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Abstract: In this paper, we consider the question on computation of eigenval-
ues and eigenfunctions of a third-order composite type equation in a rectangular
region D of the space W3 (0,1) satisfying the following boundary conditions

ulgp =0, uy (0,y) =uy (1,y), uy(x,0)=uy(x,1),
where D = {z,y: 0 <2z < 1,0 <y < 1}. All eigenvalues and eigenfunctions of

the considered spectral problem are found, and the adjoint operator is con-
structed.
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1. Introduction

An extensive literature is devoted to study initial-boundary value problems for
various types of third-order partial differential equations. We note from several
later publications a series of works where the conjugation problem for a third-
order equation with multiple characteristics, with an alternating function at the
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highest derivative was studied in [15], and the question of solvability of some
nonlocal problems for a loaded third-order equation was investigated in [25].
In [21], questions of solvability of a nonlocal problem for a hyperbolic equation
with degenerate integral conditions were considered.

Solution of initial-boundary value problems for partial differential equations
by the Fourier method is almost always reduced to a problem on eigenvalues of
some ordinary differential operators [3], [4], [13], [18], [19], [23].

A number of spectral boundary value problems for the composite type equa-
tion

0
2 (Ugg + Uyy) + Au = 0,

were investigated in [3], [4], where all eigenvalues and system of root vectors
were found.

The present paper is devoted to finding the eigenvalues and eigenfunctions
of one boundary value problem for the third order partial differential equation

Lu = uggy + tyyy + Au =0, (1)

which is also a composite type equation [4], where the complex number A is a
spectral parameter.

2. Formulation of the problem

In a rectangular region D of the space W3 (0, 1) find eigenvalues and eigenfunc-
tions of the equation (1) satisfying the following boundary conditions

ulgp =0, uy (0,y) =uy (1,y), uy(x,0) =uy(x,1), (2)

where D ={z,y: 0 <z <1,0<y<1}.

3. Distribution of eigenvalues of the problem (1)-(2)

Looking for a solution of the problem (1) - (2) by the Fourier method in the
form

u(z,y) =X ()Y (y),

we come to the following spectral problems in the space W3 (0, 1) for ordinary
differential operators:

LoX=X"+uX =0, X (0)=X (1) =0, X' (0)=X'(1), (3)
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LY =Y"4+uY=0Y(0)=Y(1)=0, Y (0)=Y'(1), (4)

moreover, A = [ + V.

The boundary value conditions in (3), (4) refer to regular boundary value
conditions by J.D. Birkhoff [2]. An important result, established by J.D.
Birkhoff, was to estimate resolvent of a regular differential operator and to
establish asymptotics of the spectrum. In the monography by M.A. Naimark
[20], a subclass of regular boundary value conditions is distinguished, where it
is noted that for an odd order of the equation all strongly regular conditions
are regular. In (3), (4) the boundary value conditions are periodic boundary
value conditions.

Let us solve the problem (3) (the problem (4) is solved similarly). The
general solution of the equation (3) has the form

X (z) = Cre®™® + (02 - cos V3ax + Cs - sin \/gafb‘) e, (5)

where C1, Cy, C3 are arbitrary constants,

il

a:T;&O. (6)

According to results of [7], [8], characteristic determinant of the spectral
problems (3), (4) is an entire analytic function of a variable a, which coincides
with the exponential type quasi-polynomial with commensurable exponents:

Af(a) = (\/g + 3i) e(l"'i‘/g)a + (\/g _ 32') e(l—z‘ 3)a
+ (\/g + 31) 6_(1+i\/§)a + (\/g _ 32) 6—(1—1‘\/3)(1 (7)
_2\/§e2a _ 2\/56_2(1.

In [7], [8], a conjugate indicator diagram of the function A (a) is constructed,
which is a regular hexagon on the complex plane a, the sides consisting of
segments:

e —1—¢\/§J, [—1+iv3 1+iv3] [—_2; —1—2'\/3},

[—14—1'\/5; —_2}, 1+¢\/§;§], [5; 1—iv3],

where the bar means complex conjugation and the length of each segment is
equal to d = 2 which means commensurability of the exponents of each series.
The rays, which are perpendicular to the indicator diagram, are called critical.
According to [15], there are exactly six critical rays on the plane a, that is,
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arg =T+ %,
n=0,1,2,3,4,5. Along the critical rays, zeros of each corresponding series A(a)
from (7) are located, and in [7], [8] all the zeros of A(a) are found explicitly:

- segment (2;1 — iv/3|, 1-st series of zeros:

2%k ln‘ 2v/3 ‘-i—iATg( 23 )

et — V/3+3i V/3+3i E—123
k1 —1—|—’L\/§ _1+2\/§ ) 5 Ly Dy eeey
where In ‘ \/23\_/53@‘ + iArg (\/25\4/-12) = const;
- segment [—1 — V31— 2\/3} , 2-nd series of zeros:
ikm const
apo = + , k=1,2,3,...,
T4 2(1+iv3)
- segment [—1 +iV3; 1+ z\/g] , 3-rd series of zeros:
arz = tkm + const, k=1,2,3,...,
- segment [—_2; -1- z\/g] , 4-th series of zeros:
ik const
Qps = + , k=1,2,3,..,
CTIEB T 1+iV3
- segment [—_2; -1 ’L\/g], 5-th series of zeros:
ik const
ags = — — , k=1,2,3,..,
PTUI4E 1103
- segment [—1 + /3 —_2] , 6-th series of zeros:
ik const k=123 .

ape = + ,
MBI —iV3

Therefore, according to (6), for spectral boundary value problems (3) and
(4) we have 6 series of the corresponding eigenvalues of the operator Ly:

4ikm const
HE1 = —

3
+ . k=1,2,3,....
—1+iV3 —1+i\/§>
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__( kT N const >3 k=123
HEk2 = 1_’_2\/3 1_’_2\/3 ) — Ly &y 9.

prs = —(2ikm + const)3, k=1,2,3,..

B < ik N const )3 k=1 9 3
k4 1—|—’L\/§ 1+’L\/§ ) 5 Ly Dy e

_( 2ikm N const >3 k=193
HE5 1+’L\/§ 1+’L\/§ ) g Ly Dy eee

dikm const
Hee = —

+
1—iv3 1—iV3

3
> . k=1,2,3,...,

and the operator Lq:

4ilm const
Vi = —

3
+ ., 1=1,2,3,....
—1+1iV3 —1+i\/§>

< 2l N const >3 [—123
Vg = — , 1=1,2,3,....
. 1+iv3  1+iv3

vz = —(2ilm + const)®, 1=1,2,3,....

< 2l N const )3 =193
vy = — , =1,2,3,....
“ 1+iV3  1+iV3

2ilm const \>
s = n C1=1,2.3, ..
" <1+i\/§ 1+i\/§)

4ilm const \°
v = — n . 1=1,2,3, ...
“5 <1—z’\/§ 1—i\/§>

Hence, it is easy to justify the following

Lemma 1. Let (7) be a characteristic polynomial of the problems (3),
(4), and (6) hold. Then zeros of the entire analytic function A (a) in (7) are
eigenvalues of the operators Lo and L1, which adequately determine eigenvalues
of the operator

L Ay = = (pwg + vig) 5

where k =1,2,3,..., | =1,2,3,..., j = (1;6) means each series.
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Remark 2. In the case when a = Q/Tj‘ = 0, the general solution (3),
representing in the form X (z) = axz? + bx + ¢ and satisfying the boundary
value conditions in (3), we have X (x) = 0, that is, po = 0 is not an eigenvalue
of the operator Lg. Similarly, g = 0 is a regular point of the operator L;. So
Ao = 0 is not an eigenvalue of the operator L.

The connection between the zeros of quasi-polynomials and spectral prob-
lems is reflected in [1], [6], [14], [16], [17], [24].

The works [11], [12], [26] are devoted to investigation of zeros of entire
functions having an integral representation, connected by spectral problems of
a third-order differential operator with nonlocal boundary value conditions.

In [9], [10], [22], characteristic determinant of the spectral problem for the
Sturm-Liouville operator with perturbed regular boundary value conditions was
calculated, which is an entire analytic function of the spectral parameter, where
stability of the basis property of systems of root functions was studied, and [5]
multiple solutions of a nonhomogeneous Sturm-Liouville equation with nonlocal
boundary conditions.

4. Calculation of eigenfunctions of the problem (1)-(2)

The fundamental difference of this paper from [7], [8] and [11], [12] is the deter-
mination of eigenfunctions of the operators Ly and L;. We present a scheme for
calculating the eigenfunctions of the operator L (eigenfunctions of the operator
L, are calculated similarly).

Substituting in order the found eigenvalues of the operator L of each series
from Section 3 into (5) and satisfying the problem (3), we obtain the corre-
sponding eigenfunctions of the operator Ly of each series. We formulate this
fact in the following form.

Lemma 3. If all items of Lemma 1 are satisfied, which are defined all
eigenvalues of the operator Lg of each series in Section 3, then the system of
eigenfunctions of the operator Ly will be

Xp1(z) = CLe®P 1% gy () + (Cotopr () + Catia () PF17,

S

k2(z) = CLe®PR2% opo () + (Cotopa(x) + CaTia(z)) €PF27,
Xisz(x) = Crops(x) + Cothys(x) + Camys(x),
ka(r) = C1ePM4% 01 (x) + (Cotppa(x) + Campa()) €PF47,

>
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Xps(z) = Cre?Pk5% s () + (Cotps () — CaTis(x)) P47,
Xyo(2) = C1ePk% op6(x) + (Cotopg () + CyTig(x)) €P467,

where
or1 () = cos 2qp1x — isin 2qp 7,

Yr1(x) = cos qr1 - cos V3pg1a - ch/3qp @
—sin V3pg1z - shyv/3qi12 - sin g
—i(cos V/3pg1x - ch\/3qp1 - sin g1
+ €08 g1z - sin V3pg1 - shy/3qx1z),

1 () = cos g1z - sinV/3pg1x - chy/3gpx
— sin g1 - o8 V3pg1w - shy/3qp1x
—i(sin gp 2 - sin v/3pg1x - ch/3qp1x
+ €OS g1 - €08 V/3pg1x - shy/3qi1z),

_ kmv/3 T kr w

Dk1 = 5 +4—\/§7Qk1:7—67
Pr2(T) = cos 2q2x + i sin 2qxa,

Via(x) = cos qra - cos V/3pgax - chy/3qpox
+ sin v/3ppot - Sh/3qa - sin qox
—i(sin v/3pgox - shy/3quox - cos quox
— 8in qgax - o8 V3pra - ch/3qpa),

Tro () = €08 gra - sin V/3paw - chv/3qpom
+ sin gro - cos V/3pgaw - shy/3qpax
—i(cos ko - cos V/3pkaw - sh/3qpaz
+ sin gro - sin V/3prax - chv/3qraz),

km/3 o« _km T
2 47 drk2 = 2 12>

¢r3(T) = cos 2qp3x — isin 2qx3,

Pi2

Us(x) = cos qrax - chV/3qusz — ichV/3qus - singyaz,
Trs(x) = sin g3z - shA/3qpsw — i sin qes - chV/3qs,

_m_m
Qk3—2 37

Pra(T) = co82qpa™ + i8iN2qp47,
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Vra() = €OS qra - €08 V/3ppa - chy/3qpa
+ 80 V/3ppat - ShA/3qa - sin qax
—i(sin v/3pgaz - shv/3qpaz - cos graz—

— 8iN @ua - €08 V3P4 - ch/3qpa),

Tra(x) = €08 qpa - $iNV/3ppa - chv/3qpaz
+ 80 g4 - €S V/3pga - shy/3qpaz
—i(COS qra - €S V3P4 - sh/3qpaz
+ sin g4 - sin V/3ppat - chy/3qpa),

knv/3 T _k:7r+ T
2 120 = 5 Ty

Pka = —

ks () = cos 2qxsx + 1 8in 2q5T,

Vis(x) = cos qusx - cos V3pgsz - chy/3qysx
+ sin v/3pgsa - singes® - shv/3qgs®
+i(sin qrsx - cos V/3prsx - chy/3qpse
— 08 Q5T - SN/ 3ps - ch/3qis),

Tis(x) = cos qrsz - sin V/3pgsz - chy/3qisa
+ sin g5 - cos V3prsx - Shy/3qsT
+i(sin qgsx - sin v/3pps - chy/3qusx
— COS Q5T - cOS V/3prsx - Sha/3qrs),

kry/3 T kr  7wV/3

2 +E7qk5:? 127

Pr5 = —
vre(T) = cos 2qxex + i sin 2qpe,

Vie(2) = cos qrex - cos V3prex - ch/3qyex
+ sin V/3prex - shv/3qiex - sin grer
+i(sin v/3prex - shv/3qrex - cos qrex
— sin g - €os V3pre - ch/3qre),

The () = €08 Qe - SInV/3ppe - chy/3quee
+ sin qre - cosV3prex - Shv/3qrex
+i(sin grex - sin v/3prex - chv/3quer
— COS Q6 - €OS V3Pre - sh/3que),

km T kmv/3  w/3
Pro = 5 ~ 1y e =5 — 35— k=123,
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Repeating all the process of obtaining formulas of eigenfunctions for the
operator Lg for the problem (4), we obtain a similar system of eigenfunctions
Yii(y), 1=1,2,3,..., j = (1,_6) of the operator L of each series.

Thus, we come to the main result of this work:

Theorem 4. The system of eigenfunctions of the operator L, that is, of the
spectral problem (1) - (2), corresponding to its eigenvalues Ay = £ (pui; + v15) 5
from Section 3, Lemma 1, according to u (z,y) = X (x) - Y (y), has the form

Uklj(l‘,y) = Xk](l‘) : Yij(y)vk =1,2,3,...,1=1,2,3,.., Jj= (1a—6) )
where Xy; (x) and Yj; (y) are defined by the formulas of Lemma 2.

5. Conjugate problems

LoX =1y (X) = X" (x). By applying integration by parts, we get the Lagrange
formula:

1 . 1 - -
Oflo (X)v (x)dx—l—be () 1§ (v)dxe =X" (1) v (1) — X" (0) v (0)

~ [0 - @] X7 (0) + X (1) V(1) - X (0) - 07 (0).
Here [ (v) is a conjugate differential expression:
I5(w)=-0"(x), 0<z<l. (8)

Consequently, the operator L{, which is conjugate to the operator Lg is
given by the differential expression (8) and boundary value conditions:

v(1)=v(0)=0, ' (0)—2"(1)=0. (9)
Similarly, for the operator L; there is a conjugate operator
LY=LY)=Y"(y), Li:lj(v)=-2"(y),0<y<1,

with the boundary value conditions (9).
Therefore, in the region D, conjugate problem to the problem (1) - (2) will
be
L™V = Vyge + Viyyy — AV =0,

satisfying the boundary value conditions:

V|(9D = 07 ViE (17:1/) = VLE (Ovy)> Vy (33,0) = Vy (l’, 1) .
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