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1. Introduction

The differential operators of Bessel type and the Laplace-Beltrami operator on
the hyperbolic space are known as very important operators in analysis and
its applications. This paper deals with the Poisson and heat semigroups as-

Received: August 19, 2019 c© 2020 Academic Publications
§Correspondence author



238 A. Zakria, I.-E. Ahmed, M.V.O. Moustapha

sociated to these second order differential operators. In the last decades the
Poisson and heat semigroups associated to many second differential operators
have been studied and computed explicitly and there are many interesting pa-
pers published in this area of research (see for example Betancor et al. [2], Isolda
Cardoso [7], Keles and Bayrakci [15], Stein [16] and the references theirin).

The main objective of this paper is to solve explicitly the following Poisson
and heat problems

{

Lau(y, x) = − ∂2

∂y2
u(y, x), (y, x) ∈ IR+ × IR

u(0, x) = u0(x), u0 ∈ C∞
0 (IR+)

, (1)

{

LnU(y,w) = − ∂2

∂y2U(y,w), (y,w) ∈ IR+ × IHn

U(0, w) = U0(w), U0 ∈ C∞
0 (IHn)

, (2)

{

LnV (t, w) = ∂
∂tV (t, w), (t, w) ∈ IR+ × IHn

V (0, w) = V0(w), V0 ∈ C∞
0 (IHn)

, (3)

and

{

Lav(t, x) = ∂
∂tv(t, x), (t, x) ∈ IR+ × IR

v(0, x) = v0(x), v0 ∈ C∞
0 (IR+)

, (4)

where

La = x2
∂2

∂x2
+ x

∂

∂x
− a2x2,

and

Ln = x2n∆n−1 + x2n
∂2

∂x2n
+ (2− n)xn

∂

∂xn
+

(n− 1)2

4
,

are respectively the Bessel operator on IR+ and the Laplace-Beltrami operator
on the half space model of the hyperbolic space IHn.

2. Poisson semigroup associated to Bessel operator

In this section we give explicit formulas for the Poisson semigroup associated
to the Bessel operator La, that is we prove the following theorem.
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Theorem 1. For a ∈ IR∗ the Poisson problem (1) has the solution given
by

u(y, x) =

∫ ∞

0
pa(y, x, x

′)u0(x
′)
dx′

x′
, (5)

with

pa(y, x, x
′) =

|a|
π

xx′ sin yK1

(

|a|
√

x2 + x′2 − 2xx′ cos y
)

√

x2 + x′2 − 2xx′ cos y
, (6)

and K1 is the modified Bessel functions of second kind.

Proof. To see that the function u(y, x) satisfies the Poisson equation in (1),
set ϕ(y, x, x′) = φ(z), with z = x2 + x′2 − 2xx′ cos y, then we have

∂ϕ

∂x
= (2x− 2x′ cos y)

∂φ

∂z
,

∂2ϕ

∂x2
= (2x− 2x′ cos y)2

∂2φ

∂z2
+ 2

∂φ

∂z
,

and
∂ϕ

∂y
= 2xx′ sin y

∂φ

∂z
,

∂2ϕ

∂y2
= (2xx′ sin y)2

∂2φ

∂z2
+ 2xx′ cos y

∂φ

∂z
.

By the above formulas we have

(

La +
∂2

∂y2

)

ϕ = 4x2
(

z
∂2φ

∂z2
+

∂φ

∂z
− a2

4
φ

)

,

and we see that the first equation in the problem (1) is equivalent to

z2φzz + zφz −
a2

4
zφ = 0,

which is a particular case of Lommel differential equation for modified Bessel
functions

[z2
∂2φ

∂z2
+ (1− 2α)z

∂φ

∂z
− (βγzγ)2φ+ (α2 − ν2γ2)φ = 0,

with α = 0, ν = 0, β = 1 and γ = 1/2, an approprite solution is φ(z) =
cK0(z

1/2), where K0 is the modified Bessel function of second kind.
This means that the function

ϕ(y, x, x′) = cK0

(

|a|
√

x2 + x′2 − 2xx′ cos y
)
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satisfies the equations

La
xϕ(y, x, x

′) = La
x′ϕ(y, x, x′) = − ∂2

∂y2
ϕ(y, x, x′),

and in consequence it is a solution of the first equation in (1).
By the formula K ′

0(z) = −K1(z) we see that

pa(y, x, x
′) = − 1

π

∂

∂y
ϕ(y, x, x′)

and pa(y, x, x
′) satisfies the same equation in (1).

To finish the proof of Theorem 1 it remains to show the limit condition.
For this set z = x2 + x′2 − 2xx′ cos y = 2xx′(x

2+x′2

2xx′ − cos y) and x = eX and

x′ = eX
′
to obtain:

z = 4eX+X′{sinh2 (X −X ′)
2

+ sin2(y/2)}.

Replacing in (5) we obtain:

u(y, x) = ũ(y,X) =

∫ ∞

0
Pa(y,X,X ′)ũ0(X

′)dX ′,

with

Pa(y,X,X ′) =
|a|
π

e(X+X′)/2 sin yK1

(

|a|
√

sinh2 (X−X′)
2 + sin2 y

2

)

√

sinh2 (X−X′)
2 + sin2 y

2

.

Setting sinh (X′−X)
2 = s sin y/2 or X ′ = X + 2arg sinh(s sin y/2) we can write

u(y, x) = ũ(y,X) =
|a|
π

∫ ∞

−∞
eX+arg sinh(s sin y/2) sin y

×
K1

(

2|a|eX+arg sinh(s sin y/2) sin(y/2)
√
1 + s2

)

√
1 + s2

× ũ0(X + arg sinh(s sin y/2))2ds
√

1 + s2 sin2(y/2)
.

Now we use the asymptotic formula for the modified Bessel function of second

kind (Lebedev [9], p.136) Kν(z) ∼ 2ν−1Γ(ν)
zν , z −→ 0 we obtain

lim
y−→0

u(y, x) = lim
y−→0

ũ(y,X) = ũ0(X)
1

π

∫ ∞

−∞

ds

1 + s2
= ũ0(X) = u0(x)

and this finishes the proof of Theorem 1.
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3. Poisson equation on the hyperbolic space

In this section we consider the Poisson equation on the hyperbolic upper half
space.

Let IHn = {w = (x1, x2, ...xn) ∈ IRn, xn > 0} be the hyperbolic half space
endowed with the usual hyperbolic metric

ds2 =
dx21 + dx22 + ...+ dx2n

x2n
,

the metric ds is invariant with respect to the motion group
G = SO(n, 1), the hyperbolic volume form dµ(w) is

dµ(w) =
dx1dx2...dxn

xnn
,

and the hyperbolic distance ρ(w,w′) given as

cosh2(ρ(w,w′)/2) =
|w − w′|2
4xnx′n

+ 1,

with the Laplace Beltrami operator

Ln = x2n∆n + (2− n)
∂

∂xn
+ ((n − 1)/2)2,

where ∆n =
∑n

j=1
∂2

∂x2
j
is the Euclidean Laplacian on IRn. Before giving the

main result of this section we start by the following lemma in which we compute
the Fourier transform of the Poisson semigroup p|ξ| for the Bessel operator with
respect to the parameter |ξ|.

Lemma 2. Set ξ = (ξ1, ξ2, ..., ξn−1) and x = (x1, x2, ..., xn−1), let p|ξ|(y, xn,
x′n) be the kernel of the Poisson semigroup for Bessel operator given in (6), then
the following formula holds:

F−1
[

p|ξ|(y, xn, x
′
n)
]

(x) =
2(n−1)/2Γ((n+ 1)/2)

π

xnx
′
n sin y

(z2 + |x|2)(n+1)/2
,

with z =
√

x2 + x′2 − 2xx′ cos y.

Proof. From the formula giving the Fourier transform of a radial function

F−1[f ](|x|) = |x|1−n/2

∫ +∞

0
Jn−2

2
(ρ|x|)f(ρ)ρn/2dρ,



242 A. Zakria, I.-E. Ahmed, M.V.O. Moustapha

we obtain

F−1
[

P|ξ|(y, xn, x
′
n)
]

(x) =
xnx

′
n sin y

πz
|x|3−n)/2

×
∫ +∞

0
K1(ρ|z)Jn−3

2
(ρ|x|)ρn+1

2 dρ.

By the formula from Prudnikov et al. ([14], p.365)

∫ +∞

0
xα−1Jµ(bx)Kν(cx)dx = Aα

µ,ν ,

where

Aα
µ,ν = 2α−2bµc−(α+µ)Γ((α+ µ+ ν)/2Γ((α + µ− ν)/2)

Γ(µ+ 1)

×2F1((α + µ+ ν)/2, (α + µ− ν)/2, µ + 1,−b2

c2
),

with α = (n+ 3)/2, µ = (n− 3)/2, ν = 1, b = |x|, c = z we have

∫ +∞

0
K1(r|z)Jn−3

2
(r |x|)r n+1

2 dr = A
(n+3)/2
1,(n−3)/2,

A
(n+3)/2
1, (n−3)/2 =

|x|(3−n)/2

πz
2(n−1)/2 |x|(n−3)/2

zn
Γ((n + 1)/2)

×F

(

((n + 1)/2, (n− 1)/2 (n − 1)/2 − |x|2
z2

)

.

Now from the formula F (a, b, b, z) = (1− z)−a, we obtain the result of Lemma
2.

Theorem 3. The Poisson problem (2) in hyperbolic space IHn has the
solution given by

U(y,w) =

∫ ∞

0
P IH
n (y,w,w′)U0(w

′)dµ(w′),

with

P IH
n (y,w,w′) =

Γ((n+ 1)/2)

π(n+1)/2

sin y

(2 cosh d(w,w′)− 2 cos y)(n+1)/2
. (7)
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Proof. By the following formula intertwining the Laplace-Beltrami operator
Ln on the hyperbolic space IHn and the Bessel operator L|ξ|

F
[

x−(n−1)/2
n Lnx

(n−1)/2
n φ

]

(ξ) = L|ξ|Fφ(ξ),

the Poisson problem on the hyperbolic space (2) is transformed into the Bessel-
Poisson problem (1), with

u(y, xn) = F
[

x(1−n)/2U(y, x, xn)
]

(ξ)

and u0(xn) = x
(1−n)/2
n F [U0(x, xn)](ξ)

F
[

x(1−n)/2U(y, x, xn)
]

(ξ)

=

∫ ∞

0
P|ξ|(y, xn, x

′
n)x

′(1−n)/2
n F [U0] (ξ, x

′
n)

dx′n
x′n

,

U(y, x, xn)

=

∫ ∞

0
F−1

[

P|ξ|(y, xn, x
′
n)x

′(1−n)/2
n F [U0] (ξ, x

′
n)
]

(x)
dx′n
x′n

,

U(y, x, xn) = (2π)−(n−1)/2

∫ ∞

0
F−1

[

P|ξ|(y, xn, x
′
n)
]

(x)

×U0(x, x
′
n)x

′(1−n)/2
n

dx′n
x′n

,

U(y, x, xn) = (2π)−(n−1)/2

∫ ∞

0

∫

IRn−1

F−1
[

P|ξ|(y, xn, x
′
n)
]

(x− x′)

×U0(x
′, x′n)x

(n−1)/2
n x′(n−1)/2

n

dx′dx′n
x′nn

,

U(y, x, xn) =

∫

IHn

PH
n

(

y,w,w′)u0(w
′)dµ(w′),

with

P IH
n

(

y,w,w′) =
Γ((n+ 1)/2)

π(n+1)/2

sin y

(2 cosh d(w,w′)− 2 cos y)(n+1)/2
,

and the proof of Theorem 3 is finished.
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Proposition 4. Let P IH
n (y,w,w′) be the Poisson kernel on the hyperbolic

space IHn then we have:

i)
(

− ∂
2π sinh ρ∂ρ

)

P IH
n (y, ρ(w,w′)) = P IH

n+2 (y, ρ(w,w
′)) ,

ii)
∫∞
r

P IH
n+1(y,ρ)√

cosh2 ρ/2−cosh2 r/2
sinh ρdρ = P IH

n (y, r).

Proof. The part i) is simple, to prove ii) set

I =

∫ ∞

r
Cn+1

sin y

(cosh ρ− cosy)(n+2)/2
(cosh2

ρ

2
− cosh2

r

2
)
−1
2 sinh rdρ,

I =
√
2

∫ ∞

r
Cn+1

sin y

(cosh ρ− cosy)(n+2)/2
(cosh ρ− cosh r)

−1
2 sinh rdρ,

with Cn+1 =
Γ(n+2)/2)

(2π)(n+2)/2 . Set cosh ρ = σ and set σ − cosh r = µ, we see that

I =
√
2Cn+1

∫ ∞

cosh r
sin y (σ − cos y)−(n+2)/2 (σ − cosh r)−1/2 dσ,

I =
√
2Cn+1 sin y

∫ ∞

0
(µ− (cos y − cosh r))−(n+2)/2 µ−1/2dµ,

I =
√
2Cn+1 sin y (cosh r − cos y)−(n+2)/2 ×

∫ ∞

0

(

1 +
1

(cosh r − cos y)
µ

)−(n+2)/2

µ−1/2dµ.

By the formula (Magnus et al. [11], p.13)

∫ ∞

0
tx−1(1 + bt)−x−ydt = b−xB(x, y),

where B is the beta function, with x = 1/2 and y = (n+ 1)/2 we obtain

I =
√
2Cn+1 sin y (cosh r − cos y)−(n+1)/2 B(1/2, (n + 1)/2),

I =
√
2

Γ((n+ 1)/2)

2(n+2)/2π(n+1)/2
sin y (cosh r − cos y)−(n+1)/2 = P IH

n (y, r) ,

thus we obtain ii) and the proof of Proposition 4 is finished.
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4. Heat semigroup on the hyperbolic space

In this section we give a new explicit formula for the heat kernel on the hyper-
bolic space IHn.

Proposition 5. Let e−y
√
−Ln and etLn be the Poisson and heat semi-

groups on the hyperbolic space IHn then we have:

i) etLn = (4t)−1/2L−1
y2

[√
πe−y

√
−Ln

y

]

(1/4t), where L−1
y2

is the Laplace inverse

transform with respect to y2.

ii)
(

− ∂
2π sinh ρ∂ρ

)

KIH
n (t, ρ(w,w′)) = KIH

n+2 (t, ρ(w,w
′)) ,

iii)
∫∞
r

KIH
n+1(t,ρ)√

cosh2 ρ/2−cosh2 r/2
sinh ρdρ = KIH

n (t, r) .

Proof. To prove i) use the subordination formula (Strichartz [17], p. 50)

e−yλ

y
=

1√
π

∫ ∞

0
e−uy2u−1/2e−λ2/4udu,

or
√
πe−yλ

y = L
(

u−1/2e−λ2/4u
)

(y2), where (Lf)(p) is the Laplace transform,

and

e
−λ2

4u = u1/2L−1
y2

(√
π
e−yλ

y

)

(u).

Set λ =
√
Ln and 1

4u = t in the last formula we can write

etLn = (4t)−1/2L−1
y2

[√
πe−y

√
−Ln

y

]

(1/4t),

where L−1 is the inverse Laplace transform.
The parts ii) and iii) are consequence of i) and Proposition 4.

Theorem 6. The heat Cauchy problem on hyperbolic space (3) has the
unique solution given by

V (t, w) =

∫

H
Kn(t, w,w

′)V0(w
′)du(w′),

with

Kn(t, w,w
′) =

Γ((n+ 1)/2)

2(n+1)/2πn/2t1/2
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×
∫ σ+i∞

σ−i∞

exp
(

y2

4t

)

sin y

(cosh ρ(w,w′)− cos y)(n+1)/2
dy. (8)

Proof. From (7) we see the formula (8) and the proof of Theorem 6 is
finished.

Corollary 7. (Davies-Mandouvalos [4] and Lohoue and Rychener [10])
Let Kn(t, w,w

′) be the heat kernel on the hyperbolic space IHn then we have

i) For n odd Kn(t, w,w
′) =

(

− ∂
2π sinhρ∂ρ

)
n−1
2 e

−ρ2

4t

(4πt)1/2
,

ii) For n even Kn(t, w,w
′) =

(

− ∂
2π sinh ρ∂ρ

)
n−2
2 ∫∞

ρ

(

cosh2 s/2− cosh2 ρ/2
)−1/2 e

−s2

4t

(4πt)3/2
sds.

Proof. Set cos y = z,

Kn(t, w,w
′) =

Γ((n+ 1)/2)

2(n+1)/2πn/2t1/2

∫ σ+i∞

σ−i∞

e
(arccos z)2

4t

(cosh ρ(w,w′)− z)(n+1)/2
dz.

To prove the first statment i) we have

K1(t, w,w
′) =

1

2π1/2t1/2

∫ σ+i∞

σ−i∞

e
(arccos z)2

4t

(cosh ρ(w,w′)− z)
dz,

that is

K1(t, w,w
′) =

1

2π1/2t1/2
Resz=cosh ρ





e
(arccos z)2

4t

(cosh ρ(w,w′)− z)



 ,

and

K1(t, w,w
′) =

1√
4πt

e−
ρ2

4t ,

using ii) of 5 we have i).
To prove iii), we can write

K3(t, w,w
′) =

1

22π3/2t1/2

∫ σ+i∞

σ−i∞

e
(arccos z)2

4t

(cosh ρ(w,w′)− z)2
dz,

and

K3(t, w,w
′) =

1

22π3/2t1/2
Resz=cosh ρ





e
(arccos z)2

4t

(cosh ρ(w,w′)− z)2



 ,
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this gives

K3(t, w,w
′) =

1

22π3/2t1/2
lim

z−→cosh ρ

d

dz

[

e
(arccos z)2

4t

]

,

and finally

K3(t, w,w
′) =

1

(4πt)3/2
ρ

sinh ρ
e

−ρ2

4t ,

using iii) of Theorem 5 we have

K2(t, w,w
′) =

∫ ∞

ρ

(

cosh2 s/2− cosh2 ρ/2
)−1/2 e

−s2

4t

(4πt)3/2
sds, (9)

Combining (9) and the part i) of Proposition 5 we obtain ii) and the proof
of Corollary 8 is finished.

Note that the wave equation on hyperbolic space is studied in Intissar-Ould
Moustapha, [6], Bunk et al. [3], Lax-Phillips [8].

5. Heat kernel for the Bessel operator

Proposition 8. i) The modified Laplace-Beltrami operator L2 on the
hyperbolic space and Bessel operator La on IR+ are connected via the formulas

Fx1

[

x
−1/2
2 L2x

1/2
2 Φ

]

(a, x2) = La (FΦ) (λ, x2),

where the Fourier transform is given by

[Ff ](ξ) =
1√
2π

∫

IR
e−ixξf(x)dx.

ii) The heat kernels for Bessel operator Ha(t, x2, x
′
2) is connected to the heat

kernel on the hyperbolic half plane H2(t, z, z
′) via the formula

Ha(t, x2, x
′
2) =

1
√

x2x′2

∫ ∞

−∞
e−ia(x1−x′

1)H2(t, z, z
′)d(x1 − x′1).

Proof. The proof of this proposition is simple and therefore it is left to the
reader.
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Theorem 9. The heat Cauchy problem (4) for the Bessel operator La has
the unique solution given by

u(t, x) =

∫

IR
Ka(t, x, x

′)u0(x
′)dx′,

with

Ka(t, x, x
′) =

1

4
√
πt3/2

×
∫ ∞

cosh2 s/2≥x2+x′2
4xx′

se
−s2

4t J0(|a|
√

4xx′ cosh2 s/2− x2 − x′2)ds.

Proof. The proof of this theorem follows from Proposition 8, the Fubini
theorem and the formula (Lebedev [9], p.114),

J0(z) =
1

[Γ(1/2)]2

∫ 1
−1(1− t2)

−1
2 cos ztdt = 1

π

∫ 1
−1(1− t2)

−1
2 e−izttdt.

6. Applications

In this section we give some applications of our results. As an application of
Theorem 1 and 9 we give the following corollary giving explicit solution to the
Poisson and heat problems with Morse potential Morse [12]. For recent work on
Morse potential, the reader can consult (Abdelhaye et al. [1], Ikeda-Matsumoto
[5] and Ould Moustapha [13]).

Corollary 10. For a ∈ IR the problem
{

Maũ(y,X) = − ∂2

∂y2
ũ(y,X), (y,X) ∈ IR+ × IR

ũ(0,X) = ũ(X)0, U0 ∈ C∞
0 (IR+)

, (10)

has the solution given by

ũ(y,X) =

∫ ∞

0
Pa(y,X,X ′)ũ0(X

′)dX ′,

with

P̃a(y,X,X ′) =
|a|
π

eX+X′
sin yK1

(

|a|
√

sinh2 (X−X′)
2 + sin2 y/2

)

√

sinh2 (X−X′)
2 + sin2 y/2

,

where K1 is the modified Bessel functions of second kind.
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Proof. Set X = lnx, the problem (10) is transformed into the problem (1)
and it is not hard to see the result of theorem from 1.

Theorem 11. The heat Cauchy problem with Morse Potential

{

MaṼ (t,X) = ∂
∂t Ṽ (t,X), (t,X) ∈ IR+ × IR

Ṽ (t,X) = Ṽ (X)0, Ṽ0 ∈ C∞
0 (IR+)

, (11)

has the unique solution given by

Ṽ (t,X) =

∫

R
Ka(t,X,X ′)Ṽ0(X

′)dX ′,

with

Ka(t,X,X ′) =
1

4
√
πt3/2

×
∫ ∞

|X−X′|
se

−s2

4t J0(2|a|e(X+X′)/2
√

cosh2 s/2− cosh2((X −X ′)/2))ds.

Proof. Set X = lnx the problem (11) is transformed into the problem (4)
and it is not hard to see the result of theorem from Theorem 9.

Remark 12. The Poisson and heat semigroups of the operator of Bessel
type

Lα = x2
d2

dx2
+ (2α + 3)

d

dx
+ x2 + (α+ 1)2

are considered in Betancor et al. [2].

It is not hard to see that

xα+1Lαx
−α−1 = L−i = x2

∂2

∂x2
+ x

∂

∂x
+ x2.

Corollary 13. If a ∈ iIR∗ and a = ib, the problem (1) has the solution
given by

v(y, x) =

∫ ∞

0
qb(y, x, x

′)v0(x
′)
dx′

x′
,

with

qb(y, x, x
′) =

−1

2
|b|

xx′ sin yH(1)
1

(

|b|
√

x2 + x′2 − 2xx′ cos y
)

√

x2 + x′2 − 2xx′ cos y
,
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qb(y, x, x
′) =

−1

2

∂

∂y
H

(1)
0

(

|b|
√

x2 + x′2 − 2xx′ cos y
)

,

wih H
(1)
1 , H

(1)
0 are the Bessel function of the third kind.

Proof. By formula Kν(ze
−iπν

2 ) = 1/2iπe
iπν
2 H

(n)
ν (z) (Magnus et al. [11],

p.67).

The last application of our result is the explicit formula of the Poisson
semigroup on the sphere Sn.

Corollary 14. The Poisson equation in the sphere Sn has the unique
solution given by

u(y, ω) =

∫

Sn

PS
n

(

y, ω, ω′)u0(ω
′)dµ(ω′),

with

PS
n

(

y, ω, ω′) =
Γ((n + 1)/2)

π(n+1)/2

sinh y

(2 cosh y − 2 cos d(ω, ω′))(n+1)/2
.

Proof. By comparing the radial parts of the Laplace Beltrami operators on
the spaces IHn and Sn given respectively by

∆IHn
=

∂2

∂r2
+ (n− 1) coth r

∂

∂r
+ (

n− 1

2
)2

and

∆Sn
=

∂2

∂r2
+ (n− 1) cot r

∂

∂r
− (

n− 1

2
)2,

Corollary 14 can be seen from Theorem 3 by an argument of analytic continu-
ation.

Note that the result of this corollary agrees with the formula (4.9) in Taylor
[18], p.114.
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