International Journal of Applied Mathematics

Volume 34 No. 3 2021, 507-518

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
doi: http://dx.doi.org/10.12732/ijam.v34i3.6

THE THREE-PARAMETER BLACK AND SCHOLES PROCESS

A. Bellekbir! ¥, M. Elmerouani?, A. Arbai?

L2Mathematics Department,University Abdelmalik Essaadi
Tetouan - 93002, MOROCCO

3 Mathematics Department, University Abdelmalik Essaadi
Tangier - 90000, MOROCCO

Abstract: In this paper, we propose a new study of the Black and Scholes
Process (BSP). The main objective is to add a threshold parameter to the Black
and Scholes Process. Using Kolmogorov equations, we obtain the probability
density function and the moments of the process. Estimators of the parame-
ters are studied by considering discrete sampling of the sample trajectories of
the model and then using the maximum likelihood method and the Wicksell
method.
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1. Introduction

Nowadays, financial sciences play a major role in increasing the wealth of a
country and in its competitiveness. The increasingly efficient tools to equip
them allow it to manage the risks. Their role and importance are extending to
all aspects of the life in World.

However, the existence of numerous financial crises contributes to some
questioning of its social importance. Therefore it appears important for finances
to be based on solid models to assess risks and prices.
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For these purposes, the Black and Scholes Model has been established as
a reference since 1973, in the calculation of the option. This model is very
successful because of having many advantages: its simplicity of application and
its important use by market operators in increasing the wealth of a country and
in its competitiveness. The increasingly efficient tools that are equipped allow
to manage the risks.

2. The basic model

Let (€, (#)i>0, P) be a filtered probability space satisfying the usual condi-
tions and W = {W(¢),t > 0} a standard Brownian movement suitable for the
filtration (%) = (o(w(s),s < t)).

We define the process S = {S(t),t > 0} by the solution of the following
stochastic differential equation:

{ dS(t) = uS(t).dt + oS(t).dW (t)
S(to) = So

The process S = {S(t),t > 0} is a stochastic process with values in R repre-
senting the price of a financial asset.

We put Y (¢) =log(S(t)) and n = p — %.
By applying Ito’s lemma, we obtain the following stochastic differential
equation:

Y(0) = yo = log(5o)

It follows that Y = {Y(¢),t > 0} is a generalized Wienner process of drift »
and variance o2, such that

{ dY (t) = n.dt + o.dW (t)

Y (t) - Y(0) = log % ~ N(nt,o*t),

therefore S(t) is a lognormal diffusion one-dimensional process characterized by
the following transition density function.

For s < t:
S(s) = v,
f(z,t/y,s) ! exp{ ! [logz —lo
) ) = (FV—————————XP1 5 5, -
Y ox\/2m(t — s) P 202(t — s) & &Y
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—(n =)t =9}

We can conclude that:

2

S@NAmgHmu—@m%—@]wmln:u_%.

3. Black and Scholes process with three parameters
3.1. Definition of the model:

Let (9, (#t)i>0,P) be a filtered probability space satisfying the usual condi-
tions and W = {W(t),t > 0} a standard Brownian movement suitable for the
filtration (%) = (o(w(s),s < t)).

We define the process S = {S(t),tp <t < T}, (S € RT) by the solution of
the following stochastic differential equation:

{dao:mao—ﬂm+awm—ﬂdww
S(to) = So

Let S = {S(t),to <t < T} be a Markov process with values in ]y, co[ with
almost certain continuous trajectories and transition probability given by:

P(z,t/y,s) = P[S(t) = x/5(s) =y,
where x > v, y > v and v € R.

We assume the following conditions:

1
lim —P(x,t + h/y,t) =0
o lim (w,t+ h/y,t) =0,

el [ @ y)PG R/t = A ti9) = uly ),
—0h lz—y|<e

-hm/ (x — )2 P(a,t + by, 1) = As(y, tiy) = *(y — 7).
h—0 h lz—y|<e

e The higher-order infinitesimal moments are null.
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Remark 1. Where g > 0, 0 > 0 such that u,0 € R, the infinitesimal
moments of the process are:

Ay, t;y) = uly — ),
As(y,tv) = o (y — )%

Using the fact that process S’'(t) = S(t) — v is a lognormal diffusion pro-
cess with two parameters, we obtain the backward and forward Kolmogorov

equations:
orP o? ,0?P or
g+7(y—7)8—y2+u(y—7)—y—07 (1)
oP  o?0(x —v)*P oz —p)P
Tty e M @

Using Ricciardi’s theorem (see [13]), the common solution to these equa-
tions, with the initial condition P(x,t/y,s) = d(x — y) is:

1 1
P(z,t/y,s) = @ =)0 ol —5)
<exp{~ gz (o8 =) ~logly =) —at =)} @)

2
with n = pu — % .
The distibution of random variables S(t)/S(s) = y is one-dimentional three-
parameter lognormal distibution:

S(t) ~ Alyilog(y — ) +n(t — s);0%(t — s)].
3.2. Moments of the process:

The moments of the lognormal diffusion process with three parameters are ob-
tained from the moments of the lognormal diffusion process with two parameters

S'(t) = S(t) — .
We have then,

E[(S(t) —7)*/S(s) = ys] = exp{klog(ys — )
20.2
+ Ekn(t—s)+ 5 (t—s)}
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2 2
= (ys = NF exp{(kn + ——)(t — 5)}.
Taking into account that:
SE(t) = (S(8) =7 + )",
applying Newton’s binomial we have:
"k
k o i k—i
s =3 (7)) -
Thus,
k a k 120'2
’L [ _ - _ . 4
B 075 =ul = 32 ()0~ espllin e o)

3.2.1. The mean function:

We take the case k = 1 in equation (4), so we have:

0.2
E[S(t)/5(t) = ys] = (ys = ) expi(n + 5 (t = )} +7

= (ys —v) exp{p(t — s)} + .

Thus, the mean function of the process will be:

E[S@®)] = E[E[S{t)/5(to)]]
= E[(S(to) — ) exp{u(t —to)} + 1]
E[(5(to) — )] exp{u(t —to)} + -

By using the initial condition P[S(to) = yo| we obtain:
E[(S(#)] = (so — ) exp{u(t —to)} + - ()

3.2.2. The variance function:

To calculate the variance of the process, we need to calculate previously the
second order moment: E[S?(t)].

In the same way, and by using the initial condition P[S(tg) = yo], the
variance function will be:

Var[S(t)] = E[S*(t)] — [E[S(t)]?
= (s0 —7)” exp{2u(t — to) Hexp{o*(t —to)} — 1].
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3.2.3. The covariance function:

The covariance function is given by:
Cov[S(t)5(s)] = E[S(t)S(s)] — E[S()E[S(s)]]-
So, the covariance function has the following form:

CoulS()S(5)] = (s — ) explalt — to) + (5 — to)}
x [exp{o?(min(t,s) — to)} — 1].

4. Estimation of the parameters
4.1. Maximum likelihood method (M.L.M):

We consider a discrete sampling of the process S € R™ for the instants t1, - -+ , t,:
{S(t1) = 51, 8(t2) = s2,- -+, S(tn) = sn},

with the initial condition P[S(t1) = s1] = 1.
The maximum likelihood function associated is thus

n

L(s1,- -, 8n;7,0%,7) = HP(Si,ti/Siflatifll
i=2

This function tends to infinity when v tends to s(;) = info<;<n(s;)

We introduce the Log in equation (3), we obtain then the log-likelihood
function:

n—1
2

n
log(2ma?) Z log(s; — )
=2

log[L(Sh' s Sns T, 0277)] = -

n n 1

=t =352 G

=2 =2

N —

x [log(s; — ) — log(si—1 — ) — n((t; — ti—1)]*. (6)
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We obtain then the likelihood equations for 7, ¢ and v from (6), by
differentiating with respect of parameters and setting the result equal to zero:

__ log(sp —4) —log(s1 —4)
= — —, (7)
~ 1 - lo Sn—A —lo Si_—A —Ati—ti_ 2
e Zz:; [log(sn —7) gé _;i_l’y) Ul )l (8)
o JA n 1 _ n (Si — si_l)[log(si — ’3/) — 10g(8i—1 — ;7)]
D= R T AT o A - )
+ i (9)

where A(¥) =0 and v < s(y).

4.2. Reparametrization of the process,
according to Wingo:

The estimation of the third parameter introduced in the process is not obvious.
The main theoretical difficulty is that the likelihood function reaches global
maxima at points where the parameters take inadmissible values and where the
global maxima value of the likelihood function is +oc.

For the computational part, we have convergence problems due to the it-
erative numerical method used for ML estimation. In other words, when we
try to find a solution for equation (4) by means of numerical approximation
method, and since the initial estimate of v is not close enough to the solution,
this method will converge towards the degenerate solution v = —oo0.

For the case of three-parameter lognormal distribution (see [15]), Wingo
proposed a computational algorithm based on the reparametrization of the
likelihood function by using a parametric transform, to reduce the interval of
the real slope on which many finite local maxima of the log-likelihood function
are located.

We consider the following transform:
7(0) =351 = eXp(_H)v ] — 00, +OO[> (10)

where s1 is the minimum of the values in the sample.
It is clear that v — s; when § — 400, and v — —oo when § — —o0.
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This transformation is substituted into the log-likelihood function (6), we
obtain then log[LL(s1,- - , sn;n,02,7(6))], denoted by L*(n, a2, 6).

The computational algorithm is simple:

e We obtain a global maximum @ by maximazing L* (n,02%,0) in a compact
interval on the real slope.

e We calculate the local maximum likelihood estimator 4 by means of
4(0) = s1 — exp(—0).

e We calculate the remaining maximum likelihood estimators by substitut-
ing 4 in the equations (7) and (8).

By applying the Wingo transformation to our process, the log-likelihood
function would be:

L*(n,0%,0) = _n log (2mo?) Zlog [s1 — exp(—0)])

n

-%j{jhxxti—tig-—j{jég—(—l—————uogc%-—[51——exp(—en
=2 1=2

2(t; —ti-1)
— log(si,l — [81 — exp(—@)]) — ’I’](ti — tifl)]?

By differentiating the log-likelihood function compared to 8, and setting the
result equal to zero we obtain an estimator for 6.

We substitute then in other likelihood equations, we obtain the estimators
for remaining parameters, as described above:

. 1 B 1 B exp(—0)
(5w a—ﬁwﬁ‘gﬁ 5= 4(0)

B zn: (si — si-1)[log(s; — 3(0)) log(si—1 — %(0))]
2 (im0~ 3Ot — 1)

4.3. Wicksell line method:

We have previously seen that S; is a lognormal process with three parameters
so we can apply our alternative estimation method: the wicksell line method
that we have already discussed in our last article (see [4]).

We pose S, = s; € R™ (m € N*) a multidimensional three-parametric
lognormal process at an instant i.
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1 )
Let Z;,(s;) = 08(si — %) — i for 1 <4 < n and n fixed.
o

We have already seenl that Sy, = s; ~ A(7i; i, 0:), which implies that
8; = i + exp(0.Zy; + fi).-
Lot Ni(Z,) = — o (— 1)1, the distribution f £ N(0,1)
et N;(Z;,) = — exp(——=)dt; the distribution function o J1),
7 tz \/%\/00 p 2 7
1 Zti(Sti) t2
andSFi(Sti) = N /oo exp(—é)dti the distribution function of A(~;; i, ;).
O,

F(Sy,) = N(Zi(Sy,)). (11)
If A; is the mean of Sy, then:

UZ‘Q
Ai =vit+exp | pi+— |,

2
Zi(4) = 3,
Fi(A;) = N (%) .
Finally,
oi = 2N, [F3(A9)). (12)

Let { (S, Fij(St,;)) :j=1,--- ,n} a given random sample.

We denote by S;; the 4t observation of the process at the instant i and tij
the instant of the ;%" observation of the process at the instant i.

We calculate first the mean A;, then by the interpolation method we calcu-
late F;(A;).

From (11) and (12) we determinate o; and Z(Sy,;).

Finally for j = 1,--- ,n, we determinate u; such that

uj = eXp[JiZi(Stij )]
We make then a linear approximation to the data by
{(Se;,u5) - g ={1,--+ ,n} with u = cx + d},

to determine the parameters p; and 7;.
If we make an approximation of u = cx 4+ d with quadratic mean, then we
can get c and d minimizing:
n n

fle,d) = Z(u —uj)? = Z(cSij +d —uy)?

j=1 j=1
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The partial derivatives of f(c,d) are:

9f(c.d) -
= 2; l(cSij +d—uj),
0f(c,d) &
. ——2j§15ij(cSij+d—uj).

If these partial derivatives are equal to zero we obtain the following system:

{ Z;-Z:l(csij +d— uj) =0
Z?:l l‘ij(csij +d— Uj) =0

which is equivalent to:

D1 Sij) et mnd =370 u;
S S e+ (Z?:1 Sz‘j) d =377 Siju;

9

thus
n Y5y Siji — 251 Sij 25 U

ny i Sh - (Z}Ll Sz'j)2 |

CcC =

and
1 — 1 —
d= Ez;uj—ﬁzgsijc.
Jj= Jj=

Finally, we have

wi = —loge,
d

Yi = ——,
C

7i = =3 (log(S; =) — ) (08(S; — %) — )

J=1
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5. Conclusion

The basic goal of this study is to define a new stochastic process: the three-
parameter Black and Scholes process. To do this, we determine the inferential
and probabilistic results: we estimate the parameters of the process based on
discrete sampling of the process using two methods: the maximum likelihood
method and Wicksell line method. The problems we encountered when applying
the ML method are solved via the method of reparametrization according to
Wingo to reduce the interval of the threshold parameter.

Our next paper will be devoted to a numerical study of estimation methods.
We will apply the model to real data,and therefore determine which of these
methods is the most exact.
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