M = My x M> and let Ny be
an Rg-submodule of My. If {0} x Ny is a B-absorbing primary submodule of
M, then Ny is a f-absorbing primary submodule of M.

P r o o f. Assume that {0} x N5 is a S-absorbing primary submodule of M.
Let r,s € Ry and m € My be such that rsm € Ny. Then (0,7)(0,s)(0,m) €
{0} x Nsy. Since {0} x Ny is a [-absorbing primary submodule of M, we
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have (0,7s +rs) € \/({0} x No : My x My) or (0,r(m +m)) € {0} x Ny or

(0,s(m +m)) € {0} x No. Hence rs+rs € \/(Na : Mz) or r(m +m) € Ny or
s(m + m) € Ny. Therefore Ny is a S-absorbing primary submodule of M,. O

We give Examples [5.5]in Section Bl to show the converse of Proposition
need not be true.

4. Characterization of S-absorbing primary submodules

For a subset H of a group G, the symbol 5(H) = {h+ h|h € H} and
a(H) = {h|h+h € H}. If H is a subgroup, then S(H) C H C «(H).
Moreover, if N is a submodule of a module M, then «(N) and S(N) are
submodules of M.

THEOREM 4.1. Let r,s € R and P be a submodule of an R-module M.
Then the following statements are equivalent,

(1) P is a B-absorbing primary submodule of M.

(2) If rs+rs ¢ \/(P: M), then (P:pr7s) Ca((P:yr))Ua((P v s)).

(3) If(z“s—l—rs)gé V(P : M), then (P :pp 1s) € a((P :apr 7)) or (P iy rs) C
a((P :p 8)).

Proof. (1) — (2) Assume that P is a S-absorbing primary submodule of
M and rs+rs ¢ /(P :M). Let m € (P :p rs). Then rsm € P. Since P is a
B-absorbing primary submodule of M and rs+rs ¢ /(P : M), r(m+m) € P
or s(m+m) € P. Hence m € a((P :pr 7)) or m € a((P :p s)). Therefore
(P:yrs) Ca((P:vr)Ual((P v s)).

(2) — (3) This part is clear because (P :ps 7s),a((P :pr 7)) and (P :pr
s)) are submodules of M.

(3) = (1) Assume that (3) holds. To show that P is a S-absorbing primary
submodule of M, let r,s € R and m € M be such that rsm € P and rs+rs ¢
V(P :M). Then (P :prrs) Ca((P:arr)) or (Pipysrs) Caf(P:as)). Since
rsm € P, m € (P :p rs). Hence m € a((P :p 7)) or m € a((P :yp s)).
Therefore r(m + m) € P or s(m +m) € P. We complete the proof P is a
(B-absorbing primary submodule of M. O

THEOREM 4.2. A proper submodule P of an R-module M is 3-absorbing
primary if and only if for all submodules N of M and for all r,s € R,

ifrsN C P, thenrs+rs € \/(P: M) orrB(N)C P or sB(N) C P.

Proof. (—) Assume that P is a S-absorbing primary submodule of M.
Let 7,5 € R and N be a submodule of M such that rsN C P and r3(N) ¢ P
and s8(N) ¢ P. There are elements ny,ny € N such that r(ny +ny) ¢ P
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and s(n2 + n2) ¢ P. Since rsN C P, rs(ni + n2) € P. Since P is (-
absorbing primary, rs + rs € /(P : M) or r(ny +na +ny +n2) € P or
s(n1 4+ ng + n1 + ng) € P. Suppose that r(ny + ne +n1 + ng) € P. Since
r(n1 +n1) ¢ P, r(na +ng) ¢ P. Since rsnyg € P, rs+rs € \/(P: M).
Similarly, if s(n; + ne + ny + ng) € P, then rs +rs € /(P : M).

(«) Let r,s € R and m € P be such that rsm € P. Then rs(Rm) =
R(rsm) C RP C P. This implies that rs+rs € \/(P: M) or rB(Rm) C P or
sp(Rm) C P. Since m € Rm, m +m € $(Rm). Hence rs+rs € \/(P: M)
or r(m+m) € P or s(m+ m) € P. Therefore P is a -absorbing primary
submodule of M. O

Compare the next results with ([4], Lemma 2.2 - 2.4 and Proprosition 2.5).

LEMMA 4.1. Let I and J be ideals of R and P be a -absorbing primary

submodule of M. The following statements hold.

(1) Ifa € R and m € M and alm C P, then a(m+m) € P or I(m+m) C P
oral Ca(y/(P:M)).

(2) If m € M and IJm C P, then I(m +m) C P or J(m+m) C P or
IJ Ca(y/(P:M)).

(3) If N is a submodule of M and IJN C P, then I(m + m) C P for all
m e M or J(m+m) C P forallme M or IJ C a(\/(P:M)).

P r o o f. This proof is similar to Lemma 2.2 - 2.4 in [4]. O

THEOREM 4.3. A proper submodule P of an R-module M is 5-absorbing
primary if and only if for all submodule N of M and for all ideals I and J of
R,

if IJN C P, then IJ C a(+/(P: M)) or IB(N)C P or J3(N) C P.

P r o o f. This proof is similar to Proposition 2.5 in [4]. O

5. Examples of S-absorbing primary submodules of Z

In [7], consider Z as an Z-module, nZ is a 2-absorbing submodule of Z if
and only if n = 0,p, p? or pq, where p and ¢ are prime integers.

EXAMPLE 5.1. [4] Let n € Z. Then nZ is a S-absorbing submodule of an
Z-module Z if and only if n = 0,32, p, pq, 23p or 2pq, where p and ¢ are prime
numbers.

The followings are examples of S-absorbing primary submodules but are
not B-absorbing submodules.
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EXAMPLE 5.2. Consider Z as an Z-module, we have 2*7Z is a -absorbing
primary submodule of Z for all positive integers k. Moreover, if k > 6, then
2F7 is not a B-absorbing submodule of Z.

P roof. Let k be a positive integer and r,s,m € Z be such that rsm €
2k7. Tt is clear that (2rs)¥Z C 2FZ. Then (rs+rs)* € (2¥Z : Z). This implies
rs 4+ rs € \/(28Z : Z). Therefore 2¥Z is a -absorbing primary submodule
of Z. Moreover, it follows from Example 5.1 that 2¥Z is not a S-absorbing
submodule of Z where k > 6. O

For a prime number p, mathematical induction can be used to prove that
for all positive integers k and integers a and b, if p* | ab and p* { b, then p | a.

ExaMPLE 5.3. Consider Z as an Z-module, if p is a prime number, then
pF7Z is a B-absorbing primary submodule of Z for all positive integers k.

P r o o f. Without loss of generality, assume that p is an odd prime and
k is a positive integer with k > 3. Let r,s,m € Z be such that p* | rsm.
If p* | m, then p* | 2rm or p¥ | 2sm. Next, if p* { m, then p | rs. Hence
Pk | (2rs)k . This means p*Z is a S-absorbing primary submodule of Z. O

Example 5.1 and Example [5.3] obtain pFZ is not a S-absorbing submodule
of Z but pFZ is a S-absorbing primary submodule of Z, where k > 3 and p is
odd prime.

By mathematical induction, we have the fact that for a prime number p
and for all positive integers k and integers a and b, if p* | ab and p 1 b, then
p* | a.

EXAMPLE 5.4. In Z as an Z-module, if p is a prime number, then 22p*Z
is a -absorbing primary submodule of Z for all positive integers k.

P r oo f. Let p and k be positive integers. By Example[(5.2] if p = 2, then
22pF7, is a B-absorbing primary submodule of Z. Assume that p is odd prime
number. Let 7,5, m € Z be such that 22p* | rsm. If p | rs, then p* | (rs)*. So
(2p)% | (2rs)?*. Hence 2%p* | (2rs)?*. Next, let p { rs. Since p* | rsm and
ptrs, pf|m. Since 2 | rsm, 2| ror2|sor2|m. If 2| m and p* | m, then
2pF | m. So 22pF | 2rm. If 2 | r or 2 | s, then 2pF | rm or 2p* | sm. Thus
22pk | 2rm or 22pk | 2sm. All of above conclude that if p is prime, then 22pk7,
is a f-absorbing primary submodule of Z for all positive integer k. O

The next example is a counterexample for the converse of Proposition
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EXAMPLE 5.5. It follows from Example 54 that 36Z is a (-absorbing
primary submodule of Z. To show that {0} x 36Z is not a S-absorbing pri-
mary submodule of Z x Z, let r = s = (1,3) and m = (0,4). Then rsm =
(1,3)(1,3)(0,4) = (0,36) € {0}x36Z. We have (rs+rs) = (2,18)" ¢ {0} x36Z
for all integers ¢t and r(m +m) = s(m + m) = (0,24) ¢ {0} x 36Z. Therefore
{0} x 36Z is not a B-absorbing primary submodule of Z x Z.

The following example obtains that P x () may be not S-absorbing primary
submodule, even though P and Q are S-absorbing primary submodules.

EXAMPLE 5.6. We know every #-absorbing submodule of a module is a 5-
absorbing primary submodule. By Example 5], 307Z is a -absorbing primary
submodule of Z. It is clear that 36Z is a S-absorbing primary submodule of Z.
Next, we will show that 30Z x 36Z is not a S-absorbing primary submodule of
ZxZ. Let r=(2,4),s = (3,3) and m = (5,3). Then rsm = (30,36) € 30Z x
36Z. We see that r(m+m) = (20,24) ¢ 30Z x 36Z and s(m+m) = (30,18) ¢
30Z x 36Z. Since 30 12! for all integers ¢, (rs+ rs)t = (12,24)" ¢ 30Z x 36Z
for all integers t. Thus (12,24) = rs+rs & \/(30Z x 36Z : Z x Z). This shows
that 30Z x 36Z is not a [-absorbing primary submodule of Z x Z.

EXAMPLE 5.7. In Z as an Z-module, let p be a prime number. Then the
following statements hold:

(1) 23pZ and 23p?Z are -absorbing primary submodules of Z.
(2) If 1 > 4 and p # 2, then 2!p?Z is not a B-absorbing primary submodule of
7.

Proof. (1) and (2) are straightforward. O

Example 23] and Example 5.7 give the difference between a [-absorbing
primary ideal of Z and a -absorbing primary submodule of Z as follows.

EXAMPLE 5.8. In Z as a ring, 2*3%7Z is a -absorbing primary ideal of Z
but 2432Z is not a -absorbing primary submodule of Z as an Z-module.
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