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Abstract

The Hermite wavelet collocation approach with fractional functional ma-
trices of derivatives is availed to solve the fractional nonlinear Bagley-Torvik is-
sue in this paper. These Hermite wavelets functional matrices are exploited to
turn the fractional differential equations towards algebraic equation systems.
Using numerical examples, the Hermite wavelet solutions are contrasted with
the accurate and numerical solutions. They are discovered to be in accord.
The results demonstrate the efficacy and value wavelet approach.
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1. Introduction

The movement of rigid plate immersed in Newtonian fluid expressed by
fractional order Bagley-Torwik equation is represented by
dy  dey

W+Adt—%+3y(t):g(t)’ 0<t<T, (1)

the boundary conditions are
y=aatt=0andy=batt="T. (2)

In this study, a brand-new technique is presented to improve the Bagley-
Torvik analysis with fractional derivatives. Due to its use in the domains of
engineering and science, fractional calculus and its applications have grown in
significance [2, 3], 4] @, [12].

From the mother wavelet, we can construct a family of wavelet functions
by changing the dilation parameter a € R and translation parameter b € R.
The continuous mother wavelet function is given by

v ()

a

\Ija7b(t) = (3)

[N o

Here a_% is a constant of normalization. The discrete wavelet functions are
represented through

Vipn = |ao|%\lf(a81t —nby), m,n € Z. (4)

The effectiveness of wavelet approaches in solving boundary value problems
(BVPs) has been well demonstrated [I], 5] 6] [7, [8 10} [11]. This study suggests
using the Hermite wavelet approach to solve the fractional Bagley-Torvik equa-
tion.

2. Analysis of wavelets

2.1. Hermite Wavelets. The Hermite wavelets defined in [0, 1) are

p+1
22 D4 n—1 n

T b A IS
0 otherwise,

where 0 < m < M and 0 < n < 2P~1. Here H,,(t) denotes mt" order Hermite
polynomials. The weight function of Hermite polynomials is given by

w(z) =+v1—1¢2. (6)
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2.2. Hermite Wavelet Operational Matrices of Derivatives. The func-
tional matrices of derivatives D and D? for M =2 and k = 1 are

0 00 0 0 0
D=(4 0 0| and D=0 0 0]. (7)
0 8 0 32 0 0
Then the Hermite wavelet matrix is
9 1
P(x) = — 4t — 2 . (8)

VT \ 1662 — 16t + 2

The modified derivative of Riemann-Liouville is defined by

(s [- 0@ - f0las. <o,

DF(t) = § rrrmayas | (£ = O 7€) = FO)de, 0<a<l,
F(nl—a) d%c_n" \Of(t - g)n—a—l[f(g) - f(o)]d£> n<a<n+ 1,’1’L > 1,
9)

with the properties
a Fy+1) .,

Dzﬁ_l“(’y—i—l—a)lﬁ 7> 0. (10)
Di'c = F(clt__ 2’ (11)

where c¢ is a constant.
Now we have the following fractional Hermite wavelet operational matrices

113t 2
1
Day(t) = 0.04t3 — 2.26t 3 : (12)
48.15t% — 36.16t% + 2.26¢ 2
—0.56t 2
3
Diy(z) = 451473 + 1,133 : (13)

72.92t3 — 18.05t 3 — 1.13¢~ 2

3. Numerical Illustrations
PrOBLEM 3.1. Bagley-Torvik fractional differential equation is

2y diy
b 4yt)=1+t, 0<t<1 14
gz T Ty =1+t 0stsl (14)
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with initial conditions
dy
=land ==1att=0. 15
Yy an o a (15)
The explicit solution is

y=1+t (16)

The Hermite wavelet algorithm is applied to solve above equation which
corresponds to k =1 and M = 2.
If we set the connection coefficients

€= YT (Co.Cr0), (17)
the scheduled wavelet scheme is
> d>
T2 (CT() + dt—%(CTdJ(t)) +CT(Y(t) — g(t) = 0. (18)
Now we choose a point x = 0.5 and then we gain
82.34co 4 9.58¢; + 0.42¢o = 1.5. (19)
Using the initial conditions, we have
2cg —4cy +4cy =1, (20)
8c1 — 32¢y = 1. (21)
The above algebraic equations are solved to get
Co = 0.7494, C1 = 0.1246, |Cy = 0. (22)
Then,
y(t) = 1.0004 + 0.9968t. (23)

PRrROBLEM 3.2. The other fractional Bagley-Torvik equation is
>y 1 d%y
dt? 2 dt%

with initial conditions

1
+ou(t)=8, 0<t<1L, (24)

y(0) =0, y'(0) =0. (25)

Applying the Hermite wavelet scheme, we get the following algebraic equa-
tions

146.34¢5 + 9.58¢; + 0.42¢ = 16, (26)
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Waveletsolution vs E xact solution
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FIGURE 1. Contrast between wavelet solution and exact solu-
tion for Eq. (I4)) and Eq. (I3

and using the above initial conditions, we have

2co — 4cp + 4ep =0, (27)
8c1 — 32¢cy = 0. (28)
The above algebraic equations are solved to obtain
Cp = 0.5129, C; = 0.3419, Cy = 0.0855. (29)
Then
y(t) = 2.736t%. (30)

PrOBLEM 3.3. Yet another fractional Bagley-Torvik equation is the fol-
lowing

Py, dy (t)—t3+5w+@ 0<t<1 (31)
az s YT N
with boundary conditions
y=0att=0 and y=0att=1. (32)

Applying the Hermite wavelet scheme we get the following algebraic equations

82.34cy + 9.58¢1 + 0.42¢y = 4.23. (33)
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F1GURE 2. Contrast between wavelet and Podlubny’s numeri-
cal solutions [4] for Eq. ([24) and Eq. (25)

Using the boundary conditions, we have

2c9 —4cy +4cp =0, (34)
2¢o + 4cq + 4eg = 0. (35)
The above algebraic equations are solved to obtain
co = —0.1038, c¢; =0, c2 = 0.0519. (36)
Then
y(t) = 1.66t> — 1.66t. (37)

4. Conclusion

In this study, Hermite wavelet functional operational matrices of deriva-
tives are exploited to find the solutions of fractional Bagley-Torvik problem.
The suggested wavelet approach is very straightforward and simple to use. The
available precise answers and alternative numerical solutions are compared to
the wavelet solutions. Good agreement has been demonstrated with minimal
computing effort. It should be mentioned that depending on the collocation
points, this approach converts fractional differential equations towards a set
of linear algebraic equations. As a result, it may offer certain benefits while
creating computer codes for the required system.
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FIGURE 3. Contrast between wavelet solution and numerical
simulation for Eq. (BI) and Eq. (32
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