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Abstract: For given two graphs G; and Go, the size Ramsey multipartite
numbers m;(G1,G2) is the smallest integer ¢ such that every factorization of
graph K. := Iy @ Fy satisfies the following condition: either Fj contains G
as a subgraph or F5 contains G9 as a subgraph. In this paper, we determine
for the size multipartite Ramsey numbers m;(P,, Kjx,) with integers j,n > 3
and b > 2.
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1. Introduction
Let G = (V, E) be a graph with the vertex-set V(G) and edge-set E(G). All

graphs in this paper are finite and simple. For any set S C V(G), the induced
subgraph G[S] of G by S is the maximal subgraph of G with the vertex-set
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S. If e = wv € E then u is called adjacent to v. A graph G is said to be
factorable into factors Gy, -- - , G, if these factors are pairwise edge-disjoint and

" E(G;) = E(G). If G is factored into G1,--- ,Gp, then G :=G1 & --- & Gy,
which is called a factorization of G.

For two given graphs Gi and Gg, the Ramsey number r(Gy,Gs) is the
smallest positive integer n such that for any graph G of order n, the following
statement is always true: either G contains G or G contains Gg, where G is
the complement of G. Burger and Vuuren [1] studied one of the generalizations
of this Ramsey number as follows. Let j,[,n,s and ¢ be natural numbers with
n,s > 2. Let K,,«; denote a complete, balanced, multipartite graph consisting
of n partite sets and [ vertices in each partite set. The size multipartite Ramsey
number m;(Kyxi, Kgxt) is the smallest natural number ¢ such that any red-
blue coloring of the edges of K, forces either a red K, »; or a blue Kyy; as a
subgraph.

In this paper, we consider a generalization of this concept by releasing
completeness requirement in the forbidden graphs as follows. Let j > 2 be
a natural number. For graphs Gi,--- , Gy, the (generalized) size multipartite
Ramsey number m;(Gy,--- , Gy) is the smallest natural number m so that any
k-coloring of the edges of K, will yield a copy of G in the ith color for some
i. Hattingh and Henning [3] determined the exact values of bipartite Ramsey
numbers b(P,,, K1 ). For the case of k = 2, with G; and Gy are complete
balanced multipartite graphs, the numbers can be derived from result Burger
and van Vuuren [1]. Gyérfas et al. [2] studied the Ramsey-type problem in
directed and bipartite graphs. Furthermore, Syafrizal et al. [4] determined
Path-path size multipartite Ramsey numbers. For the combination path versus
complete, balanced, multipartite graphs, Syafrizal [5] showed lower bound of
m;( Py, Kjxp) for integers j,n >3 and b > 2.

Theorem 1. For integers j,n > 3 and b > 2,
(n—1)b, if 3<n <y,

G-—DI%2| +0b, if n>jb.
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2. Main results

For any natural number j, clearly that m;(Ps, Kjx1) > 1. Consider the factor-
ization of Kjyx1 = F1 @ Fy such that Fy contains no . Thus, F; consist of
independent vertices. This implies F5 = K.

The aim of this paper is to derive some upper bounds for the size multi-
partite Ramsey numbers m;(FP,, Kjx). In this note, we prove the following
theorem.

Theorem 2. For integers j,n > 3 and b > 2,
(n—1)b, if 3<n<jy,
mj (P, Kjxp) = § jb, if j <n < jb,
(G—D|Z52] +0b, if n>jb.

Proof. We consider three cases.
Case 1. For 3 <n < j.
By Theorem 1, we have m;(P,, Kjxp) > (n—1)b. To show that m;(FP,, Kjx) <
(n —1)b, consider F' = Kjy;. Let F| @ F» be any factorization of F' such that
Fy contains no P,. To show that F5 contains K., we can do the following
process.

Let Vi = {v11,.- v ,(—1p)s > Vs = {0515+, V) m—1)p} be the partite
sets of F'. Since I} contains no P, then the longest path in Fj is at most
(n —1) vertices. Since |Fi| = j(n — 1)b, then there are at most jb longest path
in F}. Without loss of generality, suppose

Fy = Ul_ F[V}] where V"2 U Vi(K}_,)

where [ € {1,2,...,5} and V)(K._|) = {uri, 24, u_1),;} is the set of
vertices of complete graph K _; on (n — 1) vertices with ¢ € {1,2,...,b}. Let
Pf be the longest path in V;(K}_;) and let u}; € V;(K!_;) be the end vertex of
P! in Fy for every | =1,2,...,j and ¢ = 1,2,...,b. Since uj; € Vi(K},_;) is a
end vertex of P} then uj; is not adjacent to every other vertex in F. Since the
number of complete graph K _; is b, then we have the new partite sets V;* =
{ui 1wl g sudyts V8 = {ug g ubgsugy b ooy V= {ug g, uf,, 05}
will be form Ky, in Fy. Therefore, m;(Py,, K;xp) < (n — 1)b. For example of
Case 1, we can see as follows.
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Example 1. m5(Ps5, K5x2) = 8.

Proof. By Theorem 1, we havems(Ps, K5x2) > 8. To show thatms(Ps, K5x2)
< 8, consider F' = Ksyg. Let I} @ F» be any factorization of F' such that
F} contains no P;. We will show that F5 contains K52 as follows. Let
Vi={vi1,v12,...,v18}% ..., Vs ={v51,052,...,058}, be the partite sets of F.
Since Fi contains no Ps, without loss of generality, suppose I} = 8K3 U 2K3.
Now, we construct the new partite sets of I5 as follows

V' = Vi(K}) U VI(KY),

where | € {1,2,3,4,5} and V)(K}) = {u14,u24,...,u4,} is the set of vertices
of complete graph K} on 4 vertices with i € {1,2}. Next, we take one vertex
uf; € Vi(K}) for every i = 1,2 and [ = 1,--- ,5. Since 3 < n < j, then we have
the new partite sets Vi* = {uj 1, uj o}, -+, V5" = {uj 1, u5 o} will be form Ksyo
in Fy. Therefore, ms(Ps, K5x2) < 8.

Case 2. For j < n < jb.

By Theorem 1, we have m;(P,, K;xp) > jb. We will show that m; (P, Kjx) <
jb, consider F' = Kj,j;,. Let Fy @ Fy be any factorization of F' such that Fy
contains no F,. We will to show that F5 contains K.

Suppose t = jb. Let Vi = {vi1,v12,...,01¢}, -,V = {vj1,052, ..., 04}
be the partite sets of F'. Since F} contains no P,, without loss of generality,
suppose F1 = (n — 1)bK,,_1 U (b(j — 1) —n+ 1)K,,_1. Now, we construct the
new partite sets of Fy as follows

V= U VI(KL ),

where [ € {1,2,...,7} and Vi(K! ;) = {u14,u24,. .. ,Un—1),;} is the set of ver-
tices of complete graph K! ; on (n—1) vertices with i € {1,2,...,b}. Next, we
take one vertex uj; € Vi(K: ) for everyi=1,2,...,band [ = 1,2,...,j. Since

J < n < jb, then we have the new partite sets Vi* = {uj ,ujs,...,uj b,
V= {u;-:l,u;fz, . ,u;b} will be form Ky in Fy. Therefore, m;(Py,, Kjxp)
< jb. For example of Case 2, we can see as follows. O

Example 2. ms(Pr, K5x2) = 10.

Proof. By Theorem 1, we have ms(P7, K5x2) > 10. To show that
ms(Pr, K5x2) < 10, consider F' = Kj5yx19. Let F} @ F, be any factorization
of F' such that F} contains no P;. We will show that F5 contains Kgyo as
follows.
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Let V1 = {Ul,la ’01,2, . ,ULlo}, ey V5 = {’U5,1, U572, Ce ,’05,10} be the partite
~Y

sets of F'. Since F} contains no P;, without loss of generality, suppose F] =
8K3 U 2K3. Now, we construct the new partite sets of F5 thats is

V' = Vi(K;) UVi(KD),

where | € {1,2,3,4,5} and Vj(K}) = {u14,u24,...,u4,} is the set of vertices
of complete graph K} on 4 vertices with i € {1,2}. Next, we take one vertex

up; € Vl(Kfl) forevery i =1,2 and [ = 1,---,5. Thus, we have the new partite
sets V' = {uf ,ulo}, Vo' = {ui ,u55}, -+, V5" = {u5 1, u5,} will be form
K5><2 in FQ. Therefore, m5(P5,K5><2) < 10. [l

Case 3. For n > jb.

Let t = (j — 1)[252] + b, by Theorem 1, we have m;(Py, Kjxp) > t. To show
that m;(P,, Kjxp) < t, consider F' = Kjy;. Let Fy @ I, be any factorization of
F such that F} contains no P,. To show that Fy contains Kj;, we can do the

following process.
Let

V1 = {Ul,la ’Ul,g, e 7’U1,t}7 VQ = {’Ug,l, U272, e ,’Ug,t}, cee ,Vj = {Uj71, Uj72, . >Uj7t}

be the partite sets of F. Since F) contains no P, then the longest path in Fj
is at most (n — 1) vertices. Since |F}| = jt, then there are at most jt/(n — 1)
longest path in F;. Without loss of generality, suppose

Fy = U, F[V;"] where Vi = Ul Vi(K}_y),

where | € {1,2,...,j} and V)(K! ;) = {uri,u24, - u_1),;} is the set of
vertices of complete graph K! ;| on (n — 1) vertices with i € {1,2,...,b}. Let
P/ be the longest path in Vi(K;_;) and let uj; € Vi(K;_;) be the end vertex
of P/ for every i = 1,2,...,band | = 1,2,...,j. Since uj; € Vj(K}_;) is a
end vertex of P’ then w;; is not adjacent to every other vertex in F3. Since
the number of complete graph K ; is b, then we have the new partite sets
Vit ={ui ,uig, .- 7UT,b}v e V= {u;fvl,u;fg, ... 7u;,b} will be form Kjy; in
F5. Therefore, m;(P,, K;xp) < t. For example of Case 3, we can see as follows.

Example 3. m5(P10,K5><2) = 18.

Proof. By Theorem 1, we have ms(P, K5x2) > 18. To show that
ms(Pro, K5x2) < 18, consider F' = Kpy15. Let F} @ F» be any factorization of F
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such that F} contains no Pjg. We will to show that I5 contains Ksyo. Let V] =
{vi,1,v1,2, .-, v8), Vo = {va1,v29,..., 0218}, -+, Vs = {v5,1,052,..., 0518}
be the partite sets of F'. Since F} contains no P;g then the longest path in
F is at most 17 vertices on every path. Since |Fj| = 5(18), then there are at
most 10 longest path in Fj. Without loss of generality, suppose (uj 1, u12)",
(u31,u35), (u3q,u34), (ujq,uys), and (uf;,us,) are end vertices of longest
path in Vi, V55, V', Vi, and V5' respectively. All these vertices (uj 1, u12)",
(u31,u35), (U3 1,u3,), (Ui, ul,s), and (uj 1, uf,) will form Ksxo in Fo. There-
fore m5(P10,K5><2) < 18.

O

This completes the proof of Theorem 2. O

As a consequence of this theorem, we have a corollary as follows.

Corollary 3. For integers n > 3 and j,b > 2,
(n—1)b, if 3<n<y,
mj(Cn,Kij) = jb, if j <n< jb,
(= DI252) +0b, if n>jb.

Proof. Let F' = K, with r are (n—1)b (for 3 <n < j), jb (for j < n < jb),
and (j — 1)|2%52] + b (for n > jb). Let F = F} & F such that F} contains no
Kjyp. We will show that Fy contains path F,. For j = 2, since F' is bipartite
graph then F' contains no odd cycle. Hence, ma(Cy,, Kjxp) = oo for any odd
n > 5.

Next, for j = 2 and n is even, and for 57 > 3. Let P, be the final path
obtained in the proof of Theorem 1. This path consists of at least n vertices.
Since uv is a edge F} then by joining the two vertices w and v, we have a cycle
C,, in F with at least n vertices. O
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