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Abstract: Consider Mn(Zp), the matrix ring of order n over the field Zp. In
this paper, we deduce a relation to find the number of zero divisors in matrix
ring Mn(Zp). We prove that zero divisor graph of M2(Zp) is a regular directed
graph. We also prove that the diameter of zero divisor graph of Mn(Zp) is 2.
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1. Introduction

The connection between graph theory and ring theory was established by Beck
[3] in 1988. For a given commutative ring R, Beck defined a undirected graph
G(R) with vertex set R, such that distinct vertices x and y are adjacent if and
only if xy = 0. By definition, G(R) is simple that is without loops, so the
nilpotent elements of the ring are not considered. Also every vertex is adjacent
to zero vertex, so G(R) is connected with diameter at most 2. Beck’s work was
mainly concerned with coloring of graphs.

Anderson and Livingston [2] considered the set of zero divisors of R as the
vertex set. Let Z(R)∗ denote the set of non-zero zero divisors of a ring R. The
zero divisor graph of R is a graph with vertex set Z(R)∗, such that distinct
vertices x and y are adjoint if xy = 0.

Consider Z, the ring of integers and M2(Zp), the ring of square 2×2 matri-
ces, with coefficient in Zp, p a prime. Let Z(M2(Zp))

∗ denote the set of non-zero
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zero divisors of M2(Zp), du and ǫ(u) denote the degree and the eccentricity of
vertex u. In this paper we will study the zero divisor graph of M2(Zp). In
section 2, we recall definitions and results related to zero divisor graphs and
matrix rings. In section 3, we give a relation to find the number of edges in the
zero divisor graph of M2(Zp).

2. Zero divisor graph

Let R be an arbitrary ring. Let Z(R) and Z(R)∗ be the set of zero divisors
and set of non zero zero divisors respectively. For a non-commutative ring R,
an element a ∈ R is called a left zero divisor if there exist a non-zero x such
that a.x = 0. Similarly, an element b ∈ R is called a right zero divisor if there
exist a non-zero y such that y.b = 0. Set of left and right zero divisors of R
are denoted by Zl(R) and Zr(R) respectively. Redmond [11, 12] extended the
definition of zero divisor graph to non-commutative rings. The directed zero
divisor graph of R is defined with vertex set Z(R)∗ such that x → y is an edge
if and only if xy = 0.

Božić and Petrović [4] studied the zero divisor graph of matrix rings. They
gave a relation between the diameter of the zero-divisor graph of a commutative
ring R and that of the matrix ringMn(R). Birch, Thibodeaux, Tucci [6] studied
the zero divisor graph of finite direct product of rings and gave a relation to
find the number of edges in the same.

Now a days, lot of work has been done by many researchers on zero divisor
graphs. Zero divisor graphs for different rings has been defined and their prop-
erties have been discussed. Warfel [5] studied the zero divisor graph of direct
product of two commutative rings. Akbari and Mohammadian [8] have made
significant contribution in the study of zero divisor graph of non-commutative
ring. Anderson and Badawi [1] defined total graph of commutative ring. The
total graph T (Γ(R)) of a commutative ring R is an undirected graph with R
as vertex set and any two elements x, y ∈ R, x is adjacent to y if and only if
x + y is a zero divisor of R. For more results on zero divisor graphs, readers
may refer to [7], [13], [15], [16], [18].

3. Zero divisor of Mn(Zp)

In this section, we find the number of non-zero zero divisors and number of
edges in the zero divisor graph of matrix ring M2(Zp). First we will find the
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general solution of equation ax+ by ≡ 0(mod p). For convenience, we write the
solution of ax+ by ≡ 0(mod p) as (x, y).

Lemma 1. Let a, b ∈ Z and p a prime. The general solution of the
equation ax+ by ≡ 0(mod p), a 6= 0 is given by

S = {(mn(mod p), n) | m =
−b

a
, n = 0, 1, . . . , p− 1}.

Proof. Let a 6= 0. Then we have two cases:

1. If b = 0, then equation becomes ax+0y ≡ 0(mod p), which has p solutions,
namely

(0, 0), (0, 1) . . . , (0, p − 1).

2. If b 6= 0, then we have

ax+ by ≡ 0 (mod p)

⇒ ax ≡ −by (mod p)

⇒ x ≡
−b

a
y (mod p)

⇒ x ≡ my (mod p), where m =
−b

a
∈ Z.

The solution set of the above equation is

S={(0, 0), (m(mod p), 1), (2m(mod p), 2), ..., ((p−1)m(mod p), (p−1))},

with | S |= p. From above cases, we conclude that the general solution of
ax+ by ≡ 0(mod p), a 6= 0 is

S = {(mn(mod p), n) | m =
−b

a
, n = 0, 1, . . . , p− 1}.

Let Sn = {(a, b) | a(mn) + bn ≡ 0(mod p)}, | Sn |= p. From the above
lemma, we observe that for different values of n, the sets Sn are equal.

Theorem 2. Let M2(Zp) be as usual. Then number of non-zero right zero
divisors (or left zero divisors) of any element is either equal to 0 or p2 − 1.
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Proof. Let A =

[

a11 a12
a21 a22

]

∈ M2(Zp), A 6= 0.

Case 1: If A.B 6≡ 0(mod p), where 0 6= B ∈ M2(Zp), then the number of
non-zero right zero divisor of A is equal to 0.

Case 2: If A.B ≡ 0(mod p), where 0 6= B ∈ M2(Zp), and B =

[

b11 b12
b21 b22

]

.

Then
[

a11 a12
a21 a22

] [

b11 b12
b21 b22

]

≡

[

0 0
0 0

]

(mod p)

⇒ a11b11 + a12b21 ≡ 0(mod p) and (1)

a11b12 + a12b22 ≡ 0(mod p) and (2)

a21b11 + a22b21 ≡ 0(mod p) and (3)

a21b12 + a22b22 ≡ 0(mod p). (4)

Let a11 6= 0, then from Lemma 1 we have p solutions of equation (1) and
equation (2). That is, there are p values of (b11, b21) and (b12, b22) which satisfy
equation (1) and equation (2). Also for these solutions of equation (1) and
equation (2), we get p choices for (a21, a22) which satisfy equation (3) and
equation (4). Excluding the case when b11 = b12 = b21 = b22 = 0, we get p2 − 1
choices for matrix B, such that A.B ≡ 0(mod p).

Corollary 3. The zero divisor graph ofM2(Zp) is a regular directed graph.

But this result does not hold for a higher order matrix ring. Here we give
an example for M3(Z2):

Example 4. Let M3(Z2) be as usual. Then





0 1 1
1 1 1
0 0 0



 has 8 right zero

divisors whereas





0 1 1
0 1 1
0 0 0



 has 16 right zero divisors.

Theorem 5. Let Z(M2(Zp))
∗ be the set of non-zero zero divisors of

M2(Zp). Then cardinality of Z(M2(Zp))
∗ is equal to (p− 1)(p + 1)2.
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Proof. The only zero divisors of M2(Zp) are of the form:

S1 =

{[

a 0
b 0

]

∣

∣a, b ∈ Zp, if a = 0 then b 6= 0 and if b = 0 then a 6= 0

}

,

S2 =

{[

0 a
0 b

]

∣

∣a, b ∈ Zp, if a = 0 then b 6= 0 and if b = 0 then a 6= 0

}

,

S3 =

{[

a b
0 0

]

∣

∣a, b ∈ Zp, a 6= 0 and b 6= 0

}

,

S4 =

{[

0 0
a b

]

∣

∣a, b ∈ Zp, a 6= 0 and b 6= 0

}

,

S5 =

{[

a b
c d

]

∣

∣a, b, c, d ∈ Zp \ 0

}

.

We note the following:

Si S1 S2 S3 S4 S5

Cardinality of Si p2 − 1 p2 − 1 (p− 1)2 (p− 1)2 (p − 1)3

Clearly, the cardinalities of set S1, S2, S3 and S4 are correct. For S5, let
a, b ∈ Zp \ 0. From Theorem 5, we see that for every (a, b) we get p− 1 choices
(excluding (0,0)) for(c,d). So we have (p − 1)2 choices for (a, b), and for each
choice of (a, b), we have (p − 1) choices for (c, d). So, the number of elements
in S5 = (p − 1)3.

Therefore, the total number of zero divisors of M2(Zp) is

p2 − 1 + p2 − 1 + (p− 1)2 + (p− 1)2 + (p − 1)3

= 2(p2 − 1) + 2(p − 1)2 + (p − 1)3

= 2(p − 1)(p + 1) + (p− 1)2(2 + p− 1)

= 2(P − 1)(p + 1) + (p − 1)2(p+ 1)

= (p − 1)(p + 1)(2 + p− 1)

= (p − 1)(p + 1)2.

Example 6. Consider M2(Z2). Then

S1 =

{[

1 0
0 0

]

,

[

0 0
1 0

]

,

[

1 0
1 0

]}

,
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Figure 1

S2 =

{[

0 0
0 1

]

,

[

0 1
0 0

]

,

[

0 1
0 1

]}

,

S3 =

{[

1 1
0 0

]

,

[

0 0
1 1

]}

,

S4 =

{[

1 1
1 1

]}

,

S5 = φ.

So the total number of zero divisors is 9 = (2− 1)(2 + 1)2.

Example 7. Consider M2(Z3). Then

S1 =

{[

1 0
0 0

]

,

[

0 0
1 0

]

,

[

1 0
1 0

]

,

[

2 0
0 0

]

,

[

0 0
2 0

]

,
[

2 0
2 0

]

,

[

1 0
2 0

]

,

[

2 0
1 0

]}

,

S2 =

{[

0 1
0 0

]

,

[

0 0
0 1

]

,

[

0 1
0 1

]

,

[

0 2
0 0

]

,

[

0 0
0 2

]

,
[

0 2
0 2

]

,

[

0 1
0 2

]

,

[

0 2
0 1

]}

,
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S3 =

{[

1 1
0 0

]

,

[

2 2
0 0

]

,

[

1 2
0 0

]

,

[

2 1
0 0

]}

,

S4 =

{[

0 0
1 1

]

,

[

0 0
2 2

]

,

[

0 0
1 2

]

,

[

0 0
2 1

]}

,

S5 =

{[

1 1
2 2

]

,

[

1 1
1 1

]

,

[

2 2
1 1

]

,

[

2 2
2 2

]

,

[

1 2
2 1

]

,

[

1 2
1 2

]

,

[

2 1
1 2

]

,

[

2 1
2 1

]}

.

Therefore, the total number of zero divisors is 32 = (3− 1)2(3 + 1)2.

We discuss the calculation of the number of edges in M2(Zp) as follows:

Theorem 8. Let M2(Zp) be as usual. Then zero divisor graph of M2(Zp)
has (p− 1)2(p+ 1)3 edges.

Proof. From Theorem 5, we know that there are (p−1)(p+1)2 zero divisors
in M2(Zp). Also there are p2 − 1 right zero divisors (or left zero divisors) of
every zero divisor (including idempotent elements), that is each element has
(p2 − 1) directed edges. Therefore, total number of edges are,

= (p2 − 1)(p2 − 1) + (p2 − 1)(p2 − 1) + (p2 − 1)(p − 1)2 +

(p2 − 1)(p − 1)2 + (p2 − 1)(p − 1)3

= 2(p2 − 1)2 + 2(p2 − 1)(p − 1)2 + (p2 − 1)(p − 1)3

= (p2 − 1)[2(p2 − 1) + 2(p − 1)2 + (p− 1)3]

= (p2 − 1)(p − 1)[2(p + 1) + 2(p− 1) + (p − 1)2]

= (p2 − 1)(p − 1)[4p + p2 + 1− 2p]

= (p − 1)(p + 1)(p − 1)(p + 1)2

= (p − 1)2(p+ 1)3.

Recall that general linear group, GLn(R) of order n is the set of n × n
invertible matrices with entries in R. If R is finite field with p elements, then
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Figure 2: Zero divisor graph of M2(Z3)
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order of GLn(p) is given by

n−1
∏

i=0

(pn − pk) = (pn − 1)(pn − p)(pn − p2) . . . (pn − pn−1). (5)

Now we give a relation to find the number of zero divisors of Mn(Zp).

Theorem 9. Number of zero divisors of Mn(Zp) is given by pn
2

−
n−1
∏

i=0

(pn−

pk).

Proof. The number of elements in ring Mn(Zp) is equal to pn
2

. Also, a non
zero element of a ring is either a zero divisor or a unit. From equation (5),

number of unit in Mn(Zp) is equals to

n−1
∏

i=0

(pn−pk). So, number of zero divisors

in Mn(Zp) are

pn
2

−

n−1
∏

i=0

(pn − pk).

Next, we will discuss the endomorphism ring of the group G. End(G) of
group endomorphisms of a group G is a ring with respect to the addition of
maps, (f + g)(x) = f(x) + g(x) for all x ∈ G, and the product given by map
composition, (fg)(x) = fog(x) = f(g(x)) for all x ∈ G. The endomorphism
ring of the group A =

⊕n
i=1Ai isomorphic to the ring of all n×n matrices [αji],

where αji ∈ Hom(Ai, Aj), with the ordinary matrix addition and multiplication
[10].

In the following theorem, we will show that the diameter of zero divisor
graph of Mn(Zp) is 2.

Theorem 10. The zero divisor graph of the ring Mn(K) has minimal
distance 2, where K is a field.

Proof. We know that Mn(K) ∼= EndK(V ), V an n-dimensional K-vector
space. Let x and y be the non-zero zero divisors in EndK(V ). Then x and y
are neither injective nor surjective. That is, V/im(y) and Ker(x) are non zero
spaces. Let z̄ be any non zero K-linear map from V/im(y) to Ker(x); this
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induces a non zero endomorphism z of V . Since Ker(x) ⊂ V , z is again not
bijective, hence a zero divisor. From this construction it is clear that xz and
zy are zero.

Corollary 11. The eccentricity of vertices of Γ(Mn(Zp) is 2.

Eccentric connectivity index is introduced by Sharma et al. [14] and is
defined as

ξ(G) =
∑

v∈V (G)

dvǫ(v).

Farooq and Malik [9] defined the total eccentricity connectivity as

ζ(G) =
∑

v∈V (G)

ǫ(v).

Now, we compute the eccentricity connectivity index of Γ(Mn(Zp).

Theorem 12. The eccentricity connectivity index of Γ(Mn(Zp) is 2(p −
1)2(p + 1)3.

Proof. From Theorem 2 and Corollary 11, we have

ξ(Γ(Mn(Zp))) =
∑

v∈V (Γ(Mn(Zp)))

dvε(v)

=2(p2 − 1)(p − 1)(p + 1)2

=2(p − 1)2(p+ 1)3.

Corollary 13. The total eccentricity index of Γ(Mn(Zp)) is given by

ζ(Γ(Mn(Zp))) = 2(p − 1)(p + 1)2

4. Conclusion

In this paper, we study the zero divisors in Mn(Zp). We find a relation for the
number of zero divisors in Mn(Zp). We derived a relation for the number of
edges in M2(Zp). We proved that M2(Zp) is a regular directed graph. We also
proved that diameter of zero divisor graph of Mn(Zp) is 2.
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