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Abstract

In this manuscript, we study the sufficient conditions for existence re-
sults of PC-mild solutions of non-instantaneous impulses Caputo fractional
Volterra-Fredholm integro-differential equations with periodic boundary con-
ditions. Fractional calculus, semigroup theory, Krasnoselskii and Sadovskii
fixed point theorems are used to prove the existence results. Moreover, an
example is finally presented.
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1. Introduction

Due to its capacity to generalise classical calculus to non-integer orders,
fractional calculus (FC) has drawn a lot of interest. This mathematical frame-
work is effective for simulating complicated events with non-local and memory-
dependent behaviours. The theory of FC was crucial in the development of
differential equations as a powerful tool for simulating several real-world issues
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in a variety of scientific domains, including physics, control systems, engineer-
ing fields, etc [II, 14} 20]. Integro-differential equations (IDEs) with instanta-
neous impulse are unable to fully describe several dynamical difficulties in the
evolution process. For instance, the transit of drugs through the circulation
occurs gradually and continuously. On the other hand, non-instantaneous im-
pulse models help clarify these problems, [8, [0 10, 13]. Therefore, by using
fixed point theory, various researchers have looked into some existence and
uniqueness conclusions for nonlinear IDEs of fractional order, [7, 8l [11].

The authors of [2, 22] investigated if non-instantaneous impulsive differen-
tial equations have solutions. The presence of mild solutions was determined
by [3] through the study of non-autonomous parabolic evolution equations
with non-instantaneous impulses. In their study of periodic boundary value
issues for integer differential equations with non-instantaneous memory im-
pulses. The authors of [26] showed the existence of PC-mild solutions based
on semigroup theory.

The authors of [12], 21] first looked at the existence of PC-mild solutions
by a fixed point theorem of the Cauchy DEs with impulses non-instantaneous
as follows:

@/(U) :E ( )—|—1/}(1/,q)(]/)), (517’/2-‘1-1] 07172 C

(V): ( (V))J Ve(yi75i]ﬂz_1727”’7<7

®(0)
where w; : (v, 0;] xT — T,i=1,2,...,(, be continuous functions, = : V(E) C
T — T is the generator of a Cy-semigroup {S(v),r > 0} on a Banach space
T, the prefixed numbers d;,v; satisfy 0 = dp <11 <01 <1 < <--- <y <
5(<I/<+1:E,’(/J: [O,E] xT—T.

In [23] the fixed point theorem is used to investigated periodic BVP for

DEs with non-instantaneous impulses:

( ) QZ}( (V)) I/E(57;,1/1'4_1],2':0,1,2,...,(,
O(v) = wi(v,®(v)), ve (v,dl,i=12,...,C,
®(0) = ®(E).
Using non-instantaneous impulses, this work explores the presence of mild

and PC-mild solutions for the semi-linear Caputo fractional Volterra-Fredholm
model

ViU (v) =) U (v)
+f (1/ W), [2 0(v,5,W(5))ds, [T 0:(v, 5,\11(5))d5> ,
ve (6,vit],i=0,1,2,...,p, (1)
U(v) = h; + Qg (v, 15) flz 9:(6,W(0))do,
U(0)=9(T), ve (v,d],i=1,2,...,p,
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where 8 € (0,1],J = [0,T],Z(v) is a closed linear operator on a Banach space
T, f,0,01, with domain V(Z) defined and Qg are to be specified later, the
prefixed numbers 6; and v;(i = 1,2,...,p) satisfy 0 = §p < 11 < §) < 1p <
s KWy <0 <tor1 =T,9; : (15,0 x T — Y,i=1,2,..., p, be continuous
functions, h; € T,i=1,2,...,p.

2. Preliminaries

Let (Y, - ||) be a Banach space, J = [0,7] and 0 < T < 4o00. C(J,Y)
is the collection of all continuous functions from J into Y equipped with the
norm ||¥||¢ = max{||¥(v)||,v € J}.

Let PC(J,Y) = {¥ |V:J - YT:¥ e C((vgvkt1],Y), and there exist
v (z/k_) and ¥ (I/Ij) with U () = ¥ (z/k_) Jk=1,..., p} endowed with the
PC-norm ||¥|pc = sup{||¥(v)|,v € J}.

Definition 2.1. ([4]) Let Z(r) be a closed and linear operator with
domain V(Z) defined on a Banach space T and § > 0. Let p[E(v)] be the
resolvent set of Z(v),E(v) is called the generator of a f-resolvent family if
there exist w > 0 and a strongly continuous function Qg : (2 — B(Y) such
that {\% : ReA > w} C p(Z) and

—1 0
(ABI - 5(5)) U= / e D040, 8)Tdy, Re(N) > w, T € T,
0

In this case, 3(v, 9) is called the S-resolvent family generated by Z(v), denote
S = maxo<s<r<r [[Qs(v; 6)|-

Definition 2.2. (J20]) The Caputo fractional derivative of order 3 of a
function f : (0,00) — C is defined as

1 14

“Vofw 27/ v — &) A1 (5)ds,

) =55 |, @0 00)

where n — 1 < f < n,n € N,I'(-) denotes the Gamma function. The Laplace
transform of the Caputo fractional derivative of order (5 is given as

n—1
L (VEF)) () = (L)) - g ), n-1<p<n,

where (Lf)(¥) = [7°e " f(v)dv is the Laplace transform of the function
fw).

Lemma 2.1. ([4]) Qg(v,0) satisfies the following properties:

(i) Q23(9,6) = 1,Q5(v,6) = Qg(v,1r)Qa(r,0) for 0 <6 <r <v <gq;

(ii) (v,8) — Qa(v,0) is strongly continuous for 0 < § < v < q;

(iii) If Q3(v,0) is compact for v,6 > 0, then Qg(v, ) is continuous in the
uniform operator topology.
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Definition 2.3. A function ¥ € PC(J, T) is said to be a PC-mild solution
of model (), if W(v) satisfies the integral equation

U(v) =
o
Qs(1,0) | Q5 (T,6,) hy + Qs (T,yp)/ 00(5,W(8))ds
T
+/5 Qg(T, 5)
é T
X f(é,\l/(é), /0 8(5,0,¥(0))do, /0 6.(5, a,\Il(a))da)dé]
+ /0 " (0, )
d T
vy (5,\11(5), /0 006, 0, (c))do, /0 0.6, J,\I/(a))da> dd,(2)
v e [0,11]
hi+QB (I/, Vz') /V gi(d, \If(é))dé, Ve (I/Z', 51] i=1,2,...,p,

)

Qs (v,65) hy + Qs (v, 13) / ' :(8,9(5))ds

+/;QB(V,5)
« f (5,\11(5),/069(5, o, 0 (o) )do, /OTel(a, J,\I/(a))da> ds

Ve (5i,lji+1],i:1,2,...,p.

Lemma 2.2. (Lemma 2.3, [16]) Let B C C(J,Y) be equicontinuous and
bounded, then CoB C C(J,Y) is also equicontinuous and bounded. Let Y
be a Banach space and V C T be bounded, then there exists a countable
set Vo C V such that a(V) < 2a/(Vy), where a denotes the measure of

non compactn €sSsS.

Lemma 2.3. ([I7]) Let B C C(J,Y) be equicontinuous and bounded,
then a(B(v)) is continuous on J and

« </JB(5)d(5> < /Ja(B(é))dé, a(B) = maxa(B(v)).

ved
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3. Results

First, we demonstrate the existence of PC-mild solutions for model (I
based on the measure of noncompactness and fixed point theorem.

Let us introduce the following assumptions:

(A1). The functions 0,6, : V x T — Y are continuous, V = {(1,0) | 0 <
§ <v < T}, there exist A(v,-), A(v,-) € L' (J,04) with

Ay = max/ A(v,6)do, Ap = max / A(v,6)d
vel0,7] Jo ve[0,T]

for (v,d) € V,¥ € T such that
16(v, 0, W)[| < A(w, &[], [[61(v, 6, ®)]| < A(v,)[|¥].

(A2). The functions f : J xTp x Tp x Tp — T are continuous and bounded
for every 0 > 0 such that

lim su iﬂ) < L

C—oo P C A’
where $(C) = max {$4(C), 32(C)},
$1(C) = sup {||f (v, U1, Ua, U3)|| : (v, Uy, Wy, U3) € J x Tp x Tpx Tp},
S2(0) = sup {||gi(v, V)|, (v, ¥) € T x Tg,i = 1,2,...,p},
Tp={VeT: ||‘1’|| < U},
A= max{\s agp ( )+%V1a0,%a0(yi+1—1/i),i:1,2,...,@},
ap = max {1, ho}

(A3). ¥ [ > 0, there exist Lebesgue integrable nonnegative functions
Ly, Ly, Ly, Ly, Ly € LY (J,04) (i = 1,2,...,p) for all equicontinuous and
countable sets V,V; C Tp (i = 1,2, 3) such that

a(0(v,6,V)) < Ly(v)a(V),
a(b1(v,6,V)) < Lgl(y)a(V),
a(gi(v, V) < Ly, (v)a(V),

and

a(f (v,V1,V2,Vs)) < Li(v)a (Vi) + Ly(v)a (V2) + Ly(v)a (V).

Theorem 3.1. Let the hypotheses (A1)-(A3) hold. Then model (Il
has at least one PC-mild solution on PC(J,Y) provided that the resolvent
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operator 23(v,0) is compact for v,6 > 0 and
0o
p = max {2%2 / Ly (6)ds + 23

Vo
T

x /5 (L) + 1) /0 " Lyo)do + L) /0 by (0)do')

©

123 /0 ( )+ Ib(6) /0 " L (o)do + L4(5) /0 ! L’gl(a)dcf) ds,

0; Vi41
25 / L (5)d5+2c‘/
v; 61’

« (Lg(a) +I4(6) /0 " L (o)do + I4(5) /0 ' L’el(a)dc;') ds,
izl,?,...,p} <1

Proof. Let F : PC(J,Y) — PC(J,Y) defined by (F¥)(v) =

o
0 (1.0) | @ (7,5, b+ R (Tt [ 900, 0(0)ds
T é T
+ /5 (T, )f (5, 9(5), /0 005, 0, U(c')do, /0 91(5,0,\11(0))d0> dd]
v T
—i—/o Qp(v,0)f ,O’,‘I’(O’))d()’,/o 91((5,0,‘11(0))d0> do,
[0, 1]

(5,\1;
é
(5,@(5), / 00
v e |0, '
/Vg (6, U(6))d5, v e (vd].i=12....0
§

hi +Q,3 (V7yi)

Qg (v,6;) hi + Q5 (v, 15) /Vigz(CS U(4))do

/nga <5\1: /950\11 da/ 91(5,0,\11(0))d0>d5

ve (6,vip1],i=1,2,.

Then, the operator F is well defined in PC(J, ).

From (A2), there exist 0 < r < % and Cgp > 0, V C > aoCy such that
3(C) < rC.
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_ 32|kl llA4l SRl
Let Il = max {EO’ l—%zrao(T—V;)—Sraoul » 1-Qrag(d;i—v;)? 1-SQrao(vig1—v;i)? } For
all W € B, ={¥ € PC(J,Y) : ||¥|pc <n},v € (&,vit1],i =0,1,...,p, then
[¥]lpc < n < agn,

hence

/ 0(v, 5,\I/)d(5H < / A, 0)||¥|lpcdd < hon < agn.
0 0

T T
/ 01 (v, 5,\I/)d(5H < / A, 0)||¥]|lpcdd < hon < agn.
0 0

Now, we prove that F¥ € B,,.
For v € [0, 1],
[(FE) @)

J,
<32 ||hy|| +<s2/

Nlgo (6, w(5))]| d

e /: f(5,@\11(5),/069(5,0,\I/(J))da, /OTel(a, J,\I/(a))da> |d5
+%/OV f <5,\If(5),/069(5,0,\1f(0))d0, /0T91(5,a,\11(0))d0> ‘dé

<Q? ||y || + S*raon (3, — vp) + S*ragn (T — 8,) + Sragnu
<3 ||holl + (SPrag (T — vy) + Sragrr) n < 1.

For v € (v,6;],i=1,2,..., ¢,
[(F&)W)|| < (il + %/ 19i (6, W(0))|| do < [[hs|| + Sraon (6; — vi) < n.

For § € (52',1/2'4_1] =12 ..., 0,
(FE) @)l

0;
S%MM+%/\MQWQMM5

+%/6 f(5,\11(5),/069(5,0,\I/(J))da,/oT91(5,cr,\If(a))da)

<S||hil| + Sraen (6; — vi) + Sragn (vig1 — 6)

s

<S ||l + Sragn (vigr —vi) <.

Then F : B, — B,,.

Also, we show that F : B, — B, is continuous. Let {¥,,}” with ¥, — ¥
in B,. Vv el0,v), we get
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I(F,) (v) - (FO)w)|
o
<2 / 190 (6.64(6)) — g6, ()] d6

+%2/6:Hf<5,5( / (6,0, U da/ 6, (5,0,¥ >
f(d\l/ /950\1/ da/ 6.(5,0,0(0) da>Hd5

+/ < / ())da/0T91(50 ())da>
( da/ 6,(6, 0,9 (0) da) Hda

< % (6 — Vp)SUPng@‘I’@)) 90(6,W(8))|| + % (T — &)
><§1615)||f<5,\11 /950‘11 da/ 61 ( 50\11())da>

—f(é,\ll()/ 0(5,0, da/ 0:(5,0,¥(c ))d(;) I

—|—JV1§25)Hf<5‘If / 6(5,0,9,( da/ 61 (8,0, W, (o ))da>

—f<, ()/09(50 da/ 6,(6, 0,9 (0) da>H

For each v € (v;,6;],i=1,2,...,p, we get
1(F¥) (v) = (F )( )l
<3 / lgi (3, Wn( w(5)) | ds
< 35 - ) sup 91 (6. ,(9) ~ (5. ).

For each v € (§;,vi41],i=1,2,..., p, we get

|(F,) (v) — (FO)()|
s Vi1
< %/ 1gi (6, ¥, (8)) — gi(6, (6 ))lld5+3/5

><Hf<5,\lln(5),/o69((50‘ll da/ 01 (6,0, 0, (o ))da>
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_ <5,\If(5),/059(5,0,\1f(0))d0, /OT91(5,0,\I/(J))dJ> s

f
< (6 —wi) Sup 19: (6, Wi (0)) — g:(6, W ()| + S (Vig1 — 0s)

y <5, ¥ (5), /059(5, o, U (o)) do, /OT 0.6, 0, \I/(a))da) |

By the functions f : J x T x YT x T = 7T, 0,0, : VxT — T and

gi (1, 0;] x T =Y (i=1,2,...,p) that are continuous, we get
é T
tim sup | 7 (a, V(). [ 0600 do [ 61 (6.0, (0) da)
n=o0 sc g 0 0
4 T
~1 (8.9, [ 06.0.9(0))do. [ 16,0, 9(0))dc ) | <o,
0 0
and

lim sup [[g; (6, ¥ (0)) = gi(5, ()| =0 (i=1,2,...,9),

n—oo ved

we get [|[F¥, — FV¥|ps — 0 as n — oo. This proves that F : B, — B, is
continuous.

Now we prove that F (B,) is equicontinuous.
For the interval [0,11],0 < e; < ey <11,V € By, we get

[(F¥) (e2) — (F¥) (1)

28
/ 90(8, 0(5))do

©

< [1€25 (e2,0) — Q2 (e1,0)] <3 1ol +

+$

/%Tf (5,\11(5),/059(5, o,V (0))do, /OT 61 (9, a,\y(g))dg> ds

)

/62 Qs (2,0) <5,\If(5),/069(5,0,\1/(0))d0, /()T91(5,0,‘I/(J))dg> da“

€1

l
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] [ @00 - 25 e1,0)
; d T
x f <5,\11(5),/0 9(5,0,\11(0))610,/0 91(5,0,\11(0))d0> ddH

oo
§IIQB(ez,O)—QB(el,O)II%<||hp||+/ 9 (9, ¥(0))dd
Ve

_|_

/6:1“ <5,\I/(5),/069(5, o, (o)) do, /OT 0,(5, U,W(o‘))dg) ds

+ Sran(e2 —e1) + 6s[up } 1925 (e2,0) — Qs (e1,9)|| ragnv:.
€[0,v1

)

For the interval (v3,0;],i=1,2,...,p,1; < e1 < ez < 6;,V € By, we get
[(F¥) (e2) — (F¥) (e1) ||

<o tcam [ 6.(6))]

(2 (e2,14) — Qs (e1, ) / 0:(6, 0 (8))ds

Vi

+

<Sragn (e2 — e1) + [|Qp (e2,vi) — Qg (€1, vi)|| raon (i — vi) -
For interval (6;,vi+1],i=1,2,...,0,0; <e1 < ez < vip1, ¥ € By, we get

[(FT) (e2) = (F¥) (e1) ]|
< [1€25 (e2,05) — g (€1, d) || | sl

+ 11925 (e2,vi) — Qg (e1, i) | /ji 9i(9, ‘I’(5))d5H

i

+| / Qs (e9,5) f (5,\11(5),/069(5,0,\140))@, /0T91(5,J,\If(a))da> as

n H /;1 (Qp (e2,0) — Q5 (e1,0))

7

x f <5,\Il(5),/069(5,0,\11(0))d0, /OTel(a, a,‘l’(o))da) déH
< €2 (e2,6i) — Q2 (ex, &)l || 7l

0;
19 (ea,) = s o)l | [ i \Ifw))daH
+ Sranm (e2 —e1) +  sup  [|Qp (e2,6) — Qg (e1,0)| raon (tiy1 — 6i)
66(62‘,l/i+1}

— 0 as eg — €7,
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since the compactness of Qg(v,9)(r,d > 0) implies the continuity in the uni-
form operator topology. This proves that F (B,) is equicontinuous. From
Lemma 2.2, CoF (B,) C B, is equicontinuous and bounded.

It remains to prove that F : CoF (B,) — CoF (By) is a condensing op-
erator. For any V C CoF (B,), by Lemma [Z3] there exists a countable set
Vo ={¥,} C V such that

a(F(V)) < 2a(F (Vo))

Using the fact that CoF (B,) is equicontinuous, Vo C CoF (B,) is equicon-
tinuous. By (Hs), for § € (§;,v41],i=0,1,...,¢p, then

a<f <5,V0(5),/069(5,0,V0(J))d0, /OTel (5,J,V0(a))da>>

)
< T4 (Val0) + 1566) [ Lyfo)a (Vo(e) do

< <L’1(5) + L (5) /0 ' L;(a)da> a(V).

For each v € [0, 1],

6@
<$%a (/ 9e (6, Vo(0)) d(5>

+ o </5Tf (5, vo((s),/je((s, 0,Vo(0))do, /OTel (6,0, VO(U))dU> d5>

+ Sa (/Of (5, Vo(6), /059(5, 0. Vo(0)) do, /OT 0, (6,0, V() da> d5>

<32 / Y (§)ar (Vo(6)) db

+

%2/6:a<f <5,V0(5),/069(5,0,V0(a))da,/0T91 (5,0,V0(J))da>>d5

+%/Oya<f <(5,V0(5),/059(5,0,V0(0))d0,/0T91 (5,U,V0(a))da>> ds
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S
< (%2 / L, (8)ds

©
T T
+%2/ <L’1(6)+L’2(5)/ o)do + Li(s /
5o 0
V1 T
+%/ <L’1(5)+L'2(5)/ Ly(o)do + Li(s / Ly, (o > >a(V).
0 0
For each v € (v;,6;],i=1,...,p,

o (F (Vo) () < Sa ( / 4 (6. Vo (6)) d5> <3 / 6 L, (6)dsa (V).

For each v € (0;,v;41],i=1,...,p,
a(F (Vo) (v))

<Sa ( /V 5 g (8, Vo (6)) d5>

a /;f <5,V0(5),/069(5,0,V0(0))da,/0T91 ((5,0,V0(a))da> d5>
g(% / 6 L (8)ds + S /5 jm

x <L’1(5) + Ly (6) /0 ) Ly(o)do + L5(9) /0

By Lemma (2.3]),

+
&l
Y

T

L, (a)da> d5>a(V).

a(F (Vo)) =maxa (F (Vo) (v)) .

veJ
Then
a(F(V)) < pa(V) < a(V).

These justifications allow us to deduce that F : CoF (B,) — CoF (By) is
a condensing operator and by the Sadovskii’s fixed point theorem, there exists
one fixed point ¥* € CoF (B,) C PC(J,Y) for F. In the final analysis, there
is at least one PC-mild solution for model (). O

First, using the fixed point theorem and the measure of noncompactness,
we show that PC-mild solutions exist for model ().
Let us introduce the following hypotheses:

(B1). The function f: J x T x YT x YT — T is continuous, there exist
nonnegative Lebesgue integrable functions a, Ly, Ly, L3 € L! (J, C+) for v €
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(0i,vi41] (i =0,1,...,p) and Wy, ¥y, U3 € T such that
1f (v, W1, U2, U3)|| < a(v) + Li(v) V1| + La(v) [ W2 + Ls(v) | W3] -

(B2). The functions #,0; : V x T — Y are continuous, V = {(v,0) |
0 < 0 < v < T}, there exist Lebesgue integrable nonnegative functions
bc,Ly,Ls € L' (J, E+) for (v,d) € V,¥ € T such that

16(x, 6, W) < b(v) + La(v)[[ W],
102, 6, W) || < e(v) + Ls ()| W]

(B3). There exists a function w;(v) with @; = sup,cp, 5, wi(v) < +oo for
veE (v,0](i=12...,9) and ¥ € T such that

lgi(v, V)| < wi(v).

(B4). There exist constants Ly, > 0 for v € (v3,6;] (i = 1,2,...,p) and
¥, ¥’ € T such that

gi(v, ®) = g; (v, ¥)|| < Ly, || — V||
Theorem 3.2. Suppose that the resolvent operator Qg(v,0) is compact

for v,§ > 0 and (B1)-(B4) satisfy. Then model (Il) has at least one PC-mild
solution on PC(J,Y) provided that

T vy Vit1
9 = max {%2 / b1(5)d6 + S / by (8)d5, S / b1(6)d5,3° Ly, (5 — 1)
5p 0 5

SLg, (0 —vi),i=1,...,p} <1, where
T T
h(0) = Li0) + La(d) | Lu(o)do + L) | Ls(o)do.
0 0

Proof. Let F reduced as F = G + H, where (GV)(v) =

Qs(v,0) [Q (T, 80) ho + Q5 (T, 1) [27 o 6, \y(a))da] . velouml,

hi + Qg (v, v4) [, 9 (6, \11(5))d5 ve (1/@,52] i=1,2,...,9,

Qs (v,0;) hi + Qg v, v f gi(6,9(0))do, v € (0;,vip1],i=1,2,...,9p
and (HY)(v) =
[ Qs(,0) [} Qa(T.0)f (5 TONN ), [} 61(8,0,9(e))do) db
+ [V yéf(é\l/ 2 6(5, 0, 9(0))do, fo 01(5,0, 9 (o ))da)dd,ue[o,yl]
0, ve(,dl,i=12,...,p

fészﬁyaf(aqf S 065,0,9(0))do, [ 01(6,0,9(c))do ) db,
v e (0;,vip1],i=1,2,..., 0.

Let us fix C* > 0 such that
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32 ||hy || + Sy, (6 — vp) + 2[5 ar(6)dd + S [ a1(8)do
C* >max =9 v ,

il + S (0 — vi)

Shill + S (6 — vi) + S [ al(a)da}
1—9 )

where a1(6) = a(d) + Lo(d fo o)do + L3(5) fOT c(o)do

Let the set By, = {U € PC(J,Y) : ||¥|pc <C*}, V ¥ € Bg.. From con-
ditions (B1) and (B2), for all § € (0;,v4+1],7 = 0,1,...,¢p, one can find

that
Hf <5,\11(5),/059(5, 0,¥(0))do, /()Tel(é,o,qx(g))dg> ’

)
<a(8) + L (5)C* + La(d) /0 (b(0) + La(0)C*) do

)
+ Ly () / (c(o) + Ls(0)C*) do
0
T T
<a(0) + Ls(5) /0 b(o)do + Ls(5) /0 o(o)do
T T
+ <L1(6)+L2(5) /O La(0)do + Ly(6) /0 L5(a)da> c
—a1(5) + b1 (5)C*.

Obviously, a1 (6) and b;(5) are Lebesgue integrable nonnegative functions.
Using condition (B3) and the aforementioned inequities, we can determine
the following for any v € [0, 11]:

(FE)@)]]

O
<[12(x, 0)] (”QB (T, 00) hol + (|2 (Tﬂ/p)ll‘/ 90 (0,0 (9))dd

©

/Qg ( W(5), /69(50 da/ 0.(5,0,%(c ))d>d5
/Qﬁya <5\1: /950\1: da/ 01(5,0,\11(0))d0> d(SH

)
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T

<32 by, |y+d%(5p—yp)+s2/ (a1(6) + b1 (8)C) do
o

3 [ (o) + nio) a5

T Vi
<32 ||| + S%, (0p — V) + %‘2/ a1(8)dd + %‘/ a1(6)dd +9C*
S 0

<C*.

For any v € (v;,0;],i =1,2,..., p, we have

IFO))]| < ] + \QB o) [ 9@(5,‘P(5))d6H

<l +9 [ oo, w5 48
For any v € (0;,vi41],1=1,2,...,p, we have

[(FE) @)l

<160 043 1 + 25 020) [ 6 0 6.9(6)5]

+ %Qg(u,é)f 5,0(5), 59(5,0,\11(0))(10, T91(5,0,\I/(0))d0 do
o; 0 0

< [l +9i (5~ 1) +3 [ (@ () + bu(6)L") 48
d;

Vit1
<l +9mi (5~ 1)+ [ a(@)as + o <T
d;
From the above inequities, we conclude F¥ = GU + HV € Bg..

Here, we show that the operator G be a contraction on Bp.. By (B4), for
U, U € By, for any v € [0,11], we get

o
1G0)(v) — (W) )| < &2 / 190(0, 9 (8)) — g, (6, 9'(8))]| do

Ve
< %Ly, | ¥ — V|| pes (6 — 1) -
For any v € (v;,0;],i =1,2,...,p, we get
@) (w) — (9@ / l9:(6, ¥(8)) = g: (6, %'(6)) | do
<3 - ).

For any v € (0;,v41],1 = 1,2,...,@, we get
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0;
l@0)6)~ () 0] <5 [ a0, 90) g1 (5.9 | a0

k3

< %Lgi

v — \IJ/HPC (51 - Vi) .

From the above inequities with ¢ < 1, we have ||[G¥ — GU'||p < ||U — V|| pc.
Then G be a contraction.

We will show that H is completely continuous on Bg..

Then, we claim that H is continuous applying the arguments employed
from Theorem B.Jl In additional, H is uniformly bounded on Bg. since
|H¥|[pc < C*. Now, we prove that H (Bg.) is equicontinuous. Thus, for
U € Bp., e, ez € [0,11] with e; < ez, we have

[(HD) (e2) — (HT) (e1)
T
< 195 (e2,0) — 2 <el,o>||<s/5

X

f (5, v (5), /069(5, o, U(c))do, /OT 0,050, \Il(a))da> H ds
/62 Qp (e2,9)

€1

+

< f <5,\y(5),/069(5, 0. 0(0))do, /0T91(5,0,\I/(0))d0> 05
+| /0 (2 (e2,6) — Q5 (e1,6)

< f <5,\11(5),/069(5, 0,0 (0))do, /OT91(5,0,\I/(J))dJ> as||
< 1903 62.0) - 93 61,09 T (01(6) + by (5)0) d5

+3 / " (a1(6) + b (8)C) db

€1

el
+ sup ||Qs(e2,9) — Qs (e1,9)]] / (a1(6) + b1(6)C*) dé.
0€[0,11] 0

For ey, ey € (v4,0;] with e1 < eg,i=1,2,...,p, we have
[(H¥) (e2) — (HP) (e1)]| = 0.

For ey, ey € (0;,v41] with e1 < e9,i=1,2,...,p, we have
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|(H) (e2) — (HT) (e1)]
< [ 19 (2 0)]
) T
<(5,‘I’(5),/0 0(0, U,‘I’(a))da,/o 91(5,0,\11(0))d0>Hd5
+A|mm%®—ﬂmmau

f <5, w(5), /069(5, o, 0 (o) )do, /OT 0.5, 0, \I/(a))da) H ds

§%/62 (al( )—i—bl( )B*)

€1

X

e1
+ sup HQﬁ (62, (5) — Qﬁ (61, (5)” / (al ((5) + by ((5)[:*) do
56(51,1/1'4_1} 05

By Lemma 2], the compactness of the resolvent operator Q3(v, §) implies
the continuity in the uniform operator topology and together with a1 (), b1(6) €
L' (J,04), we infer that [|(H¥) (e2) — (H¥) (e1)| — 0 as ez — e1. Conse-
quently, H (Bg-) is equicontinuous.

Now, we show that H (Bp.) is precompact. For v € [0,11],0 <e <1, V¥ €
Bg., we have

(HeW) (v)

—Qg(UO)/TQB(Té)f<5\I/ /950\1/ da/ 01(5,0,0(c ))da>d6

/ Qs(v,0)f <5 W (s / 0(5,0,%(c da/ 91(5,0,\11(0))(10) do.

Hence

[(H)(v) = (He ) (V)]

/I:e Qp(v,0)f (5,\11(5),/06 0(9,0,¥(0))do, /OT 01(0, o, \Il(a))da) déH

<3 [ (@@ + o) a

For v € (v4,0;],0 < e <v,¥ € Bp.,i = 1,2,...,p, define (H.¥) (v) = 0.
Obviously, [[(HY)(v) — (He¥) (v)|| = 0.
For v € (0;,v41],0 <e <v,¥ € Bp.,i =1,2,...,p, define

V—e

é T
(HU) (V)= [ Qa(v,0)f (5,@(5), /0 0(5,0,9(c))do, /0 91(5,0,\11(0))da> ds.

i
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Thus
[(H¥)(v) = (He¥) (v)]

/_ Qy(v,8) f <5,\I/(5),/069(5,a,\I/(J))da,/OT91(5,a,\P(a))da) ddH

<3 / _ (a1(6) + b1(5)0*) do

<

Since Q3(v,0) is a resolvent compact operator, thus the set Y (v) = {(’H6

\Il) (v): ¥ e BE*} is compact relatively in T, V 0 < € < ¢t. Thus Y(v) =
{(HY)(v) : ¥ € Bg.} is totally bounded. Thus, Y (v) is compact relatively
in T, and so, with the help of the Arzela-Ascoli theorem, H is completely

continuous on Bp.. Therefore, there exists a point for 7 = G + H, which
corresponds to a PC-mild solution of model ([Il) on PC(J,T). O

4. An application

We present an example of Caputo fractional V-FIDE to test our main
findings:

;

CV@‘I’(?’L, v)=v 8;\1/(71 v)+ % (h,v)
S
N 1/6[01) (2,3],h € (0,1), (3)
5 Y(0,v) = ah\ll(l,l/) =0, ve[0,1)U(2,3],
\y(h, v) = yih+Qp(0,1) f) ssiatsdd, v e (1,2,h € (0,1),
v(0,v)=¥3,v), ve(,1),

where 3,0 < 8 < 1, = L?[0,3],0 = vy = 6p,v1 = 1 51 = 2. The op-
erator Z : V(E) € T — T is given as Z(v)(h) = vZ¥ h2, where V(2)
{TeY: v eT,¥0)="U(1l) =0} Itis well known that the operator =(v
generates a [-resolvent family Q3(v,0) and maxo<s<,<7 ||Q25(1,0)]] < S, (S >
1). By setting

_|¥m0)]

1032(1 +v)’

s <y, W), /0 " 0, 6, W(6))ds, / o 5,\1/(5))d5> (h)

v 115 3 1/5
v 1W(h, 5)] U(h, 0)]
S ———— — = d0+ | ———=-db

532 (14 12) (’”)+/0 103264 / 582 (1 +02)

Y()(h) =V (h,v), mh=wyh, g, ¥Y))(h) =

model ([@B]) can be rewritten as the following abstract form:
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VoW (v) = Z(v)¥(v)

f (1 W), Jy 00,8, 9(8))d0, [ 61(v,5,W(8))dd ) ,
U(v) = h1 + Qp(v,1) [ g1(5,9(6))do,
U(0) = U(3).

The function f : J x Tp x Ip x Ty — Y is bounded and continuous, for
every C > 0, such that

(4)

lim su %(C) < L
oo P S Sap(S + 1)

where $(C) = max {%1(8), %2([;)},

$1(C) = sup {||f (v, U1, Uy, U3)| : (v, Uy, Uy, U3) € J x Tp x T x Tt}
QQ(C) = Sup{Hgl(V»‘I/)Hv(V»‘II) €Jx TE7}>TE = {‘II eT: ||‘II|| < E}> ap =
max {1, ho}. Let

v—4 v—4

&
v 0 LU € ————=||¥
‘ H H l(Va ) )” = 532 (1 +52)” ”7

a(f@(v,6,V)) <e a(V), a(01(v,6,V)) <e’a(V),

1
P —

a(f(v,V1,Va,V3)) <

a(V),
v
532 (1 + v?)

2%2/2;@%%2/3 (#
. 1032(1 1 0) 532 (1+52)
3 d—o 3 o—
5 e 5 e
d 7d dé
+e/0 1032¢* U+e/0 532 (1 + 62) U)

1 5 5 3 66 o
23 (7 £ 4
* ‘9/0 52 (1407 € /0 1032477

a(Vy) +e’a(Va) +e’a(Vs),

then

5 e

do)ds
L A ) )
SRS
575t 5 50

X L4—6‘3/3 ¢~ da+e‘$/3667_0d0 dé
532 (1 + 62) 0 1032e4 0 932 (14 62)
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We have

2 2 1 2 s d
- 232 [ 45423 2
p max{ M /1 05201 o) 0 T2 /2 (5%2(1+52)

s 3 65—0' s 3 65—0
4 E— A V7
+e/0 1032247 e /0 532 (1 + 62) ")
1 3 o—0o 3 o—o
5 5 e 5/ (&
PR g N d _C _do)ds
* J/0 <5%2(1+52)+€/0 103247 T | 53z 40" )
2 1 3 )
5[ a5+ 23 [ (e
“/1 10321 +0) " “/2 (5%2(1+52)
3 o—0o 3 d—o
5 € 5 €
4 _C _do)ds) <1
+e/0 1032247 ¢ /0 532 (1 + 62) ”) }<

Since issue (@]) meets the requirements of Theorem [B] it has a PC-mild
solution, which implies that model (3]) also has a mild solution.
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